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Abstract

Efficient Learning of Quantum States and Circuits

Sabee Grewal, PhD
The University of Texas at Austin, 2026

SUPERVISOR: Scott Aaronson

Preparing complex quantum states is of limited value without efficient methods for ex-

tracting useful classical information from them. This thesis studies when such information

can be extracted efficiently, given copies of an unknown quantum state or query access to

an unknown unitary transformation.

We begin with pure-state tomography.We present an algorithm that uses only nonadap-

tive single-qubit Pauli measurements yet achieves optimal copy and time complexities up

to logarithmic factors. This is the first full state tomography algorithm with near-optimal

running time. We then show how additional structure can make tomography time-efficient,

giving algorithms for two structured classes of quantum states: non-interacting fermions

and near-stabilizer states. We also introduce a new learning task, agnostic tomography,

where the goal is to find the best approximation to an arbitrary quantum state from a

structured class of states, and give efficient algorithms in this model.

Turning to property testing, we give an efficient tester for stabilizer dimension, which

implies that Ω(𝑛) 𝑇 -gates are necessary for any Clifford+𝑇 circuit to prepare 𝑛-qubit

computationally pseudorandom states. We also prove copy-complexity lower bounds for

testing low-degree phase states, showing that testing is nearly as hard as learning these

states. More strongly, for every fixed degree 𝑑 , ensembles of 𝑛-qubit degree-𝑑 phase states

form exponentially accurate approximate state 𝑡-designs for 𝑡 = Ω(𝑛⌊(𝑑−1)/2⌋).
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Finally, we extend these questions from states to unitary transformations. We develop

a general framework for learning unitary transformations by exploiting low-complexity

Pauli spectra. This framework unifies and extends prior learning algorithms for Clifford

and near-Clifford circuits, shallow circuits, quantum juntas, and fermionic matchgate

circuits.
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Chapter 1: Introduction

This thesis develops new algorithms and lower bounds for learning and testing quantum

states and circuits. In the basic setting, we are given access to copies of an unknown

quantum state and seek to extract useful information about it. We model this access by a

black box that prepares a fresh, identical copy of the state on demand, abstracting away

the physical mechanism by which the state is produced. The black box might, for example,

represent an experimental apparatus that repeatedly prepares a physical system, or a

quantum computer executing a state-preparation circuit.

The only way to extract classical information from a quantum state is by measuring it. A

quantum measurement produces a classical outcome, but with two important caveats. First,

measurements generally disturb the state: after measuring a copy, we cannot simply reuse it

as a fresh copy of the original state. Second, measurement outcomes are probabilistic, with

their probabilities determined by the Born rule. Thus, a single copy typically reveals only

limited information about an unknown state. This is why our access model provides many

fresh copies. The algorithm may perform different measurements on different copies—or

even a joint measurement on several copies at once—and must somehow piece together

the resulting classical outcomes into useful information about the underlying state.

What constitutes “useful information” depends on the learning task. At one extreme,

quantum state tomography asks us to reconstruct a classical description of the entire

state. Other tasks may ask for only partial information about the state, such as a succinct

approximation to it or whether the state has a particular property.

Two basic resources will be of particular interest: the number of copies used by the

algorithm, which we call its copy complexity, and its time complexity. The latter accounts

for both the quantum computation required to perform the measurements and the classical

computation required to process their outcomes. Thus, the central questions are: howmany

copies are needed, what measurements suffice, and how much computation is required?

Quantum states will be our basic setting, though later we will consider analogous questions

for other quantum objects, namely unknown quantum circuits.
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1.1 Motivations for Quantum Learning

Quantum state learning is already an important tool in experimental physics: it allows

phenomena that cannot be observed in a single experimental run to be reconstructed

and studied from many repeated trials. As one example, Ma et al. [Ma+12] demonstrated

quantum teleportation over a distance of 143 km. To verify that teleportation had succeeded,

they performed state tomography on the photon at the receiving end and compared

the reconstructed state with the state that had been sent. To collect the data for this

reconstruction, the experimenters repeatedly carried out the teleportation procedure, with

each successful run providing a fresh teleported photon that could be measured once. The

reported reconstruction used 605 successful detection events collected over roughly 6.5

hours.

In a rather different experiment, Deléglise et al. [Del+08] prepared a microwave field in

a Schrödinger-cat state—a superposition of two macroscopically distinguishable states of

the field—and reconstructed the state at successive points in time. These reconstructions

allowed them to observe the gradual decoherence of the superposition, directly probing the

transition from quantum to classical behavior. In both examples, learning the quantum state

turned many individual measurement outcomes into a classical picture of the underlying

quantum behavior.

Quantum state tomography and related certification routines are also important tools in

building fault-tolerant quantum computers. They allow encoded states to be characterized

and compared with the underlying physical states to determine whether error correction

actually helped [Gup+24; DBBHK25].

These examples use quantum learning to characterize a system relative to some prior

expectation. But quantum learning has a broader role to play in quantum science and

computation. As quantum devices improve, we will be able to prepare and manipulate

increasingly complicated quantum systems whose behavior is difficult to predict or describe

classically. A central goal of quantum learning is to develop the interface that turns these

systems into a classical picture that we can understand and use.
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To understand the difficulty of this goal, we must confront one of the great boons—

and curses—of quantum mechanics: its exponentiality. Even in the simplest setting of 𝑛

qubits—𝑛 two-level quantum systems—a general quantum state requires exponentially

many parameters to describe. Quantum theory gives us precise and well-understood laws

governing how such systems evolve, but these laws do not by themselves give us a useful

understanding of a large interacting system. Extracting the consequences we actually care

about—such as its collective behavior or the correlations it exhibits—can be extraordinarily

difficult.

Exponentiality puts efficiency at the heart of quantum learning. Quantum mechanics

tells us, in principle, what experiments can be performed on a system and what information

their outcomes contain. Quantum learning lets us ask amore computational question: which

experiments on a quantum system admit efficient implementations? For a large quantum

system, even writing down a complete classical description may require exponential time,

so full quantum state tomography quickly becomes impractical.

Fortunately, a complete description is often more than we need. Wemay instead want to

predict the outcomes of particular measurements, understand correlations or entanglement

between different parts of the system, or find a simpler model that explains its behavior. The

goal is therefore to understand which useful information can be extracted experimentally

with a feasible number of copies and a feasible amount of computation.

At a mathematical level, quantum learning is a natural extension of classical learning

theory and statistics to a noncommutative setting. Classical probability distributions embed

naturally as quantum states, and many familiar problems from the classical literature have

quantum analogues. For example, tomography generalizes distribution learning, quantum

property testing generalizes classical testing, and agnostic tomography mirrors agnostic

learning.

Efficient learning algorithms can also provide a useful lens on the structure of quantum

systems. Designing such an algorithm requires identifying features of the unknown system

that can be exploited computationally. Sometimes this means turning known physical
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or algebraic structure into an algorithm; other times, the search for an algorithm reveals

structure that was not previously apparent.

1.2 A Quantum Primer

Before stating our results, we give a brief and informal review of the quantum formalism

needed to read them.1 The conventions and notation used throughout the thesis are

collected in Chapter 2.

1.2.1 What is a qubit?

The notion of a state appears throughout mathematics, science, and engineering. Informally,

the state of a system is a snapshot containing all the information needed to describe its

current condition. For example, the state of a computer might include the contents of

its memory and registers, while the state of a classical mechanical system specifies the

positions and velocities of its particles. The state of a quantum system serves the same

purpose: it specifies all the information needed to determine how the system evolves under

quantum operations and the probability distribution produced by any measurement.

A qubit is the simplest quantum system. A pure state of a qubit is a unit vector in

the two-dimensional complex Hilbert space ℂ2. The standard basis of ℂ2, conventionally

called the computational basis, consists of

|0⟩ = (10), |1⟩ = (01).

Thus, any pure state can be written as

|𝜓 ⟩ = 𝛼|0⟩ + 𝛽|1⟩, |𝛼|2 + |𝛽|2 = 1,

where the complex numbers 𝛼 and 𝛽 are called amplitudes. Here, we are using Dirac’s

bra–ket notation: a ket |𝜓 ⟩ is a column vector, the corresponding bra ⟨𝜓 | is its conjugate

transpose, and ⟨𝜙|𝜓 ⟩ denotes the inner product between |𝜙⟩ and |𝜓 ⟩.

1For more complete introductions, see Watrous [Wat25] and Nielsen and Chuang [NC10]. For video lec-
tures, see Cleve [Cle20] and O’Donnell [ODo24]; for quantum learning theory specifically, seeWright [Wri24].
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The simplest measurement is in the computational basis. Applied to |𝜓 ⟩ = 𝛼|0⟩ + 𝛽|1⟩,

a computational-basis measurement returns 0 with probability |𝛼 |2 and 1 with probability

|𝛽|2. More generally, we may measure a qubit in any orthonormal basis {|𝑢⟩, |𝑣⟩}. The

probabilities of observing 𝑢 and 𝑣 are |⟨𝑢|𝜓 ⟩|2 and |⟨𝑣 |𝜓 ⟩|2, respectively.

The computational-basis probabilities depend only on themagnitudes of the amplitudes,

and therefore do not determine the state. For example, the states

|+⟩ = |0⟩ + |1⟩
√2

and |−⟩ = |0⟩ − |1⟩
√2

have the same computational-basis probabilities, but a measurement in the basis {|+⟩, |−⟩}

distinguishes them perfectly.

To describe the difference, suppose both amplitudes are nonzero and write 𝛼 = |𝛼|𝑒i𝜃0

and 𝛽 = |𝛽|𝑒i𝜃1 . The difference 𝜃1 − 𝜃0, understood modulo 2𝜋 , is called their relative

phase. It is 0 for |+⟩ and 𝜋 for |−⟩. As the example above shows, relative phase can affect

measurement statistics and is therefore physically meaningful. By contrast, multiplying

both amplitudes by the same global phase 𝑒i𝜃 changes no measurement statistics. Thus,

states that differ only by a global phase describe the same physical state.

At this point, it is worth separating the mathematical abstraction from its physical

realization. A qubit is not a particular particle or device; it is an abstract two-level quantum

system. Much like a classical bit can be physically represented in many different ways—by

a voltage, a magnetic orientation, and so on—a qubit can be realized using many different

physical systems. The states, and the operations and measurements we perform on them,

describe the abstraction; how these are implemented physically depends on the particular

hardware.

Thus, it is perfectly natural to ask what it means to physically measure a qubit in

the computational basis, or to perform some particular quantum operation. The answer

depends on how the qubit has been realized. In this thesis we mostly work one level above

these implementation details: we take quantum states, operations, and measurements as

our basic primitives and study what can be learned from them.
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1.2.2 How do qubits combine?

The state space of 𝑛 qubits is the 𝑛-fold tensor product

H𝑛 = (ℂ2)⊗𝑛 ≅ ℂ2𝑛 .

Its computational basis consists of vectors

|𝑥⟩ ∶= |𝑥1⟩ ⊗ ⋯ ⊗ |𝑥𝑛⟩, 𝑥 = 𝑥1⋯𝑥𝑛 ∈ {0, 1}𝑛,

and a general pure state is

|𝜓 ⟩ = ∑
𝑥∈{0,1}𝑛

𝛼𝑥 |𝑥⟩, ∑
𝑥
|𝛼𝑥 |2 = 1.

Thus a general 𝑛-qubit state vector has 2𝑛 amplitudes. This is the exponential growth in

description size discussed earlier.

When two systems are prepared separately in states |𝜓 ⟩ and |𝜑⟩, their joint state is the

tensor product |𝜓 ⟩ ⊗ |𝜑⟩, which we typically abbreviate as |𝜓 ⟩|𝜑⟩. For example,

|+⟩ ⊗ |0⟩ = |00⟩ + |10⟩
√2

.

Not every two-qubit state has this product form. The Bell state

|Φ+⟩ = |00⟩ + |11⟩
√2

cannot be written as a state of the first qubit tensored with a state of the second. Such a

state is called entangled.

1.2.3 What is a mixed state?

Pure states do not describe every situation. To handle more general situations, it is useful

to represent a pure state |𝜓 ⟩ by the rank-one projector |𝜓 ⟩⟨𝜓 |. This representation lets us

describe randomized preparations in the same language: if a procedure produces |𝜓𝑖⟩ with

probability 𝑝𝑖, the resulting state has density matrix

𝜌 = ∑
𝑖
𝑝𝑖|𝜓𝑖⟩⟨𝜓𝑖|.
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Different ensembles can give the same density matrix. For example,

1
2|0⟩⟨0| +

1
2|1⟩⟨1| =

1
2|+⟩⟨+| +

1
2|−⟩⟨−| =

𝐼
2 .

Given only the resulting quantum system, no measurement can determine which of these

two ensembles was used: the density matrix, rather than a particular ensemble, is the

physical description of the state.

The possible density matrices are exactly the positive semidefinite matrices with trace

one. Pure states are the rank-one cases 𝜌 = |𝜓 ⟩⟨𝜓 |; all other density matrices are called

mixed states. Mixed states can arise from classical uncertainty in the preparation, from

noise, or from describing only part of a larger entangled system. For 𝑚 independently

prepared copies of 𝜌, the joint state is 𝜌⊗𝑚.

1.2.4 What does a measurement reveal?

As mentioned earlier, a basis measurement is specified by an orthonormal basis {|𝑢𝑦 ⟩}𝑦 . On

a pure state |𝜓 ⟩, the Born rule gives

Pr[𝑌 = 𝑦] = |⟨𝑢𝑦 |𝜓 ⟩|2.

More generally, a measurement with outcomes 𝑦 is described by positive semidefinite

operators {𝑀𝑦 }𝑦 satisfying

∑
𝑦

𝑀𝑦 = 𝐼 .

When the state is 𝜌, the outcome probabilities are

Pr[𝑌 = 𝑦] = tr(𝑀𝑦𝜌).

A basis measurement is the special case 𝑀𝑦 = |𝑢𝑦 ⟩⟨𝑢𝑦 |. These conditions ensure that the

probabilities are nonnegative and sum to one.

Our learning algorithms specify measurements to perform on copies of the unknown

state, followed by classical postprocessing of their outcomes. An important question is

how complicated these measurements need to be.
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Within a single multiqubit copy, we may measure each qubit separately, or perform a

joint measurement involving several qubits at once. We refer to the former as single-qubit

measurements. For example, the two-outcome measurement

{|Φ+⟩⟨Φ+|, 𝐼 − |Φ+⟩⟨Φ+|}

directly tests whether a two-qubit state is the Bell state |Φ+⟩; this is a joint measurement

of the two qubits and cannot be implemented simply by measuring each qubit separately.

There is a separate distinction across copies. An algorithm may measure each copy

individually, or it may keep several copies in quantum memory and perform a collective

measurement on their joint state 𝜌⊗𝑚. Collective measurements can be substantially more

powerful, but also require more demanding quantum operations.

Finally, measurements may be adaptive: the measurement performed later may de-

pend on the classical outcomes of earlier measurements. In a nonadaptive protocol, all

measurements are fixed in advance. Thus, among the simplest protocols are those that

use nonadaptive, single-qubit measurements, while some learning problems require more

powerful forms of measurement.

1.2.5 How do we compare quantum states?

A learning algorithm rarely recovers an unknown state exactly, so we need a way to say

when its estimate is close to the truth. For pure states, a common measure is the fidelity,

𝐹(𝜓 , 𝜙) ≔ |⟨𝜓 |𝜙⟩|2.

It lies between zero and one: it equals one exactly when the states differ by only a global

phase, and it equals zero when the states are orthogonal. For example, |0⟩ and |1⟩ have

fidelity zero, whereas |0⟩ and |+⟩ have fidelity 1/2. More generally, when comparing a pure

state |𝜓 ⟩ with a mixed state 𝜌, we write

𝐹(𝜓 , 𝜌) ≔ ⟨𝜓 |𝜌|𝜓 ⟩.

Operationally, this is the probability that the two-outcome measurement {|𝜓 ⟩⟨𝜓 |, 𝐼 − |𝜓 ⟩⟨𝜓 |}

returns the outcome corresponding to |𝜓 ⟩.
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Another important measure is the trace distance,

𝑑tr(𝜌, 𝜎) ≔
1
2‖𝜌 − 𝜎‖1,

where ‖𝐴‖1 is the sum of the singular values of 𝐴. Trace distance also lies between zero

and one, and characterizes how well the two states can be distinguished by measurements.

States of trace distance zero are indistinguishable, while states of trace distance one can be

distinguished perfectly. For pure states,

𝑑tr(𝜓 , 𝜙) = √1 − 𝐹(𝜓 , 𝜙).

Thus |0⟩ and |1⟩ have trace distance one, while |0⟩ and |+⟩ have trace distance 1/√2. The

general definitions and relationships between these distances are collected in Section 2.3.

1.2.6 What is a quantum circuit?

Quantum states evolve from one state to another through unitary transformations: linear

maps 𝑈 satisfying 𝑈 †𝑈 = 𝑈𝑈 † = 𝐼 . If the system begins in state |𝜓 ⟩, applying 𝑈 produces

the state 𝑈 |𝜓 ⟩. A quantum circuit builds such a transformation by composing elementary

unitary gates, each acting on a small number of qubits.

The simplest gates act on a single qubit. For example, the Hadamard gate

𝐻 = 1
√2

(1 1
1 −1)

maps |0⟩ to |+⟩. We also use gates that act on two qubits at once. An important example is

the controlled-NOT (CNOT) gate, which acts on computational-basis states as

CNOT|𝑥, 𝑦⟩ = |𝑥, 𝑥 ⊕ 𝑦⟩, 𝑥, 𝑦 ∈ {0, 1}.

In other words, the second qubit is flipped if the first qubit is 1, and is left unchanged if the

first qubit is 0. More generally, quantum circuits can be built by composing gates acting

on only one or two qubits.

Combining a Hadamard and a CNOT gives a simple circuit for preparing the Bell state

|Φ+⟩ from |00⟩:
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|0⟩ 𝐻

|0⟩

Here, the dot and target symbol together denote the CNOT gate. The state evolves as

|00⟩
𝐻⊗𝐼
−−−−→ |00⟩ + |10⟩

√2
CNOT
−−−−−→ |00⟩ + |11⟩

√2
= |Φ+⟩.

This example views a circuit as a procedure for preparing a state from a fixed input. But

a unitary transformation specifies how the circuit acts on every possible input, and learning

this transformation is a different task from learning a single output state. For example, the

identity and the phase-flip gate 𝑍 = diag(1, −1) both fix |0⟩, but they send |+⟩ to |+⟩ and

|−⟩, respectively. The final group of results in this thesis concerns learning an unknown

unitary transformation in this sense. Its access model and notion of approximation will be

introduced when those results are stated.

1.3 Main Results

We now state the main results of the thesis, following the order of the technical chapters.

1.3.1 Tomography with Simple Measurements

We begin with quantum state tomography, the task of recovering a classical description

of an unknown quantum state using as few copies and as little computation as possible.

Suppose, for simplicity, that the unknown state is a pure state |𝜓 ⟩ on 𝑛 qubits, and write

𝑑 = 2𝑛. Given an accuracy parameter 𝜖 and failure probability 𝛿 , the goal is to output a

classical description of a state | ̂𝜓 ⟩ satisfying

𝐹( ̂𝜓 , 𝜓) ≥ 1 − 𝜖

with probability at least 1 − 𝛿 .

Tomography is one of the most basic tasks in quantum learning, with a history dating

back at least to the 1950s [Fan57]. A precursor is the question of whether a quantum

state is determined by its measurement statistics in a small collection of bases, which

goes back to Pauli in the 1930s [Pau33]. Beyond its foundational role, tomography is
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also routinely used to reconstruct states in experiments and to characterize and validate

quantum devices [Ma+12; Del+08; Gup+24; DBBHK25].

Even if the learner may perform arbitrary measurements, the optimal worst-case copy

complexity of pure-state tomography is Θ(𝑑/𝜖) for constant failure probability [Hay98].

Moreover, this complexity can be achieved without performing joint measurements across

multiple copies of the state [GKKT20]. This is in contrast to tomography of rank-𝑟 mixed

states, where achieving the optimal copy complexity requires collective measurements

across copies [HHJWY16; OW16; SSW25].

This leaves two natural questions about the complexity of pure-state tomography. First,

how simple can the measurements be? Can we attain the optimal copy complexity while

measuring each qubit separately, with all measurements chosen nonadaptively in advance?

Second, can tomography be made computationally optimal as well? Previous copy-

efficient algorithms require measurements whose implementation has circuit depth expo-

nential in 𝑛.

The main result of Chapter 3 answers both questions in the affirmative. We give a

pure-state tomography algorithmwith optimal copy and time complexity, up to logarithmic

factors, using only nonadaptive single-qubit measurements. In particular, each measure-

ment can be implemented by a depth-1 quantum circuit. To the best of our knowledge, this

is the first pure-state tomography algorithm with near-optimal running time.

Theorem 1.1 (Pure-state tomography with Pauli-basis measurements). Let 𝑛 ≥ 1 and

𝜖, 𝛿 ∈ (0, 1). There is a nonadaptive algorithm which, given copies of an unknown 𝑛-qubit

pure state |𝜓 ⟩, measures each copy separately in a Pauli product basis and uses

𝑂(
2𝑛 log(1/𝛿)

𝜖 )

copies in total. With probability at least 1 − 𝛿 , it outputs a state | ̂𝜓 ⟩ such that

𝐹( ̂𝜓 , 𝜓) ≥ 1 − 𝜖.

The algorithm runs in time 𝑂(2𝑛 log(1/𝛿)/𝜖).
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The algorithm takes a divide-and-conquer approach to tomography. To learn an 𝑛-qubit

state |𝜓 ⟩, write

|𝜓 ⟩ = 𝛼0|0⟩|𝜓0⟩ + 𝛼1|1⟩|𝜓1⟩,

where |𝜓0⟩ and |𝜓1⟩ are the (𝑛 − 1)-qubit states obtained by conditioning on the first qubit

being 0 or 1. We recursively learn these two smaller states and then stitch them back

together.

The difficult part is recovering the relative phase between the two branches. Learning

|𝜓0⟩ and |𝜓1⟩ separately determines each only up to a global phase, but their relative phase

is physically meaningful in the full state |𝜓 ⟩. Our algorithm estimates this missing phase

information using only single-qubit Pauli-basis measurements. Recursing on the remaining

qubits ultimately reduces the problem to single-qubit tomography.

1.3.2 Learning Structured Quantum States

Next we turn to tomography of 𝑛-qubit pure states that are promised to have additional

structure. While learning an arbitrary quantum state requires resources exponential in

𝑛, many physically and computationally interesting families of states admit much more

succinct descriptions. This raises a natural question: when can such structure be exploited

to learn the state efficiently? We give two examples where such structure can be exploited

to obtain efficient learning algorithms.

Non-interacting fermions. Fermions are particles, such as electrons, that obey the Pauli

exclusion principle: no two fermions can occupy the same mode. It is useful to think of the

modes as bins and the fermions as balls, with at most one ball allowed in each bin. Thus, a

configuration of 𝑛 fermions among 𝑚 modes can be identified with a subset 𝑆 ⊆ [𝑚] of size

𝑛. Since these configurations can occur in superposition, a general pure state has the form

|𝜓 ⟩ = ∑
𝑆⊆[𝑚]
|𝑆|=𝑛

𝛼𝑆 |𝑆⟩,

and lives in a Hilbert space of dimension (𝑚𝑛).
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A pure non-interacting fermion state, also called a Slater determinant, has much more

structure. It is specified by an𝑚×𝑛 column-orthonormalmatrix𝐴. Concretely, its amplitudes

are determinants:

|𝜓𝐴⟩ = ∑
𝑆⊆[𝑚]
|𝑆|=𝑛

det(𝐴𝑆)|𝑆⟩,

where 𝐴𝑆 is the 𝑛 × 𝑛 submatrix of 𝐴 formed by the rows indexed by 𝑆. Thus, although the

state has (𝑚𝑛) amplitudes, it admits a description using only 𝑚𝑛 parameters. In Chapter 4,

we present an efficient algorithm for recovering such a description.

Theorem 1.2 (Tomography of non-interacting fermion states). Let |Ψ⟩ be a Slater determi-

nant of 𝑛 fermions in 𝑚 modes, and let 𝜖, 𝛿 ∈ (0, 1). There is an algorithm using

𝑂(
𝑚3𝑛2 log(𝑚/𝛿)

𝜖4
)

copies of |Ψ⟩ and

𝑂(
𝑚4𝑛2 log(𝑚/𝛿)

𝜖4
)

classical time. With probability at least 1 − 𝛿 , it outputs an 𝑚 × 𝑛 column-orthonormal matrix

𝐴 whose associated Slater determinant |Ψ̂⟩ satisfies

𝑑tr(Ψ̂, Ψ) ≤ 𝜖.

The algorithm reconstructs 𝐴 by interfering pairs of modes and measuring their

occupation numbers. The main analytic step shows that sufficiently accurate estimates of

these measurements determine an accurate estimate of the entire many-body state. Thus,

tomography of a state with (𝑚𝑛) amplitudes reduces to learning a polynomial-size matrix.

Our work initiated the study of efficient tomography for Slater determinants, and

subsequent work improved these guarantees [BMEL25; CZ26]. The best currently known

polynomial-time algorithm, due to Christensen and Zhao [CZ26], uses

𝑂(
𝑚𝑛2 log(𝑚/𝛿)

𝜖2
)

copies and runs in time

𝑂(
𝑚3𝑛3 log(𝑚/𝛿)

𝜖2
).
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Near-stabilizer states. Our second example comes from the stabilizer formalism. An

𝑛-qubit stabilizer state is a state that is an eigenvector of 𝑛 independent Pauli operators.

Equivalently, stabilizer states are precisely the states that can be prepared from |0𝑛⟩ by

Clifford circuits. These states are highly structured, and Clifford circuits can be simulated

efficiently on a classical computer [Got97; Got98; AG04]. On the other hand, Clifford circuits

together with the non-Clifford 𝑇 -gate form a universal gate set for quantum computation.

In many settings, the number of non-Clifford gates—and in particular the number of

𝑇 -gates—is itself a key complexity parameter. For example, the cost of classical simulation

algorithms and of fault-tolerant implementations is often analyzed in terms of the 𝑇 -count

of the circuit [BG16; BK05]. This suggests a natural learning question: given that stabilizer

states can be learned in polynomial time [Mon17], does efficient learnability persist for

states prepared using only a small number of non-Clifford gates?

Our answer is phrased in terms of stabilizer dimension, the number of independent Pauli

operators for which the state is an eigenvector. A stabilizer state has the maximum possible

stabilizer dimension 𝑛. More generally, we consider states whose stabilizer dimension is

at least 𝑛 − 𝑡 . Any state prepared by a Clifford circuit together with at most 𝑠 arbitrary

single-qubit non-Clifford gates has stabilizer dimension at least 𝑛 − 2𝑠; see Lemma 4.8.

Thus, our results in particular apply to states prepared with few 𝑇 -gates.

The class is considerably more general than this circuit model. For example, for an

arbitrary 𝑡-qubit state |𝜙⟩, the state

|0𝑛−𝑡⟩ ⊗ |𝜙⟩

has stabilizer dimension at least 𝑛 − 𝑡 , regardless of how complicated |𝜙⟩ is to prepare. In

Chapter 4, we show that every pure state with sufficiently large stabilizer dimension can

nevertheless be learned efficiently [GIKL25].

Theorem 1.3 (Tomography from high stabilizer dimension). Let 𝑡 ∈ {0, … , 𝑛}, and let |𝜓 ⟩

be an 𝑛-qubit pure state of stabilizer dimension at least 𝑛 − 𝑡 . Given 𝜖, 𝛿 ∈ (0, 1), there are

algorithms that, with probability at least 1 − 𝛿 , output a classical description of a state |𝜓 ⟩

25



satisfying

𝑑tr(𝜓 , 𝜓) ≤ 𝜖.

Their copy complexities and running times are polynomial in 𝑛, 2𝑡 , 1/𝜖, and log(1/𝛿). One

algorithm uses Bell measurements between copies; the other uses only single-copy measure-

ments.

A key step in both algorithms is a compression lemma. Roughly speaking, from copies

of |𝜓 ⟩ we learn a Clifford circuit 𝐶 such that 𝐶|𝜓 ⟩ is close to a state of the form

|𝜙⟩ ⊗ |𝑥⟩,

where |𝜙⟩ is an arbitrary state on 𝑡 qubits and |𝑥⟩ is a computational-basis state on the

remaining 𝑛 − 𝑡 qubits. Thus, all of the unstructured part of the state has been compressed

into a 𝑡-qubit register. The string 𝑥 is easy to learn, and we can finish by running general

pure-state tomography only on |𝜙⟩.

1.3.3 Agnostic Tomography

The structured tomography problems above assume that the unknown state belongs to a

particular class. In Chapter 5, we consider a more flexible learning model in which this

promise is removed.

Let C be a class of pure states and let 𝜌 be an arbitrary quantum state. Define

𝐹C(𝜌) ≔ sup
|𝜑⟩∈C

⟨𝜑|𝜌|𝜑⟩.

𝐹C(𝜌) is the fidelity achieved by the best approximation to 𝜌 from the class C. In agnostic

tomography, a model we introduced in [GIKL26a], the goal is to output a succinct classical

description of a state |𝜑̂⟩ ∈ C satisfying

⟨𝜑̂|𝜌|𝜑̂⟩ ≥ 𝐹C(𝜌) − 𝜖.

This generalizes structured tomography. If the unknown state is promised to lie in

C, then 𝐹C(𝜌) = 1, and the task reduces to learning the state itself. Agnostic tomography
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removes this promise entirely: the input need not belong to C, or arise from any prescribed

noise model. Instead, the learner competes with the best state in C. Thus, a learning

algorithm for a structured family can remain useful even when the input state does not

exactly satisfy the assumed model.

As an example, consider the class Stab𝑛 of 𝑛-qubit stabilizer states. Stabilizer states can

be learned efficiently when the input is promised to be a stabilizer state. We ask whether

one can still efficiently find the best stabilizer approximation to an arbitrary pure state.

We give an efficient algorithm in the high-fidelity regime.

Theorem 1.4 (High-fidelity stabilizer approximation). Let |𝜓 ⟩ be an 𝑛-qubit pure state, let

𝛿 ∈ (0, 1), and suppose that

𝐹Stab𝑛(|𝜓 ⟩) ≥ cos2(𝜋/8) + 𝛾

for some 𝛾 > 0. There is an algorithm that outputs the unique fidelity-maximizing stabilizer

state with probability at least 1 − 𝛿 . It uses

𝑂(𝑛 +
log(𝑛/𝛿)

𝛾 2
)

copies of |𝜓 ⟩ and runs in time

𝑂(𝑛3 +
𝑛2 log(𝑛/𝛿) + 𝑛 log2(1/𝛿)

𝛾 2
).

The threshold cos2(𝜋/8) is not an artifact of the analysis. At the threshold, the closest

stabilizer state need not be unique: for example,

cos(𝜋/8)|0⟩ + sin(𝜋/8)|1⟩

has equal fidelity with |0⟩ and |+⟩. Above the threshold, the closest stabilizer is unique, and

our algorithm recovers it efficiently.

We discuss further examples and subsequent work on agnostic tomography in Chap-

ter 5.
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1.3.4 Testing Properties of Quantum States

The learning problems above ask for a classical description of an unknown state. In quantum

property testing, we ask for much less: given a family P of pure states, the goal is only

to decide whether the unknown state belongs to P or is far from every state in P. More

precisely, an 𝜖-tester must distinguish |𝜓 ⟩ ∈ P from the case that

max
|𝜙⟩∈P

𝐹(𝜓 , 𝜙) ≤ 1 − 𝜖,

under the promise that one of the two cases holds. The hope is that deciding membership

may require far fewer copies than learning the state itself.

Testing stabilizer dimension. Recall that an 𝑛-qubit state has stabilizer dimension 𝑘 if it

has 𝑘 independent Pauli symmetries. For any 𝑘, we give an efficient test for whether a state

has stabilizer dimension at least 𝑘. Perhaps surprisingly, the complexity is independent of

𝑘.

Theorem 1.5 (Testing stabilizer dimension). Let |𝜓 ⟩ be an 𝑛-qubit pure state, let 𝑘 ∈ {1, … , 𝑛},

and let 𝜖 ∈ (0, 3/8) and 𝛿 ∈ (0, 1). There is an 𝜖-tester with perfect completeness for the

property of having stabilizer dimension at least 𝑘 that succeeds with probability at least 1 − 𝛿 ,

uses

𝑂(
𝑛 + log(1/𝛿)

𝜖 )

copies and runs in time

𝑂(
𝑛3 + 𝑛2 log(1/𝛿)

𝜖 ).

Our tester has a consequence for quantum pseudorandomness. It implies that pseu-

dorandom states cannot be prepared by Clifford circuits with too few non-Clifford gates:

in particular, any Clifford+𝑇 construction of pseudorandom states requires at least 𝑛

𝑇 -gates [GIKL24].
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Testing low-degree phase states. In classical low-degree testing, one is given query

access to a function 𝑓 ∶ 𝔽𝑚𝑞 → 𝔽𝑞 and asked to decide whether 𝑓 is a degree-𝑑 polyno-

mial or is far from every such polynomial. Efficient classical testers are known for this

problem [AKKLR05; BKSSZ10; JPRZ04]. We ask what happens when the values of the

polynomial are instead encoded in the phases of a quantum state.

Let 𝑞 be prime and let 𝜔𝑞 = 𝑒2𝜋 i/𝑞 . For a polynomial 𝑓 ∶ 𝔽𝑚𝑞 → 𝔽𝑞 , define the phase

state

|𝜓𝑓 ⟩ =
1

𝑞𝑚/2
∑
𝑥∈𝔽𝑚𝑞

𝜔𝑓 (𝑥)
𝑞 |𝑥⟩.

Every amplitude has the same magnitude; all information about 𝑓 is stored in the phases. In

Chapter 6, we prove that testing whether such a state comes from a low-degree polynomial

can require many copies.

Theorem 1.6 (Testing low-degree phase states, informal). For every fixed prime 𝑞 and degree

𝑑 ≥ 3, testing degree-𝑑 phase states over 𝔽𝑚𝑞 requires

Ω(𝑚⌊(𝑑−1)/2⌋)

copies for constant error parameters. Consequently, there is no copy complexity that is polyno-

mial jointly in 𝑚, 𝑑 , and 𝑞.

For comparison, learning degree-𝑑 phase states requires Θ(𝑚𝑑−1) copies [ABDY23].

Thus, in this setting, testing is nearly as hard as learning: at best, one could hope to save

only a factor of about two in the exponent.

Using a separate argument, we show that testing degree-2 phase states requires Ω(𝑚)

copies. Degree-2 phase states are a subset of stabilizer states, even though the larger family

of all stabilizer states can be tested using only six copies. Thus, restricting to a seemingly

simpler subfamily can make testing substantially harder.

Our lower bounds follow from a stronger pseudorandomness phenomenon: random

low-degree phase states already approximate Haar-random ensembles. At the two extremes,

degree-1 phase states are completely learnable from a single copy via the Bernstein–Vazirani

algorithm, while fully random phase states are known to approximate Haar-random states.
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Our results fill in the landscape between these cases. Already for 𝑑 = 3, the uniform

ensemble of degree-3 phase states forms an exponentially accurate approximate state

𝑡-design for 𝑡 = Ω(𝑚). More generally, degree-𝑑 yields design order Ω(𝑚⌊(𝑑−1)/2⌋).

1.3.5 Learning Structured Quantum Circuits

Finally, Chapter 7 turns from learning quantum states to learning quantum transformations.

Given black-box access to an unknown 𝑛-qubit unitary 𝑈 , the goal is to reconstruct its

action up to small diamond distance, the natural analogue of trace distance for quantum

transformations. Without further assumptions, this problem has exponential cost: learning

an arbitrary unitary requires Θ(4𝑛/𝜖) queries [HKOT23]. We therefore ask what kinds of

structure can make a unitary efficiently learnable.

Our approach is based on the Pauli expansion of operators. Every 𝑛-qubit operator has

an expansion

𝐴 = ∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

𝐴(𝑃)𝑃,

and we call the coefficients {𝐴(𝑃)}𝑃 the Pauli spectrum of 𝐴, in analogy with the Fourier

spectrum of a classical function. Our main technical contribution is efficient learning algo-

rithms for unitary operators whose Pauli spectra have low sparsity or low dimensionality.

Low sparsity means that only a small number of Pauli coefficients are nonzero, while low

dimensionality means that the support is contained in a Pauli subgroup generated by only

a small number of operators.

To learn a unitary 𝑈 , we study how it transforms Pauli operators in the Heisenberg

picture: 𝑃 ⟼ 𝑈 †𝑃𝑈 . Since the single-qubit 𝑋 ’s and 𝑍 ’s generate the Pauli group, it

suffices to understand this transformation on these 2𝑛 operators. Our framework learns the

operators 𝑈 †𝑃𝑈 whenever their Pauli spectra have sufficiently low complexity, and then

compiles these estimates into an approximation of 𝑈 . Thus, learning a structured unitary

is reduced to understanding the Pauli structure of a small collection of Heisenberg-evolved

operators.

This framework recovers learning algorithms for several previously studied circuit

classes, including Clifford and near-Clifford circuits, shallow circuits, quantum juntas,
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and fermionic matchgate circuits. It also gives algorithms for new combinations of these

structures. For example, we efficiently learn compositions of depth-𝑂(log log 𝑛) circuits

with near-Clifford circuits containing 𝑂(log 𝑛) non-Clifford single-qubit gates, as well as

compositions of matchgate and Clifford circuits.
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Chapter 2: Preliminaries

This chapter collects the notation and quantum-information facts that are used across

several later chapters. It is intended as a reference rather than as a prerequisite to be

read linearly: readers familiar with the basic formalism may consult individual sections as

needed. More specialized background—including fermionic linear algebra, coding theory,

and distances tailored to unitary channels—is introduced in the chapter where it first

becomes relevant.

2.1 Conventions

All Hilbert spaces are finite-dimensional and complex. For a positive integer 𝑚, write

[𝑚] ≔ {1, … , 𝑚}. The identity operator is denoted by 𝐼 , with its dimension supplied as a

subscript when it is not clear from context. We write 𝐴† for the conjugate transpose of 𝐴,

tr(𝐴) for its trace, and rank(𝐴) for its rank. For a function or distribution 𝑓 , its nonzero

support is denoted by supp(𝑓 ), and span(𝑆) denotes the linear span of a set of vectors 𝑆.

For vectors, 𝑎 ⋅ 𝑏 denotes the standard dot product over the ambient field. Unless explicitly

stated otherwise, arithmetic on vectors in 𝔽𝑚2 is over 𝔽2.

The symbol log denotes the natural logarithm; when the base matters, it is written

explicitly, as in log2 or log𝑞 . The notation 𝑂(𝑓 ) suppresses factors logarithmic in the

displayed parameters. Accuracy and failure parameters are generally written as 𝜖 and 𝛿 ,

respectively. Individual chapters may reuse letters such as 𝑛, 𝑑 , and 𝑡 ; their meanings are

specified locally.

For an 𝑛-qubit system, the Hilbert space is

H𝑛 ≔ (ℂ2)⊗𝑛, 𝑑 ≔ dim(H𝑛) = 2𝑛.

Computational-basis vectors are indexed interchangeably by bit strings 𝑥 ∈ {0, 1}𝑛 and

binary vectors 𝑥 ∈ 𝔽𝑛2.
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2.2 Quantum States and Measurements

Definition 2.1 (Quantum states). A pure state in a Hilbert space H is represented by

a unit vector |𝜓 ⟩ ∈ H, or equivalently by its density operator |𝜓 ⟩⟨𝜓 |. More generally, a

quantum state is a positive semidefinite operator 𝜌 on H satisfying tr(𝜌) = 1. It is pure

when rank(𝜌) = 1 and mixed otherwise.

The joint state of independently prepared systems is represented by a tensor product.

In particular, 𝑚 independent copies of 𝜌 have state 𝜌⊗𝑚. If 𝜌𝐴𝐵 is a state on H𝐴 ⊗H𝐵, its

reduced state on 𝐴 is 𝜌𝐴 = tr𝐵(𝜌𝐴𝐵), where tr𝐵 is the partial trace over 𝐵.

Definition 2.2 (Measurements). A measurement with finite outcome set Y is a positive

operator-valued measure, or POVM, {𝑀𝑦 ∶ 𝑦 ∈ Y}, whose elements satisfy

𝑀𝑦 ⪰ 0, ∑
𝑦∈Y

𝑀𝑦 = 𝐼 .

On input 𝜌, the probability of outcome 𝑦 is Pr[𝑦] = tr(𝑀𝑦𝜌). A projective measurement is

a POVM whose nonzero elements are mutually orthogonal projectors.

Measuring a Hermitian observable 𝐴 = ∑𝑦 𝜆𝑦Π𝑦 means performing the projective

measurement {Π𝑦 }𝑦 and reporting the corresponding eigenvalue 𝜆𝑦 . For a Pauli observable

𝑃 , this produces an outcome in {−1, +1} with expectation tr(𝑃𝜌).

The state-learning and state-testing algorithms in this dissertation receive independent

copies of an unknown state. Their copy complexity is the number of copies consumed.

Measurements may act jointly on several copies (collective measurements) or separately on

each copy (single-copy measurements), and may be adaptive or nonadaptive depending on

whether later measurement choices depend on earlier outcomes. We account separately for

copy complexity, quantum circuit cost, and classical running time. The unitary-learning

model of Chapter 7 instead counts queries to an unknown transformation and is defined

there.
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2.3 Norms and Distance Measures

Let 𝐴 ∈ ℂ𝑚×𝑛, set 𝑟 = min{𝑚, 𝑛}, and let 𝜎1(𝐴), … , 𝜎𝑟 (𝐴) be its singular values, including

zeros. The Schatten norms used below are

‖𝐴‖1 =
𝑟
∑
𝑖=1

𝜎𝑖(𝐴), ‖𝐴‖F = (
𝑟
∑
𝑖=1

𝜎𝑖(𝐴)2)
1/2

, ‖𝐴‖op = max
𝑖

𝜎𝑖(𝐴).

They are, respectively, the trace, Frobenius, and operator norms. Each is unitarily invariant:

for compatible unitaries 𝑈 , 𝑉 , ‖𝑈𝐴𝑉 ‖ = ‖𝐴‖. We will use the standard inequalities

‖𝐴‖op ≤ ‖𝐴‖F ≤ ‖𝐴‖1 ≤ √𝑟 ‖𝐴‖F ≤ 𝑟 ‖𝐴‖op, 𝑟 = rank(𝐴). (2.1)

For an identity operator 𝐼𝑑 , these norms also satisfy

‖𝐼𝑑 ⊗ 𝐴‖F = √𝑑 ‖𝐴‖F, ‖𝐼𝑑 ⊗ 𝐴‖op = ‖𝐴‖op. (2.2)

Definition 2.3 (Fidelity and trace distance). For density operators 𝜌 and 𝜎 , their fidelity

and trace distance are

𝐹(𝜌, 𝜎) ≔ ‖√𝜌√𝜎‖21, 𝑑tr(𝜌, 𝜎) ≔
1
2‖𝜌 − 𝜎‖1.

The associated error 1 − 𝐹(𝜌, 𝜎) is called infidelity.

If the first state is pure, then

𝐹(𝜓 , 𝜌) ≔ 𝐹(|𝜓 ⟩⟨𝜓 |, 𝜌) = ⟨𝜓 |𝜌|𝜓 ⟩. (2.3)

In particular,

𝐹(𝜓 , 𝜙) = |⟨𝜓 |𝜙⟩|2. (2.4)

We freely use a ket in an argument of 𝐹(⋅, ⋅) or 𝑑tr(⋅, ⋅) as shorthand for its rank-one projector.

The fidelity and trace distance satisfy the Fuchs–van de Graaf inequalities

1 − √𝐹(𝜌, 𝜎) ≤ 𝑑tr(𝜌, 𝜎) ≤ √1 − 𝐹(𝜌, 𝜎). (2.5)

For two pure states, the upper bound is an equality:

𝑑tr(𝜓 , 𝜙) = √1 − |⟨𝜓 |𝜙⟩|2. (2.6)
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The Frobenius distance between states is simply ‖𝜌 − 𝜎‖F. For pure states we use the

abbreviation
𝑑𝐹 (|𝜓 ⟩, |𝜙⟩) ≔ ‖|𝜓 ⟩⟨𝜓 | − |𝜙⟩⟨𝜙|‖F

= √2(1 − |⟨𝜓 |𝜙⟩|2) = √2 𝑑tr(𝜓 , 𝜙).
(2.7)

Thus, for pure states, infidelity and squared trace distance agree, while squared Frobenius

distance differs from them by a factor of two.

We will also use that fidelity cannot decrease when a register is discarded. If 𝜌𝐴 =

tr𝐵(𝜌𝐴𝐵) and 𝜎𝐴 = tr𝐵(𝜎𝐴𝐵), then

𝐹(𝜌𝐴, 𝜎𝐴) ≥ 𝐹(𝜌𝐴𝐵, 𝜎𝐴𝐵).

2.4 Concentration Inequalities

We record the concentration inequalities used repeatedly in the technical chapters. The

random variables below need not be identically distributed unless this is stated explicitly.

Lemma 2.4 (Hoeffding’s inequality). Let 𝑋1, … , 𝑋𝑚 be independent random variables such

that 𝑋𝑖 ∈ [𝑎𝑖, 𝑏𝑖] almost surely. If 𝑆 = ∑𝑚
𝑖=1 𝑋𝑖, then, for every 𝑡 ≥ 0,

Pr[𝑆 − 𝔼[𝑆] ≥ 𝑡] ≤ exp(−
2𝑡2

∑𝑚
𝑖=1(𝑏𝑖 − 𝑎𝑖)2

),

Pr[𝔼[𝑆] − 𝑆 ≥ 𝑡] ≤ exp(−
2𝑡2

∑𝑚
𝑖=1(𝑏𝑖 − 𝑎𝑖)2

),

and consequently

Pr[|𝑆 − 𝔼[𝑆]| ≥ 𝑡] ≤ 2 exp(−
2𝑡2

∑𝑚
𝑖=1(𝑏𝑖 − 𝑎𝑖)2

).

Lemma 2.5 (Bernstein’s inequality). Let 𝑌1, … , 𝑌𝑚 be independent mean-zero random vari-

ables satisfying |𝑌𝑖| ≤ 𝐵 almost surely, and put

𝑉 ≔
𝑚
∑
𝑖=1

𝔼[𝑌 2𝑖 ].

Then, for every 𝑡 ≥ 0,

Pr[|
𝑚
∑
𝑖=1

𝑌𝑖| ≥ 𝑡] ≤ 2 exp(−
𝑡2

2(𝑉 + 𝐵𝑡/3))
. (2.8)

35



The following consequence is convenient when the variance is controlled by the mean.

Corollary 2.6 (Bernstein’s inequality on [0, 𝐵]). Let 𝑋1, … , 𝑋𝑚 be independent random

variables with 𝑋𝑖 ∈ [0, 𝐵] almost surely, and set

𝑆 ≔
𝑚
∑
𝑖=1

𝑋𝑖, 𝜇 ≔ 𝔼[𝑆].

Then, for every 𝛾 ≥ 1,

Pr[|𝑆 − 𝜇| > 𝛾(√𝐵𝜇 + 𝐵)] ≤ 2 exp(−𝛾/2).

Proof. Apply Lemma 2.5 to 𝑌𝑖 = 𝑋𝑖 − 𝔼[𝑋𝑖]. Since

𝔼[𝑌 2𝑖 ] ≤ 𝔼[𝑋 2
𝑖 ] ≤ 𝐵 𝔼[𝑋𝑖],

the variance proxy satisfies 𝑉 ≤ 𝐵𝜇. Taking 𝑡 = 𝛾 (√𝐵𝜇 + 𝐵) in (2.8) gives

𝑡2

2(𝐵𝜇 + 𝐵𝑡/3)
≥

𝛾
2 (𝛾 ≥ 1),

which proves the claim.

Lemma 2.7 (Multiplicative Chernoff bound). Let𝑋1, … , 𝑋𝑚 be independent Bernoulli random

variables, not necessarily with the same success probability, and set 𝑆 = ∑𝑚
𝑖=1 𝑋𝑖 and 𝜇 = 𝔼[𝑆].

For 𝜂 ∈ [0, 1],

Pr[𝑆 ≤ (1 − 𝜂)𝜇] ≤ exp(−𝜂2𝜇/2),

while, for every 𝜂 ≥ 0,

Pr[𝑆 ≥ (1 + 𝜂)𝜇] ≤ exp(−
𝜂2𝜇
2 + 𝜂).

Several later algorithms require a prescribed number of successful trials, rather than a

fixed multiplicative approximation to their mean. The next form also allows the success

probability of a trial to depend on earlier outcomes.

Lemma 2.8 (Chernoff bound for conditional successes). Let 𝑝 ∈ (0, 1], and let 𝑋1, … , 𝑋𝑚 ∈

{0, 1} be random variables such that, for every 𝑖 and every history of the preceding variables

with positive probability,

Pr[𝑋𝑖 = 1 ∣ 𝑋1, … , 𝑋𝑖−1] ≥ 𝑝.

36



Then, for every integer 𝑑 ∈ {0, … , 𝑚},

Pr[
𝑚
∑
𝑖=1

𝑋𝑖 < 𝑑] ≤ exp(𝑑 − 𝑚𝑝/2).

Consequently, for 𝛿 ∈ (0, 1), the failure probability is at most 𝛿 whenever

𝑚 ≥ 2
𝑝(𝑑 + log 1

𝛿 ).

Proof. For every 𝑖, conditional on the preceding variables,

𝔼[2−𝑋𝑖 ∣ 𝑋1, … , 𝑋𝑖−1] ≤ 1 − 𝑝/2.

Iterated conditional expectation and Markov’s inequality therefore give

Pr[
𝑚
∑
𝑖=1

𝑋𝑖 < 𝑑] ≤ 2𝑑 𝔼[2−∑𝑚
𝑖=1 𝑋𝑖]

≤ 2𝑑(1 − 𝑝/2)𝑚

≤ exp(𝑑 log 2 − 𝑚𝑝/2) ≤ exp(𝑑 − 𝑚𝑝/2).

Substituting the stated lower bound on 𝑚 proves the second assertion.

2.5 Pauli Operators and Symplectic Linear Algebra

Let

P𝑛 ≔ {𝛼𝑃1 ⊗⋯ ⊗ 𝑃𝑛 ∶ 𝑃𝑗 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }, 𝛼 ∈ {±1, ±i}}

be the 𝑛-qubit Pauli group. It is convenient to choose one Hermitian representative from

each Pauli operator modulo phase. For 𝑥 = (𝑎, 𝑏) ∈ 𝔽𝑛2 × 𝔽𝑛2, define

𝑊𝑥 ≔ i𝑎
′⋅𝑏′

𝑛
⨂
𝑗=1

𝑋 𝑎𝑗𝑍 𝑏𝑗 , (2.9)

where 𝑎′, 𝑏′ ∈ ℤ𝑛 are the natural integer embeddings of 𝑎, 𝑏. The family {𝑊𝑥 ∶ 𝑥 ∈ 𝔽2𝑛2 } is

the set of Weyl operators. Every coset of P𝑛/{±1, ±i} has exactly one such representative.

Each 𝑊𝑥 is Hermitian and unitary, and 𝑊 2
𝑥 = 𝐼 . Note that the integer embeddings in

Eq. (2.9) matter: the exponent records the number of positions at which both 𝑎𝑗 and 𝑏𝑗 are

one, not merely its parity. This convention makes, for example, 𝑊(1,1) = 𝑌 on one qubit.
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Definition 2.9 (Symplectic product). For 𝑥 = (𝑎, 𝑏) and 𝑦 = (𝑐, 𝑑) in 𝔽𝑛2×𝔽𝑛2, their symplectic

product is

[𝑥, 𝑦] ≔ 𝑎 ⋅ 𝑑 + 𝑏 ⋅ 𝑐 ∈ 𝔽2.

This bilinear form encodes Pauli commutation:

𝑊𝑥𝑊𝑦 = (−1)[𝑥,𝑦]𝑊𝑦𝑊𝑥 . (2.10)

Thus 𝑊𝑥 and 𝑊𝑦 commute exactly when [𝑥, 𝑦] = 0. We often pass freely between a vector

𝑥 and its Weyl representative 𝑊𝑥 . The two coordinate subspaces

X ≔ 𝔽𝑛2 × 0𝑛, Z ≔ 0𝑛 × 𝔽𝑛2

index the strings containing only 𝑋 ’s and only 𝑍 ’s, respectively.

Definition 2.10 (Symplectic complement). For a subspace 𝐴 ⊆ 𝔽2𝑛2 , its symplectic comple-

ment is

𝐴⟂s ≔ {𝑥 ∈ 𝔽2𝑛2 ∶ [𝑥, 𝑎] = 0 for every 𝑎 ∈ 𝐴}.

The subspace 𝐴 is isotropic if 𝐴 ⊆ 𝐴⟂s , and it is Lagrangian if 𝐴 = 𝐴⟂s .

Equivalently, 𝐴⟂s indexes all Weyl operators commuting with every element indexed

by 𝐴. Nondegeneracy of the symplectic form gives

(𝐴⟂s)⟂s = 𝐴, dim(𝐴) + dim(𝐴⟂s) = 2𝑛,

𝐴 ⊆ 𝐵 ⟺ 𝐵⟂s ⊆ 𝐴⟂s , (𝐴 + 𝐵)⟂s = 𝐴⟂s ∩ 𝐵⟂s .
(2.11)

An isotropic subspace has dimension at most 𝑛; it is Lagrangian exactly when its dimension

is 𝑛.

We record two elementary subspace identities used later.

Lemma 2.11 (Symplectic subspace identities). Let 𝐴, 𝐵, 𝐶 ⊆ 𝔽2𝑛2 be subspaces.

(i) If 𝐶 ⊆ 𝐴, then 𝐴 ∩ (𝐵 + 𝐶) = (𝐴 ∩ 𝐵) + 𝐶 .

(ii) If 𝐴 is isotropic and 𝐵 is Lagrangian, then 𝐴⟂s ∩ (𝐴 + 𝐵) is Lagrangian.
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Proof. For the first identity, if 𝑐 ∈ 𝐶 ⊆ 𝐴, then 𝑏 + 𝑐 ∈ 𝐴 if and only if 𝑏 ∈ 𝐴. For the

second, use Eq. (2.11) and the first identity to obtain

(𝐴⟂s ∩ (𝐴 + 𝐵))⟂s = 𝐴 + (𝐴 + 𝐵)⟂s

= 𝐴 + (𝐴⟂s ∩ 𝐵⟂s)

= 𝐴⟂s ∩ (𝐴 + 𝐵⟂s).

Since 𝐵 = 𝐵⟂s , the final expression is the original subspace.

The following character-orthogonality identity is the Fourier-analytic form of taking a

symplectic complement.

Proposition 2.12 (Symplectic character orthogonality). For every subspace 𝐴 ⊆ 𝔽2𝑛2 and

every 𝑎 ∈ 𝔽2𝑛2 ,

𝔼
𝑥∈𝐴⟂s

(−1)[𝑎,𝑥] = 1𝑎∈𝐴.

Proof. If 𝑎 ∈ 𝐴 = (𝐴⟂s)⟂s , every term is one. Otherwise, there is a 𝑦 ∈ 𝐴⟂s with [𝑎, 𝑦] = 1.

Pairing each 𝑥 with 𝑥 + 𝑦 cancels the sum.

Lemma 2.13 (Computing a symplectic complement). Given 𝑚 vectors spanning 𝐴 ⊆ 𝔽2𝑛2 , a

basis for 𝐴⟂s can be computed in

𝑂(𝑚𝑛min{𝑚, 𝑛})

time.

Proof. Place the vectors into the rows of an 𝑚 × 2𝑛 matrix and exchange its left and right

𝑚 × 𝑛 blocks. The nullspace of the resulting matrix is exactly 𝐴⟂s . Gaussian elimination

gives the stated running time.

2.5.1 Pauli Expansions

The Weyl operators form an orthonormal basis for matrices under the normalized Hilbert–

Schmidt inner product

⟨𝐴, 𝐵⟩nHS ≔ 2−𝑛 tr(𝐴†𝐵). (2.12)

This fixes the normalization of every Pauli coefficient used below.
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Definition 2.14 (Pauli expansion). For 𝐴 ∈ ℂ2𝑛×2𝑛 , define

𝐴(𝑥) ≔ 2−𝑛 tr(𝑊𝑥𝐴).

Then 𝐴 has the unique expansion

𝐴 = ∑
𝑥∈𝔽2𝑛2

𝐴(𝑥)𝑊𝑥 .

The coefficients {𝐴(𝑥)}𝑥 form the Pauli spectrum of 𝐴.

Parseval’s identity in this normalization is

‖𝐴‖2F = 2𝑛 ∑
𝑥∈𝔽2𝑛2

|𝐴(𝑥)|2. (2.13)

For a density operator 𝜌, the expansion becomes

𝜌 = 2−𝑛 ∑
𝑥∈𝔽2𝑛2

tr(𝑊𝑥𝜌)𝑊𝑥 , 2−𝑛∑
𝑥

tr(𝑊𝑥𝜌)2 = tr(𝜌2). (2.14)

The squared expectations are real because the Weyl operators are Hermitian.

2.6 Clifford Operations and Stabilizer Dimension

The Clifford group consists of the unitaries that normalize the Pauli group. It is generated

by Hadamard, phase, and CNOT gates. If 𝐶 is a Clifford unitary, conjugation induces a

linear map on 𝔽2𝑛2 , which we also denote by 𝐶 , determined by

𝑊𝐶(𝑥) = ±𝐶𝑊𝑥𝐶†. (2.15)

This map is a symplectic automorphism: it preserves symplectic products, inclusions,

dimensions, and symplectic complements. In particular, Clifford changes of basis preserve

all of the stabilizer-dimension notions introduced below.

Definition 2.15 (Unsigned stabilizer group). For an 𝑛-qubit pure state |𝜓 ⟩, its unsigned

stabilizer group is

Weyl(|𝜓 ⟩) ≔ {𝑥 ∈ 𝔽2𝑛2 ∶ 𝑊𝑥 |𝜓 ⟩ = ±|𝜓 ⟩}.
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Two Pauli operators that stabilize the same pure state must commute. Moreover,

multiplication of Pauli operators corresponds, up to sign, to addition of their labels in 𝔽2𝑛2 .

It follows that Weyl(|𝜓 ⟩) is a linear subspace of 𝔽2𝑛2 whose elements have pairwise-zero

symplectic product. In other words,Weyl(|𝜓 ⟩) is isotropic, and therefore dimWeyl(|𝜓 ⟩) ≤ 𝑛.

Definition 2.16 (Stabilizer dimension). The stabilizer dimension of a pure state |𝜓 ⟩ is

dimWeyl(|𝜓 ⟩).

An 𝑛-qubit pure state of stabilizer dimension 𝑛 is a stabilizer state. The quantity 𝑛 −

dimWeyl(|𝜓 ⟩) is its stabilizer nullity [BCHK20].

Thus a pure state has stabilizer dimension 𝑘 exactly when it is stabilized, up to signs, by

an abelian group of 2𝑘 Pauli operators. Under Clifford conjugation, the unsigned stabilizer

group is simply relabeled by the induced linear map 𝐶 :

Weyl(𝐶|𝜓 ⟩) = 𝐶(Weyl(|𝜓 ⟩)) = {𝐶(𝑥) ∶ 𝑥 ∈ Weyl(|𝜓 ⟩)}. (2.16)

2.7 The Characteristic and Bell-Difference Distributions

For a pure state, its squared Pauli expectations can be normalized to form a probability

distribution that records its Pauli symmetries.

Definition 2.17 (Characteristic distribution). For an 𝑛-qubit pure state |𝜓 ⟩, define

𝑝𝜓 (𝑥) ≔ 2−𝑛⟨𝜓 |𝑊𝑥 |𝜓 ⟩ 2, 𝑥 ∈ 𝔽2𝑛2 .

Indeed, Eq. (2.14) gives

∑
𝑥∈𝔽2𝑛2

𝑝𝜓 (𝑥) = 1. (2.17)

Moreover, 0 ≤ 𝑝𝜓 (𝑥) ≤ 2−𝑛, and 𝑝𝜓 (𝑥) = 2−𝑛 for every 𝑥 ∈ Weyl(|𝜓 ⟩). Purity is important

here: the same squared coefficients of a mixed state have total mass tr(𝜌2), which need not

equal one.
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Fact 2.18 (Large Weyl expectations commute). Let

𝑀1/2(𝜓 ) ≔ {𝑥 ∈ 𝔽2𝑛2 ∶ 2𝑛𝑝𝜓 (𝑥) > 1/2}.

Every pair of elements of 𝑀1/2(𝜓 ) has symplectic product zero.

Proof. If 𝑥, 𝑦 ∈ 𝑀1/2(𝜓 ) anticommute, apply the Schrödinger uncertainty relation to the

observables 𝑊𝑥 , 𝑊𝑦 ; the form used here is reviewed in [Sch30; AB08]. Since 𝑊 2
𝑥 = 𝑊 2

𝑦 = 𝐼 ,

its left-hand side is

(1 − 2𝑛𝑝𝜓 (𝑥))(1 − 2𝑛𝑝𝜓 (𝑦)) <
1
4.

Anticommutation gives {𝑊𝑥 , 𝑊𝑦 } = 0, so the squared covariance term on the right is

⟨𝜓 |𝑊𝑥 |𝜓 ⟩2⟨𝜓 |𝑊𝑦 |𝜓 ⟩2 = 4𝑛𝑝𝜓 (𝑥)𝑝𝜓 (𝑦) > 1/4, a contradiction.

Bell-difference sampling, introduced by Gross, Nezami, and Walter [GNW21], is a

four-copy measurement with outcomes in 𝔽2𝑛2 . It may be implemented by performing a

Bell-basis measurement on each of two independent pairs of copies and reporting the

difference of the two outcome labels.

Definition 2.19 (Bell-difference distribution). For an 𝑛-qubit pure state |𝜓 ⟩, define

𝑞𝜓 (𝑎) ≔ ∑
𝑥∈𝔽2𝑛2

𝑝𝜓 (𝑥)𝑝𝜓 (𝑎 + 𝑥), 𝑎 ∈ 𝔽2𝑛2 . (2.18)

The output of the Bell-difference measurement has distribution 𝑞𝜓 .

The symplectic character identity in Proposition 2.12 gives the following common

duality.

Proposition 2.20 (Bell-difference duality). For every pure state |𝜓 ⟩ and every subspace

𝐴 ⊆ 𝔽2𝑛2 ,

∑
𝑎∈𝐴

𝑝𝜓 (𝑎) =
|𝐴|
2𝑛

∑
𝑥∈𝐴⟂s

𝑝𝜓 (𝑥). (2.19)

∑
𝑎∈𝐴

𝑞𝜓 (𝑎) = |𝐴| ∑
𝑥∈𝐴⟂s

𝑝𝜓 (𝑥)2. (2.20)
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These identities are stated in this form in [GIKL24, Theorems 3.1 and 3.2].

The most important consequence is that Bell-difference samples cannot leave the

symplectic complement of the exact Pauli symmetries.

Proposition 2.21 (Support of Bell-difference sampling). For every 𝑛-qubit pure state |𝜓 ⟩,

supp(𝑞𝜓 ) ⊆ Weyl(|𝜓 ⟩)⟂s .

Proof. Let 𝑆 = Weyl(|𝜓 ⟩). For every 𝑥 ∈ 𝑆, we have 𝑝𝜓 (𝑥) = 2−𝑛. Thus Eq. (2.20) and

|𝑆||𝑆⟂s | = 4𝑛 give

∑
𝑎∈𝑆⟂s

𝑞𝜓 (𝑎) = |𝑆⟂s |∑
𝑥∈𝑆

𝑝𝜓 (𝑥)2 =
|𝑆⟂s ||𝑆|
4𝑛 = 1.

Thus all of the 𝑞𝜓 -mass lies in 𝑆⟂s .

For later reductions, it is also useful to compare Bell-difference mass with characteristic

mass.

Proposition 2.22 (Comparison of characteristic and Bell-difference mass). For every pure

state |𝜓 ⟩ and subspace 𝐴 ⊆ 𝔽2𝑛2 ,

∑
𝑎∈𝐴

𝑞𝜓 (𝑎) ≤ ∑
𝑎∈𝐴

𝑝𝜓 (𝑎).

Proof. Use 𝑝𝜓 (𝑥) ≤ 2−𝑛 in Eq. (2.20), then apply Eq. (2.19).

Lemma 2.23 (Span captures almost all sampled mass). Let D be a distribution on 𝔽𝑁2 whose

support lies in a subspace of dimension at most 𝑑 . Let 𝜂, 𝛿 ∈ (0, 1), and suppose that

𝑚 ≥
2 log(1/𝛿) + 2𝑑

𝜂 .

If 𝐴 is the span of 𝑚 independent samples from D, then

∑
𝑥∈𝐴

D(𝑥) ≥ 1 − 𝜂

with probability at least 1 − 𝛿 .
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Proof. Let 𝐴𝑖 be the span of the first 𝑖 samples. Until 𝐴𝑖 contains at least 1 − 𝜂 of the mass,

call the next sample successful when it enlarges the span; once the target mass has been

reached, call every remaining sample successful. Every conditional success probability is at

least 𝜂. Failure after 𝑚 samples implies that fewer than 𝑑 successes occurred, so Lemma 2.8

gives

Pr[ ∑
𝑥∈𝐴𝑚

D(𝑥) < 1 − 𝜂] ≤ exp(−
𝑚𝜂
2 + 𝑑) ≤ 𝛿.

Finally, Clifford changes of basis only relabel these distributions. From Eq. (2.15), if

|𝜓 ′⟩ = 𝐶|𝜓 ⟩, then

𝑝𝜓 ′(𝐶(𝑥)) = 𝑝𝜓 (𝑥), 𝑞𝜓 ′(𝐶(𝑥)) = 𝑞𝜓 (𝑥). (2.21)

Because Clifford changes of basis only relabel the distributions, an algorithm can

transform a learned isotropic subspace to a standard Z-type subspace without changing

the relevant probability masses.
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Chapter 3: Nearly Time-Optimal Pure State Tomography

Quantum state tomography is the problem of learning an unknown quantum state from

measurement outcomes on independent copies. In this chapter, we focus on tomography

of pure 𝑛-qubit states. The learner receives copies of an unknown state |𝜓 ⟩ ∈ (ℂ2)⊗𝑛 and

must output an estimate | ̂𝜓 ⟩ with high fidelity, e.g., 1− |⟨ ̂𝜓 |𝜓 ⟩|2 ≤ 𝜖 with probability at least

1 − 𝛿 .1 We follow the conventions established in Sections 2.2 and 2.3.

If the learner can perform arbitrary measurements, the copy complexity of worst-case

pure-state tomography is known to be Θ(2𝑛/𝜖). This rate is achieved by several procedures

and is information-theoretically optimal; see, e.g., [Hay98; HHJWY16; OW16; GKKT20;

ACGN23; PSTW25; SSW25; PSW25]. Moreover, it is well known that the measurements do

not need to be entangled across copies to attain this scaling [Vor13; KRT17; HHJWY16].

What remains unclear, however, is whether entanglement is required within each 𝑛-qubit

copy. Product measurements avoid this within-copy entanglement and are substantially

simpler to implement. This motivates the central question of this chapter:

Can one achieve the optimal Θ(2𝑛/𝜖) copy complexity using only

nonadaptive single-qubit (product basis) measurements?

An even more ambitious goal is to achieve optimal pure-state tomography using

only Pauli-basis measurements (i.e. measurements diagonalizing operators {𝑋 , 𝑌 , 𝑍 }⊗𝑛), a

standard and well-studied class of single-qubit measurements. Previously, the strongest

guarantee for pure-state tomography using Pauli measurements (and, more generally, any

single-qubit measurements) was due to [GKKT20], who achieved copy complexity 𝑂(3𝑛/𝜖).

Their estimator works as follows. First, each copy of the unknown state is measured in a

uniformly random Pauli product basis. Each measurement outcome is then converted into a

1For pure states, both trace distance and Frobenius distance are determined by the fidelity; see Equa-
tions (2.4) and (2.7).
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matrix-valued estimate, and these matrices are averaged across samples.2 By construction,

this average equals the true state in expectation. However, the number of samples required

for this estimator to concentrate is 𝑂(3𝑛/𝜖). Moreover, their variance bound is shown

to be tight even for pure product states. Consequently, any approach that follows this

paradigm—namely, forming an average of (possibly reweighted)matrices derived fromPauli

measurement outcomes and arguing concentration via the matrix Bernstein inequality—

cannot asymptotically improve upon the 3𝑛 dependence.

Our main result shows that the 3𝑛 scaling is not a fundamental limitation of all Pauli

measurement schemes.We give a different (but still simple) learning algorithm that achieves

essentially optimal copy complexity while using only Pauli-basis measurements.3

Theorem 3.1. Let 𝑛 ≥ 1 and 𝜖, 𝛿 ∈ (0, 1). There exists an algorithm that, given copies of an

unknown 𝑛-qubit pure state |𝜓 ⟩, samples 𝑂(2𝑛 log(1/𝛿)/𝜖) Pauli product bases, measures one

copy of |𝜓 ⟩ in each sampled basis, and outputs an estimate | ̂𝜓 ⟩ satisfying |⟨ ̂𝜓 |𝜓 ⟩|2 ≥ 1− 𝜖 with

probability at least 1 − 𝛿 . The algorithm runs in time 𝑂(2𝑛 log(1/𝛿)/𝜖).

In particular, the copy complexity matches, up to polylogarithmic factors, the Ω(2𝑛/𝜖)

lower bound that holds even when the learner is allowed arbitrary measurements [SSW25].

In addition to achieving near-optimal copy complexity, the algorithm also attains

essentially optimal running time. To the best of our knowledge, this is the first algo-

rithm for pure-state tomography with near-optimal running time, addressing a question

explicitly raised in [GIKL25]. Before this result, the fastest algorithms required 𝑂(4𝑛/𝜖)

time [ACGN23], while, among algorithms restricted to Pauli-basis measurements, the

best known running time was 𝑂(8𝑛/𝜖) [GKKT20]. Thus, simple nonadaptive single-qubit

2They then apply a projected least-squares step to enforce positivity and unit trace; if one wishes to
output a pure state, one may further post-process by taking the eigenvector corresponding to the largest
eigenvalue. Neither of these steps has a substantial effect on the accuracy of the estimate.

3The term Pauli measurement can refer to two distinct measurement models. In the first, each qubit
is measured independently in one of the 𝑋 , 𝑌 , or 𝑍 bases, yielding an 𝑛-bit outcome; we refer to this as
a Pauli-basis measurement. In the second, the two-outcome projective measurement {(𝐼 + 𝑃)/2, (𝐼 − 𝑃)/2}
associated with an 𝑛-qubit Pauli operator 𝑃 is applied, yielding a single outcome in {±1}; we refer to this as a
Pauli-observable measurement. Under the latter model, it is known that Ω(𝑑2/𝜖) samples are necessary for
pure state tomography [FGLE12; LN22].

46



measurements suffice to achieve not only near-optimal statistical efficiency but also near-

optimal computational efficiency.

3.1 An Aside: Mixed-State Tomography

Our pure-state tomography algorithm can also be combined with the random-purification

reduction of Pelecanos, Spilecki, Tang, and Wright [PSTW25]. Their reduction coherently

transforms copies of a rank-𝑟 , 𝑑-dimensional mixed state 𝜌 into copies of a common random

purification |𝜌𝑈 ⟩ ∈ ℂ𝑑⊗ℂ𝑟 . Conditioned on the random choice of 𝑈 , the output is therefore

an ordinary pure-state tomography instance in dimension 𝑑𝑟 .

Applying the algorithm of this chapter to these purified copies gives a near-copy-

optimal mixed-state tomography algorithm with a striking feature: all coherent processing

across copies occurs inside the random-purification channel. Afterward, every copy is

measured independently using only nonadaptive single-qubit Pauli-basis measurements.

Corollary 3.2 (Pauli tomography after random purification). Let 𝜌 be an 𝑛-qubit state of

rank at most 𝑟 , where 1 ≤ 𝑟 ≤ 𝑑 = 2𝑛, and suppose that 𝑟 is known. For 𝜖, 𝛿 ∈ (0, 1), there is

an algorithm using

𝑂(
𝑟𝑑 log(1/𝛿)

𝜖 )

copies of 𝜌 that outputs a density matrix ̂𝜌 in factored form, namely as𝐴𝐴† for𝐴 ∈ ℂ𝑑×2⌈log2 𝑟⌉ ,

satisfying

𝐹(𝜌, ̂𝜌) ≥ 1 − 𝜖

with probability at least 1 − 𝛿 . The random-purification channel is the only stage that acts

coherently across distinct input copies. After purification, every copy is measured independently

using nonadaptive single-qubit Pauli-basis measurements, and the post-purification algorithm,

including construction of this factored output, runs in time

𝑂(
𝑟𝑑 log(1/𝛿)

𝜖 ).

Proof. Apply the random-purification channel to the input copies and condition on its

random purification |𝜌𝑈 ⟩. After embedding the 𝑟-dimensional reference system into ⌈log2 𝑟⌉
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qubits, the purified state has dimension at most 2𝑑𝑟 . Apply Theorem 3.1 with failure

probability 𝛿/2. This gives the stated copy complexity, running time, and measurement

structure.

Write the learned purification as |𝜌𝑈 ⟩ = ∑𝑖,𝑗 𝐴𝑖𝑗 |𝑖⟩|𝑗⟩. Tracing out the reference register

gives ̂𝜌 = 𝐴𝐴†, so returning 𝐴 gives the stated factored representation without explicitly

materializing all 𝑑2 entries of ̂𝜌. Monotonicity of fidelity under partial trace preserves the

fidelity guarantee.

The ideal random-purification channel is exact. For an approximate implementation,

choose diamond-distance error at most 𝛿/2; this changes the overall failure probability by

at most 𝛿/2 and leaves the asymptotic resource bounds unchanged.

For constant failure probability, the copy complexity is 𝑂(𝑟𝑑/𝜖), which is optimal up

to polylogarithmic factors. The point of this corollary is not an improved copy bound, but

rather the measurement structure: after the initial collective purification step, the rest of

the algorithm uses only single-qubit Pauli measurements.

3.2 RelatedWork

Pauli measurement tomography for mixed states. Direct analogues of this result appear

in recent work by Acharya, Dharmavarapu, Liu, and Yu [ADLY25a; ADLY25b; Yu20] on

mixed-state tomography using Pauli-basis measurements. These works show that, up

to polylogarithmic factors, Θ(10𝑛/𝜖) copies are necessary and sufficient for algorithms

using nonadaptive Pauli measurements to perform tomography on general mixed states.

Interestingly, while nonadaptive Pauli measurements cannot match the copy complexity

achieved by general measurement schemes in the mixed-state setting, the result of this

chapter shows that they can do so for pure-state tomography. As explained in Section 3.1,

the direct-measurement restriction in these lower bounds is essential: coherent purification

can first process the original copies, after which product Pauli measurements recover

near-optimal scaling.

A separate line of work studies tomography from Pauli observable measurements

through the lens of compressed sensing and low-rank matrix recovery, initiated by Gross,
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Liu, Flammia, Becker, and Eisert [GLFBE10] and developed further in, e.g., [Liu11; FGLE12].

These works show that a rank-𝑟 state in dimension 𝑑 can be uniquely reconstructed from

𝑂(𝑟𝑑) randomly chosen Pauli observables when their expectation values are known exactly.

In the tomography setting, however, we only have noisy empirical estimates of these

expectation values. Accounting for this statistical noise gives sample complexity bounds

on the order of 𝑂𝜖(𝑟2𝑑2) for tomography. This matches, in its dependence on 𝑟 and 𝑑 , the

corresponding lower bound of Ω(𝑟2𝑑2/𝜖) samples for tomography from Pauli observable

measurements [FGLE12; LN22].

Direct fidelity estimation. We present an algorithm that estimates the Frobenius distance

‖𝜌 − 𝜎‖F between two (potentially mixed) 𝑛-qubit quantum states 𝜌 and 𝜎 using nonadap-

tive Pauli measurements; this serves as a key subroutine in our pure-state tomography

algorithm. A closely related problem was studied in the direct fidelity estimation (DFE)

procedure of Flammia and Liu [FL11], which estimates fidelity to a known pure target

state; in particular, it applies in the pure–pure regime relevant to our algorithm. Their

procedure estimates this fidelity to within additive error ±𝛾 ′, using 𝑂(2𝑛/𝛾 ′2) copies of

the unknown state in the worst case. When both states are pure, the fidelity is linearly

related to the squared Frobenius distance, so estimating ‖𝜌 −𝜎‖F to additive error 𝛾 requires

fidelity accuracy 𝑂(𝛾 2) and hence 𝑂(2𝑛/𝛾 4) copies. While this guarantee suffices to obtain

a tomography algorithm using 𝑂(2𝑛/ poly(𝜖)) copies, our stronger Frobenius-distance

estimator is required to achieve the optimal dependence on 𝜖.

Quantum state certification. Related to tomography is quantum state certification, in

which one must determine whether an unknown state is close to a given hypothesis state.

Recent work on certifying pure states using single-qubit measurements shows that adap-

tivity is necessary to avoid exponentially large copy complexity; see, for example, [HPS25;

GHO25]. This contrasts with the tomography setting studied here, where nonadaptive

single-qubit measurements are essentially as powerful as general measurements.
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3.3 Technical Overview

The algorithm has two components. First, we show how to perform pure-state tomography

assuming access to an estimator that approximates the Frobenius distance between an

unknown state and a candidate state 𝜎 , using only nonadaptive Pauli measurements that

do not depend on 𝜎 . The second component is an implementation of this estimator.

3.3.1 Tomography via Frobenius Distance Estimation

Let |𝜓 ⟩ be a pure 𝑛-qubit state. Using 𝑂(2𝑛/𝜖) copies, we aim to output | ̂𝜓 ⟩ with |⟨𝜓 | ̂𝜓 ⟩|2 ≥

1 − 𝜖. For any 𝑥 ∈ {0, 1}ℓ, let 𝑝𝑥 be the probability of obtaining outcome 𝑥 when measuring

the first ℓ qubits of |𝜓 ⟩ in the computational basis, and let |𝜓𝑥⟩ be the normalized post-

measurement state on the remaining 𝑛 − ℓ qubits conditioned on that outcome.

We reconstruct |𝜓 ⟩ recursively along the binary tree of prefixes. At depth ℓ, we maintain

estimates {| ̂𝜓𝑥⟩ ∶ 𝑥 ∈ {0, 1}ℓ}. The leaves at depth 𝑛 are the unique normalized zero-qubit

state. Given estimates at depth ℓ + 1, we show how to build estimates at depth ℓ; the first

gluing step therefore learns the one-qubit conditional states at depth 𝑛 − 1. Iterating up to

the root yields | ̂𝜓∅⟩ ≈ |𝜓 ⟩.

We now describe how to perform this recursive estimation procedure. Fix 𝑥 ∈ {0, 1}ℓ.

Given | ̂𝜓𝑥0⟩ ≈ |𝜓𝑥0⟩ and | ̂𝜓𝑥1⟩ ≈ |𝜓𝑥1⟩, we seek coefficients 𝛼̂𝑥0, 𝛼̂𝑥1 such that

| ̂𝜓𝑥⟩ ≔ 𝛼̂𝑥0|0⟩| ̂𝜓𝑥0⟩ + 𝛼̂𝑥1|1⟩| ̂𝜓𝑥1⟩ ≈ |𝜓𝑥⟩.

By Lemma 3.3, there exist coefficients achieving an error (in Frobenius distance) comparable

to the weighted errors of the two children, so it suffices to approximately solve this two-

parameter optimization problem. The candidate states form a two-dimensional subspace.

Four distance evaluations—at the two child branches and at two fixed superpositions—

determine the associated 2 × 2 overlap matrix up to the error of the distance oracle. We

take the top eigenvector of this matrix to obtain the gluing coefficients.

Each of these four evaluations reduces to estimating the distance between the unknown

state |𝜓𝑥⟩⟨𝜓𝑥 | and a known candidate 𝜎 . This is exactly where the Frobenius-distance

estimator from Section 3.3.2 is used: it provides, for any fixed 𝜎 , an estimate of ‖|𝜓𝑥⟩⟨𝜓𝑥 |−𝜎‖F
from appropriate measurements on copies of |𝜓𝑥⟩.
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The only subtlety is that the measurements on the last 𝑛 − ℓ qubits must be fixed

before we learn 𝑥 : we cannot choose the measurement basis adaptively as a function of

the observed prefix. To handle this, fix a probability scale 𝑝 and consider all prefixes

with 𝑝𝑥 ≈ 𝑝. It suffices to choose a global list of 𝑚 = 𝑂(2𝑛𝑝/𝜖) measurement settings

(independent of 𝑥) that would let the Frobenius estimator compare |𝜓𝑥⟩ to any fixed 𝜎 ,

which is exactly what Section 3.3.2 provides; we then repeat each setting Θ((1/𝑝) poly(𝑛))

times, always measuring the first ℓ qubits in the computational basis and binning outcomes

by the observed 𝑥 . For any 𝑥 with 𝑝𝑥 ≈ 𝑝, with high probability each setting in the global

list is applied at least once within the bin for 𝑥 , so we obtain exactly the measurement

data needed to run the distance estimator for that 𝑥 . Finally, since the probabilities 𝑝𝑥 vary

with 𝑥 , we run the above procedure over dyadic values of 𝑝 down to the smallest relevant

scale, which is Θ(𝜏/2𝑛) = Θ̃(𝜖/2𝑛). Prefixes below this scale may be assigned arbitrary

estimates within the final error budget, while every remaining 𝑝𝑥 lies within a constant

factor of one of the chosen dyadic values.

3.3.2 Frobenius Distance Estimation

Suppose that 𝜌 and 𝜎 are (potentially mixed) 𝑛-qubit states. We are given access to copies

of 𝜌 and to a full classical description of 𝜎 . Our goal is to estimate the quantity ‖𝜌 − 𝜎‖F up

to additive error 𝛾 , using a fixed (nonadaptive) list of measurements that does not depend

on either 𝜌 or 𝜎 , and using 𝑂(𝑑/𝛾 2) samples.

In the description of our algorithm, we will assume access to samples of both 𝜌 and 𝜎 ,

rather than a full description of 𝜎 . This is more general, because a classical description

of 𝜎 allows us to simulate measurements on it. The first step is to note that ‖𝜌 − 𝜎‖F =

2√𝑑√𝔼𝑃 [𝑣2𝑃 ], where 𝑣 is a real vector of length 4𝑛, indexed by 𝑛-qubit Pauli matrices,

defined by 𝑣𝑃 = 1
2
tr(𝑃(𝜌 − 𝜎)) (so that we always have |𝑣𝑃 | ≤ 1).

By measuring 𝜌 and 𝜎 with respect to the observable 𝑃 , for any fixed 𝑃 we can draw

samples from a Rademacher random variable with mean 𝑣𝑃 using just one copy each of 𝜌

and 𝜎 . Therefore, estimating the Frobenius distance using nonadaptive Pauli measurements

reduces to the following problem: estimate √𝑟 ≔ √𝔼𝑘[𝑣2𝑘 ] to additive error 𝛼 for vectors
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𝑣 ∈ [−1, 1]𝑁 , given the ability to specify a multiset {𝑘1, … , 𝑘𝑇 } and receive Rademacher

samples with means 𝑣𝑘1 , … , 𝑣𝑘𝑇 . We need the number of samples 𝑇 to be 𝑂(1/𝛼2).

To motivate the algorithm, let us imagine that all entries of 𝑣 are either small (close to

0) or big (have absolute value close to 1). Write 𝑟 = 𝑟small + 𝑟big, where 𝑟small and 𝑟big are

the contributions to 𝑟 from small and big indices, respectively. Our goal is to produce an

estimator ̂𝑟 satisfying | ̂𝑟 − 𝑟 | ≲ 𝛼√𝑟 + 𝛼2, since such an estimate can be converted into an

estimator for √𝑟 with additive 𝛼 error. At a constant factor loss, it suffices to estimate ̂𝑟small

and ̂𝑟big separately with guarantees

| ̂𝑟small − 𝑟small| ≲ 𝛼√𝑟small + 𝛼2, | ̂𝑟big − 𝑟big| ≲ 𝛼√𝑟big + 𝛼2. (3.1)

1. To estimate 𝑟small, we sample a small number of indices 𝑘1, … , 𝑘𝑇small , and take many

samples of each 𝑣𝑘𝑡 to get accurate estimates of their values, throwing out the values

that are too large. We then output the average of the remaining values 𝑣2𝑘𝑖 . If 𝑟small

is nonnegligible, there must be many small indices, so sampling only 𝑇small indices

suffices to hit enough of them. On the other hand, many samples per index are

needed to estimate their values accurately enough to satisfy (3.1).

2. To estimate 𝑟big, we instead sample a large number 𝑇big of indices 𝑘1, … , 𝑘𝑇big , take

a small number of samples of each 𝑣𝑘𝑡 , discard indices whose empirical averages

are too small, and output the average of the corresponding values 𝑣2𝑘𝑡 . Here, many

indices are required to ensure that large entries are encountered if they contribute

significantly to 𝑟 , but only a few samples per index suffice, since we need only a

coarse estimate of 𝑣𝑘𝑡 when 𝑣2𝑘𝑡 is large.

Thresholding based on the empirical values of 𝑣𝑘𝑡 introduces two issues. First, the resulting

estimate of 𝑣𝑘 is no longer unbiased when conditioned on an index being classified as small

or big. Second, for indices whose true values lie near the threshold, the thresholding rule

may assign the index to neither or both categories with nonzero probability. Consequently,

the probabilities with which an index contributes to the small and big parts may not sum

to one, leading to under- or over-counting in expectation. To fix both of these issues at

once, before estimating 𝑣𝑘𝑡 , we run a fixed process that uses the Rademacher samples to
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classify the index as small or big, so that it only contributes to one of the two categories,

and then independently compute the estimate of 𝑣𝑘𝑡 .

For the general case, rather than splitting indices into only two categories, we partition

them into log(1/𝛼) level sets, where the 𝑗th level consists roughly of indices 𝑘 with |𝑣𝑘 | ∈

[2−𝑗 , 2−𝑗+1]. It turns out that to achieve the desired approximation guarantee, we can take

𝑇𝑗 ≈ 𝛼−2/4𝑗 indices in level 𝑗, and take 𝑚𝑗 ≈ 4𝑗 samples of each index. Summing over all

levels yields a total sample complexity of 𝑂(1/𝛼2) as desired.

Time Efficiency

Implementing the above algorithm requires one to output Rademacher random variables

with expectation tr(𝜎𝑃) given a description of 𝜎 and 𝑃 . Naively, this requires time 2𝑛 when

𝜎 = |𝜓 ⟩⟨𝜓 | and we have a classical description of |𝜓 ⟩ as a list of amplitudes. Since this must

be repeated for roughly 2𝑛 different Pauli matrices 𝑃 , the resulting runtime is 4𝑛, whereas

our target is 𝑂(2𝑛) after suppressing the dependence on 𝜖 and 𝛿 .

To perform this Rademacher sampling in near-linear time, we use the fact that Pauli

matrices are phased permutation matrices in the computational basis. Draw 𝑥 ∈ {0, 1}𝑛 with

probability |⟨𝑥|𝜓 ⟩|2. The Pauli string pairs 𝑥 with a basis vector 𝑥 ⊕ 𝑎 and assigns a readily

computable phase to this transition. From the two amplitudes on this pair, one can compute

a number in [−1, 1] whose average is ⟨𝜓 |𝑃 |𝜓 ⟩, and then sample a Rademacher variable with

that conditional mean. Proposition 3.11 gives the precise construction, including complex

amplitudes.

To draw 𝑥 with probability |⟨𝑥|𝜓 ⟩|2, we use the alias method [Wal77]. At the beginning

of the distance estimator, we construct in time 𝑂(2𝑛) a data structure that produces such

samples in time 𝑂(1).

3.4 Recursive Tomography Algorithm

It will be useful to describe |𝜓 ⟩ as a binary tree. Set

|𝜓∅⟩ ≔ |𝜓 ⟩, 𝑝∅ ≔ 1.
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For any string 𝑥 ∈ {0, 1}<𝑛 (identified by a node in the complete binary tree of depth 𝑛),

we write

|𝜓𝑥⟩ = 𝛼𝑥0|0⟩ ⊗ |𝜓𝑥0⟩ + 𝛼𝑥1|1⟩ ⊗ |𝜓𝑥1⟩, (3.2)

where |𝜓𝑥0⟩ and |𝜓𝑥1⟩ are normalized states on the remaining 𝑛 − len(𝑥) − 1 qubits and

|𝛼𝑥0|2 + |𝛼𝑥1|2 = 1. Recursively, we define the weight at each node 𝑥 by

𝑝𝑥 ≔ Pr[measuring the first len(𝑥) qubits gives 𝑥].

When 𝑝𝑥 > 0, the coefficients above satisfy |𝛼𝑥𝑏 |2 = 𝑝𝑥𝑏/𝑝𝑥 . When 𝑝𝑥 = 0, we choose the

normalized conditional state |𝜓𝑥⟩ arbitrarily. This description is not unique even when

𝑝𝑥 > 0, since phases can be absorbed either into the 𝛼𝑥𝑏 or into the conditional states, but

any consistent choice suffices for our analysis.

The main goal of our algorithm is to reconstruct |𝜓 ⟩ in a “bottom-up” fashion on this

tree. The formal leaves at depth 𝑛 are trivial zero-qubit states; we first learn the one-qubit

conditional states |𝜓𝑥⟩ for len(𝑥) = 𝑛 − 1, then the states at depth 𝑛 − 2, and so on up to

the root.

3.4.1 Gluing Branches and Error Accumulation

We first characterize the optimal way to combine two child estimates, and then turn this

characterization into an efficient gluing procedure.

Optimal Gluings

The main subroutine we need is the following: given estimates | ̂𝜓𝑥0⟩ and | ̂𝜓𝑥1⟩, we wish to

glue them together to form an estimate | ̂𝜓𝑥⟩. First, we show that if we have good estimates

| ̂𝜓𝑥0⟩ and | ̂𝜓𝑥1⟩, then there exists a way to glue them together that does not worsen the

error (but not necessarily that we can find it algorithmically).

Lemma 3.3. Let 𝑝𝑥 > 0. Assume that, for every 𝑏 ∈ {0, 1} with 𝑝𝑥𝑏 > 0, the estimate | ̂𝜓𝑥𝑏⟩

satisfies, for some 𝑎𝑏 ≥ 0,

𝑑𝐹 (| ̂𝜓𝑥𝑏⟩, |𝜓𝑥𝑏⟩) ≤ √𝑎𝑏 .
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Then there exist 𝛼̂𝑥0 and 𝛼̂𝑥1 with |𝛼̂𝑥0|2 + |𝛼̂𝑥1|2 = 1 such that

𝑑𝐹 (𝛼̂𝑥0|0⟩ ⊗ | ̂𝜓𝑥0⟩ + 𝛼̂𝑥1|1⟩ ⊗ | ̂𝜓𝑥1⟩, |𝜓𝑥⟩) ≤
√

∑
𝑏∶𝑝𝑥𝑏>0

𝑝𝑥𝑏
𝑝𝑥

𝑎𝑏 .

Proof. Let 𝑤𝑏 ≔ 𝑝𝑥𝑏/𝑝𝑥 for 𝑏 ∈ {0, 1} (so 𝑤0 + 𝑤1 = 1), and write

|𝜓𝑥⟩ = √𝑤0|0⟩ ⊗ |𝜓𝑥0⟩ + √𝑤1|1⟩ ⊗ |𝜓𝑥1⟩

(absorbing any relative phase into |𝜓𝑥𝑏⟩). For 𝑏 with 𝑤𝑏 > 0, set 𝑐𝑏 ≔ ⟨𝜓𝑥𝑏 | ̂𝜓𝑥𝑏⟩, and set

𝑐𝑏 = 0 when 𝑤𝑏 = 0. For pure states and every 𝑏 with 𝑤𝑏 > 0,

𝑑𝐹 (|𝜙⟩, |𝜓 ⟩)2 = 2(1 − |⟨𝜙|𝜓 ⟩|2),

and hence

1 − |𝑐𝑏 |2 =
1
2𝑑𝐹 (|

̂𝜓𝑥𝑏⟩, |𝜓𝑥𝑏⟩)2 ≤
𝑎𝑏
2 .

Let 𝑠 ≔ ∑𝑏∶𝑤𝑏>0
𝑤𝑏 |𝑐𝑏 |2. If 𝑠 = 0, every positive-weight branch has squared Frobenius error

2, so the right-hand side of the claimed bound is at least √2 and any normalized gluing

suffices. Otherwise define

𝛼̂𝑥𝑏 ≔ {√
𝑤𝑏𝑐∗𝑏 /√𝑠, 𝑤𝑏 > 0,

0, 𝑤𝑏 = 0,
(𝑏 ∈ {0, 1}),

so |𝛼̂𝑥0|2 + |𝛼̂𝑥1|2 = 1. Let

| ̂𝜓𝑥⟩ ≔ 𝛼̂𝑥0|0⟩ ⊗ | ̂𝜓𝑥0⟩ + 𝛼̂𝑥1|1⟩ ⊗ | ̂𝜓𝑥1⟩.

Using ⟨0|1⟩ = 0,

⟨𝜓𝑥 | ̂𝜓𝑥⟩ = √𝑤0𝛼̂𝑥0𝑐0 + √𝑤1𝛼̂𝑥1𝑐1 = √𝑠,

so

𝑑𝐹 (| ̂𝜓𝑥⟩, |𝜓𝑥⟩)2 = 2(1 − |⟨𝜓𝑥 | ̂𝜓𝑥⟩|2) = 2(1 − 𝑠) = 2 ∑
𝑏∶𝑤𝑏>0

𝑤𝑏(1 − |𝑐𝑏 |2) ≤ ∑
𝑏∶𝑤𝑏>0

𝑤𝑏𝑎𝑏 .

Taking square roots gives the stated bound.
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Algorithmic Gluing

Next, we design an algorithm to approximate the coefficients 𝛼̂𝑥0, 𝛼̂𝑥1 guaranteed by

Lemma 3.3. This is the subroutine that calls our Frobenius distance estimator. Fix a working

accuracy 𝜏 > 0. For 𝑥 ∈ {0, 1}ℓ, define

𝜖𝑥 ≔ 𝜏
2ℓ𝑝𝑥

if 𝑝𝑥 > 0, (3.3)

and set 𝜖𝑥 = +∞ if 𝑝𝑥 = 0.

The following perturbation bound reduces this optimization to four distance evalua-

tions.

Lemma 3.4. Let |𝑒0⟩ and |𝑒1⟩ be orthonormal states, and let |𝜙⟩ be a normalized state. For a

unit vector 𝑢 = (𝑢0, 𝑢1) ∈ ℂ2, write

|𝜒𝑢⟩ ≔ 𝑢0|𝑒0⟩ + 𝑢1|𝑒1⟩, Δ(𝑢) ≔ 𝑑𝐹 (|𝜒𝑢⟩, |𝜙⟩).

Define

|𝑒+⟩ ≔
|𝑒0⟩ + |𝑒1⟩

√2
, |𝑒i⟩ ≔

|𝑒0⟩ − i|𝑒1⟩
√2

.

There is an absolute constant 𝐶g with the following property. Suppose that 0 < 𝜂 ≤ 10−2 and

that we are given additive 𝜂-estimates of the four distances from |𝜙⟩ to |𝑒0⟩, |𝑒1⟩, |𝑒+⟩, |𝑒i⟩. From

these estimates one can compute a unit vector 𝑢̂ ∈ ℂ2 satisfying

Δ(𝑢̂) ≤ min
‖𝑢‖2=1

Δ(𝑢) + 𝐶g𝜂.

Proof. Let 𝑧𝑏 ≔ ⟨𝑒𝑏 |𝜙⟩ and set 𝐴 ≔ 𝑧𝑧† ∈ ℂ2×2. For every unit vector 𝑢,

|⟨𝜒𝑢 |𝜙⟩|2 = 𝑢†𝐴𝑢.

Let 𝐷0, 𝐷1, 𝐷+, 𝐷i be the four exact distances, and let 𝐹𝑗 ≔ 1 − 𝐷2
𝑗 /2 be the corresponding

fidelities. Then

𝐹0 = 𝐴00, 𝐹1 = 𝐴11,

and

Re(𝐴01) = 𝐹+ −
𝐹0 + 𝐹1

2 , Im(𝐴01) = 𝐹i −
𝐹0 + 𝐹1

2 .
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Given the estimated distances 𝐷̃𝑗 , define 𝐹𝑗 ≔ 1 − 𝐷̃2
𝑗 /2 and construct the Hermitian

matrix 𝐴 from the same formulas. Since 𝐷𝑗 ≤ √2 and |𝐷̃𝑗 − 𝐷𝑗 | ≤ 𝜂,

|𝐹𝑗 − 𝐹𝑗 | =
1
2 |𝐷̃𝑗 − 𝐷𝑗 | |𝐷̃𝑗 + 𝐷𝑗 | ≤

𝜂
2(2√2 + 𝜂) ≤ 2𝜂.

Hence the diagonal entries of𝐴−𝐴 havemagnitude at most 2𝜂, while the real and imaginary

parts of its off-diagonal entry have magnitude at most 4𝜂. Therefore

‖𝐴 − 𝐴‖op ≤ ‖𝐴 − 𝐴‖F ≤ 9𝜂.

Put 𝜅 ≔ 9𝜂 and let 𝑢̂ be a unit eigenvector of 𝐴 corresponding to its largest eigenvalue.

Write 𝑠 ≔ ‖𝑧‖2. If 𝑠 = 0, then every unit vector is optimal, so assume 𝑠 > 0 and put

𝑢⋆ ≔ 𝑧/𝑠. Thus 𝐴 = 𝑠2𝑢⋆𝑢
†
⋆ , and the minimum distance is

Δ⋆ = √2(1 − 𝑠2).

Let 𝐸 ≔ 𝐴 − 𝐴. By the variational definition of 𝑢̂,

𝑢̂†𝐴𝑢̂ ≥ 𝑠2 − 2𝜅.

Consequently, if

𝑟 ≔ 𝑠2 − 𝑢̂†𝐴𝑢̂,

then 0 ≤ 𝑟 ≤ 2𝜅 and

Δ(𝑢̂)2 = Δ2
⋆ + 2𝑟.

If Δ⋆ ≥ 1/2, then

Δ(𝑢̂) − Δ⋆ = 2𝑟
Δ(𝑢̂) + Δ⋆

≤ 8𝜅.

Suppose instead that Δ⋆ < 1/2. Then 𝑠2 > 7/8. Let 𝑣 ∈ ℂ2 be a unit vector orthogonal to

𝑢⋆, and let 𝜆̂ be the largest eigenvalue of 𝐴. Since 𝜅 < 1/8,

𝜆̂ ≥ 𝑢†⋆𝐴𝑢⋆ ≥ 𝑠2 − 𝜅 ≥ 3
4.

Projecting the eigenvalue equation 𝐴𝑢̂ = 𝜆̂𝑢̂ onto 𝑣 gives

𝜆̂⟨𝑣 , 𝑢̂⟩ = ⟨𝑣 , 𝐸𝑢̂⟩,
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and therefore |⟨𝑣 , 𝑢̂⟩| ≤ 4𝜅/3. It follows that 𝑟 = 𝑠2|⟨𝑣 , 𝑢̂⟩|2 ≤ 2𝜅2. Therefore

Δ(𝑢̂) − Δ⋆ ≤ √2𝑟 ≤ 2𝜅.

Taking, for example, 𝐶g = 72 proves the claim.

Lemma 3.5. Let 𝑝𝑥 > 0. There exists a classical procedure Find-Coeffs which takes the two

child estimates, conditional measurement data, an accuracy 𝜖∗, and a failure probability 𝛿0.

The data are generated by a nonadaptive Pauli measurement scheme on copies of |𝜓𝑥⟩ that

depends only on 𝑛 − len(𝑥), 𝜖∗, and 𝛿0, not on the child estimates. The procedure always

outputs 𝛼̂𝑥0, 𝛼̂𝑥1 ∈ ℂ satisfying |𝛼̂𝑥0|2 + |𝛼̂𝑥1|2 = 1.

Suppose that 𝜖∗ ∈ (0, 1], 𝜖∗ ≤ 0.1𝜖𝑥 , and, for each 𝑏 with 𝑝𝑥𝑏 > 0,

𝑑𝐹 (| ̂𝜓𝑥𝑏⟩, |𝜓𝑥𝑏⟩) ≤ (𝑛 − len(𝑥))√𝜖𝑥𝑏 .

Then, with probability at least 1 − 𝛿0, the output satisfies

𝑑𝐹 (𝛼̂𝑥0|0⟩ ⊗ | ̂𝜓𝑥0⟩ + 𝛼̂𝑥1|1⟩ ⊗ | ̂𝜓𝑥1⟩, |𝜓𝑥⟩) ≤ (𝑛 − len(𝑥) + 1)√𝜖𝑥 .

The procedure consumes 𝑂(2𝑛−len(𝑥) log(1/𝛿0)/𝜖∗) copies of |𝜓𝑥⟩ and has matching running

time.

Proof. Let 𝑚 ≔ 𝑛 − len(𝑥), and define the orthonormal states

|𝑒0⟩ ≔ |0⟩ ⊗ | ̂𝜓𝑥0⟩, |𝑒1⟩ ≔ |1⟩ ⊗ | ̂𝜓𝑥1⟩.

Let

Δ⋆ ≔ min
|𝑢0|2+|𝑢1|2=1

𝑑𝐹 (𝑢0|𝑒0⟩ + 𝑢1|𝑒1⟩, |𝜓𝑥⟩).

By Lemma 3.3 and the hypotheses of this lemma,

Δ2
⋆ ≤ 𝑚2 ∑

𝑏∶𝑝𝑥𝑏>0

𝑝𝑥𝑏
𝑝𝑥

𝜖𝑥𝑏 = 𝑚2 ∑
𝑏∶𝑝𝑥𝑏>0

𝜏
2len(𝑥)+1𝑝𝑥

≤ 𝑚2𝜖𝑥 . (3.4)

Fix

𝜂 ≔ 𝑐√𝜖∗,
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where 𝑐 > 0 is an absolute constant chosen so that 𝑐 ≤ 10−2 and 𝐶g𝑐√0.1 ≤ 1. Apply

Theorem 3.10 to estimate the distances from |𝜓𝑥⟩ to the four known states

|𝑒0⟩, |𝑒1⟩,
|𝑒0⟩ + |𝑒1⟩

√2
,

|𝑒0⟩ − i|𝑒1⟩
√2

,

each to additive error 𝜂 and with failure probability at most 𝛿0/4. The physical Pauli queries

for these four calls depend only on 𝑚, 𝜂, and 𝛿0, so they may be fixed before the child

estimates are known. Conditioning on the child estimates, the four candidate states are

fixed and the corresponding query blocks remain independent, so the distance-estimation

guarantees apply. The procedure constructs the corresponding Hermitian matrix and

returns a unit top eigenvector regardless of the estimated values, so its output is always

normalized.

On the event that all four calls succeed, which has probability at least 1− 𝛿0, Lemma 3.4

returns a unit vector 𝑢̂ = (𝛼̂𝑥0, 𝛼̂𝑥1) satisfying

𝑑𝐹 (𝛼̂𝑥0|𝑒0⟩ + 𝛼̂𝑥1|𝑒1⟩, |𝜓𝑥⟩) ≤ Δ⋆ + 𝐶g𝜂.

Since 𝜖∗ ≤ 0.1𝜖𝑥 , our choice of 𝑐 gives 𝐶g𝜂 ≤ √𝜖𝑥 . Thus (3.4) gives

𝑑𝐹 (𝛼̂𝑥0|𝑒0⟩ + 𝛼̂𝑥1|𝑒1⟩, |𝜓𝑥⟩) ≤ (𝑚 + 1)√𝜖𝑥 .

Each distance estimate uses

𝑂(
2𝑚 log(1/𝛿0)

𝜂2
) = 𝑂(

2𝑚 log(1/𝛿0)
𝜖∗ )

copies of |𝜓𝑥⟩ and matching time. There are four calls, so the stated resource bounds

follow.

3.4.2 The Overall Algorithm

We now make the postselection and scale selection explicit. For a target infidelity 𝜖 and

failure probability 𝛿 , set

𝜏 ≔ 2𝜖
(𝑛 + 1)2

, 𝛿0 ≔
𝛿

4(2𝑛 − 1)
, 𝐿 ≔ 𝐶0(𝑛 + log(2/𝜏) + log(4/𝛿)),
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where 𝐶0 is a sufficiently large universal constant. At depth ℓ, use the level-dependent grid

Eℓ ≔ {
2𝑗𝜏

128 2ℓ
∶ 𝑗 ≥ 0, 2𝑗𝜏

128 2ℓ
≤ 1} ∪ {1}.

The physical Pauli queries used by the Frobenius estimator depend on the dimension,

accuracy, and failure probability, but not on the classically described candidate state. We

may therefore sample in advance enough query blocks for the four distance-oracle calls

made by Find-Coeffs, independently across depths, scales, and blocks. Let Qℓ,𝑎 denote

the resulting list for depth ℓ and accuracy 𝑎 ∈ Eℓ. Its elements are tagged query slots: two

occurrences of the same Pauli operator remain distinct and receive independent data. We

have

|Qℓ,𝑎| = 𝑂(
2𝑛−ℓ log(1/𝛿0)

𝑎 ). (3.5)

Algorithm 1 Build-Measurement-Set(𝑛, 𝜏 , 𝛿)
Input: Number of qubits 𝑛, working accuracy 𝜏 , and failure probability 𝛿 .
Output: Measurement multiset M.

1: M ← ∅.
2: for ℓ = 0, … , 𝑛 − 1 do
3: for 𝑎 ∈ Eℓ do
4: Sample the tagged list Qℓ,𝑎 described above.
5: 𝑅ℓ,𝑎 ← ⌈𝐶 2ℓ(𝑎/𝜏)𝐿⌉.
6: for each tagged slot 𝑞 ∈ Qℓ,𝑎, with suffix Pauli 𝑃𝑞 do
7: Add 𝑅ℓ,𝑎 copies of the setting (ℓ, 𝑎, 𝑞, 𝑃𝑞) to M.
8: end for
9: end for

10: end for
11: return M.

For a setting (ℓ, 𝑎, 𝑞, 𝑃𝑞), we measure the first ℓ qubits in the computational basis and

the remaining qubits in a product basis diagonalizing 𝑃𝑞; on identity factors, we use the

computational basis. We retain the observed prefix, the Pauli outcome, and the slot tag. All

settings are fixed before any outcome is observed, and each is a Pauli product basis.
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Algorithm 2 Tomography-From-Measurements(𝜏 , 𝛿 ,M)
Input: Outcomes from M = Build-Measurement-Set(𝑛, 𝜏 , 𝛿).
Output: Estimate | ̂𝜓 ⟩.

1: for 𝑥 ∈ {0, 1}𝑛 do
2: Initialize | ̂𝜓𝑥⟩ to the unique normalized zero-qubit state.
3: end for
4: for ℓ = 𝑛 − 1,… , 0 do
5: for 𝑥 ∈ {0, 1}ℓ do
6: built ← False.
7: for 𝑎 ∈ Eℓ in increasing order do
8: if every 𝑞 ∈ Qℓ,𝑎 has an outcome with prefix 𝑥 then
9: Use the first such outcome from each tagged block as the conditional data.

10: (𝛼̂𝑥0, 𝛼̂𝑥1) ← Find-Coeffs(| ̂𝜓𝑥0⟩, | ̂𝜓𝑥1⟩, conditional data, 𝑎, 𝛿0).
11: | ̂𝜓𝑥⟩ ← 𝛼̂𝑥0|0⟩| ̂𝜓𝑥0⟩ + 𝛼̂𝑥1|1⟩| ̂𝜓𝑥1⟩; built ← True; break.
12: end if
13: end for
14: if built = False then
15: | ̂𝜓𝑥⟩ ← |0⟩ ⊗ | ̂𝜓𝑥0⟩.
16: end if
17: end for
18: end for
19: return | ̂𝜓∅⟩.

Theorem 3.6. Let 𝑛 ≥ 1 and 𝜖, 𝛿 ∈ (0, 1). There exists an algorithm Tomography(𝜖, 𝛿) that,

given copies of an unknown 𝑛-qubit pure state |𝜓 ⟩, samples 𝑂(2𝑛 log(1/𝛿)/𝜖) Pauli product

bases, measures one copy of |𝜓 ⟩ in each sampled basis, and outputs an estimate | ̂𝜓 ⟩ satisfying

|⟨ ̂𝜓 |𝜓 ⟩|2 ≥ 1 − 𝜖 with probability at least 1 − 𝛿 . The algorithm runs in time 𝑂(2𝑛 log(1/𝛿)/𝜖).

Proof. We first establish a simultaneous availability event. Fix a node 𝑥 ∈ {0, 1}ℓ with

𝑝𝑥 > 0 and 𝜖𝑥 < 2, and let 𝑎𝑥 be the largest point of Eℓ satisfying 𝑎𝑥 ≤ 0.01𝜖𝑥 . The smallest

grid point is at most 𝜖𝑥/128, so 𝑎𝑥 exists; because the grid is dyadic and 𝜖𝑥 < 2, it also

satisfies

0.005𝜖𝑥 < 𝑎𝑥 ≤ 0.01𝜖𝑥 . (3.6)

For a tagged slot 𝑞 ∈ Qℓ,𝑎𝑥 , the expected number of copies in its block whose prefix is 𝑥 is

𝑝𝑥𝑅ℓ,𝑎𝑥 ≥ 𝐶
𝑎𝑥
𝜖𝑥
𝐿 ≥ 0.005𝐶𝐿.
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Hence the probability that this block contains no such copy is at most exp(−0.005𝐶𝐿). The

logarithm of the total number of relevant nodes, scales, and tagged slots is 𝑂(𝑛 + log(2/𝜏)+

log(4/𝛿)). A union bound, with 𝐶 and 𝐶0 sufficiently large, shows that with probability at

least 1 − 𝛿/4, every slot required at every scale 𝑎𝑥 is populated.

Conditioned on a slot being populated, the first outcome in that block having prefix 𝑥

is distributed exactly as the measurement of 𝑃𝑞 on |𝜓𝑥⟩. Availability depends only on the

prefix, so this conditioning does not bias the retained suffix outcome. Distinct tags use

disjoint blocks and therefore give independent conditional outcomes. Moreover, correctness

is required from Find-Coeffs at no more than 2𝑛−1 positive-probability nodes with 𝜖𝑥 < 2.

The total failure probability of these calls is at most (2𝑛 − 1)𝛿0 ≤ 𝛿/4. We work on the

intersection of these two good events, whose probability is at least 1 − 𝛿/2, which is

stronger than required.

We prove by downward induction that, for every positive-probability node 𝑥 at depth

ℓ,

𝑑𝐹 (|𝜓𝑥⟩, | ̂𝜓𝑥⟩) ≤ (𝑛 − ℓ + 1)√𝜖𝑥 . (3.7)

At depth 𝑛, the true and estimated conditional states are both the unique zero-qubit state.

Now take an internal node and put 𝑚 = 𝑛 − ℓ. If 𝜖𝑥 ≥ 2, even an arbitrary normalized

estimate satisfies (3.7), since 𝑑𝐹 ≤ √2 ≤ (𝑚 + 1)√𝜖𝑥 . If 𝜖𝑥 < 2, the scale 𝑎𝑥 is complete on

the availability event. The reconstruction uses the first complete scale, which is no larger

than 𝑎𝑥 and hence is at most 0.01𝜖𝑥 . For every positive-probability child, the induction

hypothesis gives

𝑑𝐹 (|𝜓𝑥𝑏⟩, | ̂𝜓𝑥𝑏⟩) ≤ 𝑚√𝜖𝑥𝑏 .

Thus Lemma 3.5 applies and proves the invariant at 𝑥 .

At the root, 𝜖∅ = 𝜏 , so

𝑑𝐹 (|𝜓 ⟩, | ̂𝜓 ⟩) ≤ (𝑛 + 1)√𝜏 .

The choice 𝜏 = 2𝜖/(𝑛 + 1)2 therefore gives

1 − |⟨ ̂𝜓 |𝜓 ⟩|2 = 1
2𝑑𝐹 (|𝜓 ⟩, |

̂𝜓 ⟩)2 ≤ 𝜖.
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It remains to verify the resources. By (3.5), a fixed depth–scale pair contributes

|Qℓ,𝑎|𝑅ℓ,𝑎 = 𝑂(
2𝑛−ℓ

𝑎 ⋅ 2
ℓ𝑎𝐿
𝜏 ) = 𝑂(2𝑛/𝜏)

measurements. There are only 𝑛 levels and logarithmically many scales, so the full mea-

surement count is 𝑂(2𝑛/𝜏).

The classical reconstruction has the same order of growth. Indeed, at a fixed depth and

scale, every node that executes Find-Coeffs must appear as a prefix in the block for any

one fixed tagged slot. Thus at most 𝑅ℓ,𝑎 nodes execute the procedure at that pair, and their

total work is bounded by 𝑂(|Qℓ,𝑎|𝑅ℓ,𝑎); indexing and scanning all nodes adds only 𝑂(2𝑛)

work. Finally, 1/𝜏 = (𝑛 + 1)2/(2𝜖), whose polynomial factor is absorbed by the soft-𝑂

notation. This proves both claimed bounds.

3.5 Frobenius Distance Estimation

We present our algorithm for estimating the Frobenius distance between two (potentially

mixed) quantum states using nonadaptive Pauli observable measurements.

Definition 3.7 (Nonadaptive Pauli measurement scheme). A nonadaptive Pauli measurement

scheme with 𝑀 measurements is a (possibly randomized) procedure that chooses Pauli

observables

𝑃1, … , 𝑃𝑀 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑛

before any measurement is performed. Given an 𝑛-qubit quantum state 𝜌, for each 𝑖 ∈

{1, … ,𝑀}, the scheme measures 𝑃𝑖 on an independent copy of 𝜌 and records an outcome

𝑋𝑖 ∈ {−1, +1} satisfying

𝔼[𝑋𝑖] = tr(𝜌𝑃𝑖).

Theorem 3.8 (Frobenius distance estimation). Let 𝜌 and 𝜎 be quantum states on 𝑛 qubits, let

𝑑 = 2𝑛, and let 𝛾 , 𝛿 ∈ (0, 1). There exists a nonadaptive Pauli measurement scheme (depending

only on 𝑑 , 𝛾 , and 𝛿) using 𝑂(𝑑 log(1/𝛿)/𝛾 2) measurements on independent copies of 𝜌 and 𝜎

that outputs an estimate 𝐷̂ ∈ ℝ satisfying

|𝐷̂ − ‖𝜌 − 𝜎‖F| ≤ 𝛾
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with failure probability at most (𝛾/𝑑)10𝛿 .

The main ingredient is the following classical norm-estimation theorem.

Theorem 3.9 (Rademacher norm estimation). Let 𝑣 = (𝑣1, … , 𝑣𝑁 ) ∈ [−1, 1]𝑁 be an unknown

vector. Let 𝛼 ∈ (0, 1). Suppose that we may (nonadaptively) pick queries 𝑘1, … , 𝑘𝑀 ∈ {1, … , 𝑁 }

(possibly with repetitions). For each 𝑗 ∈ {1, … ,𝑀}, we then receive a sample of a Rademacher

random variable 𝑋𝑗 ∈ {−1, +1} with 𝔼[𝑋𝑗] = 𝑣𝑘𝑗 . Then it is possible to make 𝑀 = 𝑂(1/𝛼2)

nonadaptive queries and output a nonnegative estimate 𝑞̂ such that

|𝑞̂ −
√

𝔼
𝑘∼[𝑁 ]

[𝑣2𝑘 ]| ≤ 𝛼,

with probability at least 2/3.

We first reduce the main theorem to Theorem 3.9.

Reduction of Theorem 3.8 to Theorem 3.9. Write Δ = 𝜌 − 𝜎 . Expanding in the Pauli basis,

Δ = 𝑑−1∑𝑃 Δ𝑃𝑃 with Δ𝑃 = tr(Δ𝑃), and orthogonality of the Paulis implies

‖Δ‖2F = 𝑑−1∑
𝑃

Δ2
𝑃 .

Define 𝑣𝑃 = 1
2
Δ𝑃 . Since |tr(𝜌𝑃)| ≤ 1 and likewise for 𝜎 , we have |𝑣𝑃 | ≤ 1. If we let the

expectation 𝔼𝑃 [⋅] be over a uniformly random Pauli label 𝑃 , then

‖𝜌 − 𝜎‖2F = 𝑑−1∑
𝑃

Δ2
𝑃 = 𝑑−1∑

𝑃
(2𝑣𝑃 )2 = 4𝑑 𝔼

𝑃
[𝑣2𝑃 ],

so

‖𝜌 − 𝜎‖F = 2√𝑑
√
𝔼
𝑃
[𝑣2𝑃 ].

Note that, for each 𝑃 , we may obtain a Rademacher (±1) random variable with expectation

𝑣𝑃 using one sample each of 𝜌 and 𝜎 , as follows. Measure 𝑃 on 𝜌 and 𝜎 to obtain 𝑋 and

𝑌 , respectively. Then return the random variable 𝑍 , which is 𝑋 or −𝑌 with probability

1/2 each. Note that 𝔼[𝑍] = 1
2
(tr(𝜌𝑃) − tr(𝜎𝑃)) = 𝑣𝑃 , as desired. Thus, we may indeed

obtain Rademacher queries as required in Theorem 3.9, using 𝑂(1) nonadaptive Pauli

measurements per query.
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Thus, by Theorem 3.9, we may make 𝑀 = 𝑂(1/𝛼2) nonadaptive measurements to

obtain 𝑞̂ such that

|𝑞̂ −
√
𝔼
𝑃
[𝑣2𝑃 ]| ≤ 𝛼

with probability at least 2/3. Define 𝐷̂ = 2√𝑑𝑞̂. Then

|𝐷̂ − ‖𝜌 − 𝜎‖F| = 2√𝑑|𝑞̂ −
√
𝔼
𝑃
[𝑣2𝑃 ]| ≤ 2√𝑑𝛼.

Choosing 𝛼 = 𝛾/(2√𝑑) yields |𝐷̂ − ‖𝜌 − 𝜎‖F| ≤ 𝛾 with probability at least 2/3.

Each classical query uses 𝑂(1) Pauli measurements on independent copies of 𝜌 and 𝜎 ,

so the total number of Pauli measurements is

𝑀 = 𝑂(1/𝛼2) = 𝑂(𝑑/𝛾 2).

Standard repetition and taking the median amplifies the success probability to at least

1 − (𝛾/𝑑)10𝛿 at the cost of only polylogarithmic factors in 𝑑 and 1/𝛾 and 1/𝛿 .

3.5.1 Time Efficiency

For our tomography algorithm, we only use Theorem 3.8 when 𝜎 = |𝜓 ⟩⟨𝜓 | is a known pure

state. In this case, we can improve the time efficiency of our Frobenius distance estimator:

Theorem 3.10. Set 𝑑 = 2𝑛, and let 𝛾 , 𝛿 ∈ (0, 1). Let 𝜌 be a mixed quantum state on 𝑛

qubits. Let |𝜓 ⟩ be a pure quantum state on 𝑛 qubits. There exists an algorithm that takes

as input a description of |𝜓 ⟩ as a list of 2𝑛 amplitudes in the computational basis and the

output of a nonadaptive Pauli measurement scheme (depending only on 𝑑 , 𝛾 , and 𝛿) using

𝑂(𝑑 log(1/𝛿)/𝛾 2) measurements on independent copies of 𝜌 and outputs an estimate 𝐷̂ ∈ ℝ

satisfying

|𝐷̂ − ‖𝜌 − |𝜓 ⟩⟨𝜓 |‖F| ≤ 𝛾

with failure probability at most (𝛾/𝑑)10𝛿 . The algorithm runs in time 𝑂(𝑑 log(1/𝛿)/𝛾 2).

Proof. The sampling stage described below and Algorithm 3 both run in the desired

runtime, so it suffices to execute the reduction of Theorem 3.8 to Theorem 3.9 efficiently.
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The reduction makes 𝑂(𝑑 log(1/𝛿)/𝛾 2) Rademacher queries in total. For every sampled

Pauli 𝑃 , one draw consists of sampling the corresponding variables 𝑋 and 𝑌 . Sampling

𝑋 is part of the physical measurement of 𝜌 and takes poly(𝑛) = 𝑂(1) time to process.

Proposition 3.11 shows how to sample 𝑌 , with 𝔼[𝑌 ] = ⟨𝜓 |𝑃 |𝜓 ⟩, in 𝑂(𝑛) time after one

near-linear preprocessing step.

Proposition 3.11. Let |𝜓 ⟩ be an 𝑛-qubit pure state and let 𝑑 = 2𝑛. There is a data structure using

𝑂(𝑑) space such that, given a Hermitian Pauli observable 𝑃 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑛, it outputs in time

𝑂(log 𝑑) a Rademacher random variable with expectation ⟨𝜓 |𝑃 |𝜓 ⟩. Given the computational-

basis amplitudes of |𝜓 ⟩, the data structure can be constructed in time 𝑂(𝑑).

Proof. Using Theorem 3.12, we build a data structure with the desired space bound and 𝑂(𝑑)

setup time. Each query returns in 𝑂(1) time an independent sample from the distribution

D|𝜓 ⟩ on {0, 1}𝑛 given by Pr[𝑥] = |⟨𝑥|𝜓 ⟩|2. The data structure is based on the alias method:

Theorem 3.12 ([Wal77]). Let 𝑝 be a probability distribution on 𝑑 elements. There exists a

data structure and algorithm that takes 𝑂(𝑑) space and time 𝑂(1) to answer a query with an

independent sample from 𝑝. Setting up the data structure takes time 𝑂(𝑑) given access to the

list of probabilities of 𝑝.

We now describe how to turn an independent sample from D|𝜓 ⟩ and a Pauli 𝑃 into

a Rademacher random variable with expectation ⟨𝜓 |𝑃 |𝜓 ⟩. Write 𝑃 = ⨂𝑛
𝑗=1 𝑃𝑗 , where

𝑃𝑗 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }.

Every Pauli string acts on computational basis vectors as a phased permutation. Con-

cretely, there exists a bit string 𝑎 ∈ {0, 1}𝑛 and a phase function 𝜂 ∶ {0, 1}𝑛 → {±1, ±i} such

that for every 𝑥 ∈ {0, 1}𝑛,

𝑃|𝑥⟩ = 𝜂(𝑥)|𝑥 ⊕ 𝑎⟩.

Here 𝑎𝑗 = 1 exactly when 𝑃𝑗 ∈ {𝑋 , 𝑌 }, and 𝑎𝑗 = 0 exactly when 𝑃𝑗 ∈ {𝐼 , 𝑍 }. Since 𝑃 is

Hermitian, 𝜂(𝑥 ⊕ 𝑎) = 𝜂(𝑥). Thus

⟨𝜓 |𝑃 |𝜓 ⟩ = ∑
𝑥∈{0,1}𝑛

𝜓𝑥⊕𝑎𝜂(𝑥)𝜓𝑥 .
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We split into two cases:

Case 1: 𝑎 = 0. In this case 𝑃 is diagonal in the computational basis, so 𝜂(𝑥) ∈ {±1} for all 𝑥 ,

and

𝑃|𝑥⟩ = 𝜂(𝑥)|𝑥⟩.

The algorithm is simply:

1. Draw 𝑥 from the oracle distribution Pr[𝑥] = |𝜓𝑥 |2.

2. Output 𝑏 ∶= 𝜂(𝑥) ∈ {±1}.

Then

𝔼[𝑏] = ∑
𝑥

|𝜓𝑥 |2𝜂(𝑥) = ∑
𝑥

𝜓𝑥𝜂(𝑥)𝜓𝑥 = ⟨𝜓 |𝑃|𝜓 ⟩.

Case 2: 𝑎 ≠ 0. Now the map 𝑥 ↦ 𝑥 ⊕ 𝑎 has no fixed points, so {0, 1}𝑛 is partitioned into

disjoint pairs

{𝑥, 𝑥 ⊕ 𝑎}.

Choose a canonical representative 𝑟 for each pair, for example the lexicographically smaller

of the two strings. Then

⟨𝜓 |𝑃 |𝜓 ⟩ = ∑
𝑟
(𝜓𝑟⊕𝑎𝜂(𝑟)𝜓𝑟 + 𝜓𝑟𝜂(𝑟 ⊕ 𝑎)𝜓𝑟⊕𝑎),

where the sum runs over all representatives 𝑟 . For each representative 𝑟 , define

𝑚𝑟 ∶= |𝜓𝑟 |2 + |𝜓𝑟⊕𝑎|2

and

𝑡𝑟 ∶= 𝜓𝑟⊕𝑎𝜂(𝑟)𝜓𝑟 + 𝜓𝑟𝜂(𝑟 ⊕ 𝑎)𝜓𝑟⊕𝑎 = 2Re(𝜓𝑟⊕𝑎𝜂(𝑟)𝜓𝑟).

Since 𝑃 is Hermitian, the quantity 𝑡𝑟 is real. Also,

|𝑡𝑟 | ≤ 2|𝜓𝑟 ||𝜓𝑟⊕𝑎| ≤ |𝜓𝑟 |2 + |𝜓𝑟⊕𝑎|2 = 𝑚𝑟 ,

and hence whenever 𝑚𝑟 > 0,

𝑦𝑟 ∶=
𝑡𝑟
𝑚𝑟

∈ [−1, 1].

We now describe the algorithm.
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1. Draw 𝑥 from D|𝜓 ⟩.

2. Compute 𝑥 ⊕ 𝑎, and let

𝑟 ∶= min
lex

{𝑥, 𝑥 ⊕ 𝑎}.

3. Look up the two amplitudes 𝜓𝑟 and 𝜓𝑟⊕𝑎.

4. Compute 𝑚𝑟 = |𝜓𝑟 |2 + |𝜓𝑟⊕𝑎|2 and 𝑡𝑟 = 𝜓𝑟⊕𝑎𝜂(𝑟)𝜓𝑟 + 𝜓𝑟𝜂(𝑟 ⊕ 𝑎)𝜓𝑟⊕𝑎. If 𝑚𝑟 = 0, then

this pair is never sampled, so this case may be assigned arbitrarily. Otherwise set

𝑦 ∶=
𝑡𝑟
𝑚𝑟

∈ [−1, 1].

5. Output 𝑏 ∈ {±1} according to

Pr[𝑏 = 1 ∣ 𝑟] =
1 + 𝑦
2 , Pr[𝑏 = −1 ∣ 𝑟] =

1 − 𝑦
2 .

Conditioned on the event that the sampled pair is 𝑟 , we therefore have

𝔼[𝑏 ∣ 𝑟] = 𝑦𝑟 =
𝑡𝑟
𝑚𝑟

.

Now the probability that the oracle sample lands in the pair indexed by 𝑟 is exactly

𝑚𝑟 = |𝜓𝑟 |2 + |𝜓𝑟⊕𝑎|2,

since this happens iff the sample is either 𝑟 or 𝑟 ⊕ 𝑎. Therefore

𝔼[𝑏] = ∑
𝑟
Pr[sampled pair = 𝑟] 𝔼[𝑏 ∣ 𝑟]

= ∑
𝑟
𝑚𝑟 ⋅

𝑡𝑟
𝑚𝑟

= ∑
𝑟
𝑡𝑟 = ⟨𝜓 |𝑃|𝜓 ⟩.

This proves correctness. Once an oracle sample 𝑥 has been drawn, the remaining work

consists of computing 𝑥 ⊕ 𝑎, choosing the canonical representative 𝑟 , evaluating the phase

function 𝜂, reading two amplitudes from the explicit description of |𝜓 ⟩, and performing

𝑂(1) arithmetic operations. This takes 𝑂(log 𝑑) time.
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3.5.2 Proof of Theorem 3.9

We may assume that the target accuracy satisfies 𝛼 ≤ 1/2, since otherwise we can run the

construction at accuracy 1/2. Set

𝛽 ≔ 𝛼
𝐶1 log

2(2/𝛼)
, (3.8)

where 𝐶1 is a sufficiently large universal constant. The algorithms below use 𝛽 as their

internal accuracy. In both algorithms, set

𝐽 ≔ ⌈log2(1/𝛽)⌉, 𝑚0 ≔ 4⌈𝐶 log(2/𝛽)⌉, 𝑛0 ≔ 𝑚0/4,

where 𝐶 is another sufficiently large constant.

For every level 𝑗 = 0, … , 𝐽 , set

𝑇𝑗 ≔ ⌈𝛽−24−𝑗⌉, 𝑚𝑗 ≔ 4𝑗𝑚0.

Independently draw 𝑘𝑗,1, … , 𝑘𝑗,𝑇𝑗 uniformly from [𝑁 ], and, for every pair (𝑗, 𝑡), collect 𝑚𝑗

independent Rademacher samples 𝑋𝑗,𝑡 ,1, … , 𝑋𝑗,𝑡 ,𝑚𝑗 with mean 𝑣𝑘𝑗,𝑡 . All indices are fixed

before any outcome is observed, so this sampling stage is nonadaptive.
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Algorithm 3 Build-Estimator(𝛽)
Input: Internal accuracy 𝛽 and samples from the nonadaptive stage above.
Output: A nonnegative estimate 𝑞̂ of √𝔼𝑘[𝑣2𝑘 ].

1: 𝐽 ← ⌈log2(1/𝛽)⌉; 𝑚0 ← 4⌈𝐶 log(2/𝛽)⌉; 𝑛0 ← 𝑚0/4.

2: function Est-v-Squared(j,t)
3: 𝑚𝑗 ← 4𝑗𝑚0.
4: 𝜇(1) ← 4

𝑚𝑗
∑𝑚𝑗/4

𝑎=1 𝑋𝑗,𝑡 ,𝑎.

5: 𝜇(2) ← 4
𝑚𝑗
∑𝑚𝑗/2

𝑎=𝑚𝑗/4+1 𝑋𝑗,𝑡 ,𝑎.

6: return 𝜇(1)𝜇(2).
7: end function

8: function Level-Check(j,t)
9: 𝑚𝑗 ← 4𝑗𝑚0.

10: for 𝑏 = 0, … , 𝑗 do
11: 𝑛𝑏 ← 4𝑏𝑛0; 𝑋 𝑏 ←

1
𝑛𝑏
∑𝑚𝑗/2+𝑛𝑏

𝑎=𝑚𝑗/2+1 𝑋𝑗,𝑡 ,𝑎.

12: if |𝑋 𝑏 | > 2−𝑏 then
13: return 1[𝑏 = 𝑗].
14: end if
15: end for
16: return 0.
17: end function

18: for 𝑗 = 0, … , 𝐽 do
19: 𝑇𝑗 ← ⌈𝛽−24−𝑗⌉.
20: for 𝑡 = 1, … , 𝑇𝑗 do
21: 𝑈𝑗,𝑡 ← Est-v-Squared(𝑗, 𝑡).
22: 𝑈𝑗,𝑡 ← max{0,min{𝑈𝑗,𝑡 , 16 ⋅ 4−𝑗}}.
23: 𝑍𝑗,𝑡 ← Level-Check(𝑗, 𝑡); ̂𝑟𝑗,𝑡 ← 𝑈𝑗,𝑡𝑍𝑗,𝑡 .
24: end for
25: ̂𝑟𝑗 ← 𝑇−1

𝑗 ∑𝑇𝑗
𝑡=1 ̂𝑟𝑗,𝑡 .

26: end for
27: return 𝑞̂ ← √∑

𝐽
𝑗=0 ̂𝑟𝑗 .

We next formalize the random level selected by Level-Check. Fix 𝑥 ∈ [−1, 1], draw

one i.i.d. stream 𝑌1, … , 𝑌𝑛𝐽 of Rademacher variables with mean 𝑥 , and put

𝑌 𝑏 ≔
1
𝑛𝑏

𝑛𝑏
∑
𝑖=1

𝑌𝑖, 𝑛𝑏 = 4𝑏𝑛0.
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Let 𝐿(𝑥) be the least 𝑏 ≤ 𝐽 for which |𝑌 𝑏 | > 2−𝑏, and set 𝐿(𝑥) = 𝐽 + 1 if there is no such

level. For a level-𝑗 call to Level-Check, couple 𝑌𝑖 = 𝑋𝑗,𝑡 ,𝑚𝑗/2+𝑖 for 𝑖 ≤ 𝑛𝑗 , and then extend

the stream independently to length 𝑛𝐽 . This coupling gives the exact identity

𝑍𝑗,𝑡 = 1𝐿(𝑣𝑘𝑗,𝑡 )=𝑗 . (3.9)

The two empirical means used to form 𝑈𝑗,𝑡 use disjoint samples and are therefore indepen-

dent of each other and of 𝑍𝑗,𝑡 , conditioned on 𝑘𝑗,𝑡 .

Lemma 3.13. For every fixed 𝑥 ∈ [−1, 1], except with probability 𝑂(𝛽4) over the stream

defining 𝐿(𝑥), the following statements hold:

1. if 𝐿(𝑥) = 𝑗 ≤ 𝐽 , then

0.9 ⋅ 2−𝑗 ≤ |𝑥| ≤ 2.2 ⋅ 2−𝑗 ;

2. if 𝐿(𝑥) = 𝐽 + 1, then

|𝑥| ≤ 2.2 ⋅ 2−𝐽 = 𝑂(𝛽).

Proof. For every 𝑏 ≤ 𝐽 , Hoeffding’s inequality (Lemma 2.4) and the definition of 𝑛𝑏 give

Pr[|𝑌 𝑏 − 𝑥| > 0.1 ⋅ 2−𝑏] ≤ 2 exp(−𝑐𝑛0).

Taking 𝐶 sufficiently large and applying a union bound over the 𝐽 + 1 nested empirical

means shows that, except with probability 𝑂(𝛽4),

|𝑌 𝑏 − 𝑥| ≤ 0.1 ⋅ 2−𝑏 for every 𝑏 ≤ 𝐽 . (3.10)

If 𝐿(𝑥) = 𝑗, the threshold crossing at level 𝑗 gives the lower bound. For 𝑗 ≥ 1, failure to

cross at level 𝑗 − 1 gives the upper bound; for 𝑗 = 0, the upper bound follows from |𝑥| ≤ 1.

If no threshold is crossed, the estimate at level 𝐽 gives the second assertion.

Lemma 3.14. For every 𝑗 ≤ 𝐽 and 𝑡 , conditioned on 𝑘𝑗,𝑡 , except with probability 𝑂(𝛽4),

|𝜇(1) − 𝑣𝑘𝑗,𝑡 | ≤ 0.05 ⋅ 2−𝑗 , |𝜇(2) − 𝑣𝑘𝑗,𝑡 | ≤ 0.05 ⋅ 2−𝑗 .

71



Proof. Each mean averages 𝑚𝑗/4 = 4𝑗𝑛0 independent Rademacher variables. The claim

follows from Hoeffding’s inequality (Lemma 2.4), increasing 𝐶 if necessary.

Lemma 3.15. For every 𝑗 ≤ 𝐽 and 𝑡 , conditioned on 𝑘𝑗,𝑡 ,

𝑈𝑗,𝑡𝑍𝑗,𝑡 = 𝑈𝑗,𝑡𝑍𝑗,𝑡

except with probability 𝑂(𝛽4).

Proof. Write 𝑥 = 𝑣𝑘𝑗,𝑡 . If 𝑍𝑗,𝑡 = 0, both sides vanish. If 𝑍𝑗,𝑡 = 1, then (3.9) gives 𝐿(𝑥) = 𝑗. On

the simultaneous events from Lemmas 3.13 and 3.14,

0.9 ⋅ 2−𝑗 ≤ |𝑥| ≤ 2.2 ⋅ 2−𝑗

and both empirical means differ from 𝑥 by at most 0.05 ⋅ 2−𝑗 . Thus 𝜇(1) and 𝜇(2) have the

same sign as 𝑥 , so 𝑈𝑗,𝑡 ≥ 0, and

𝑈𝑗,𝑡 ≤ (2.25)2 4−𝑗 < 16 ⋅ 4−𝑗 .

The two-sided clipping therefore leaves 𝑈𝑗,𝑡 unchanged whenever 𝑍𝑗,𝑡 = 1, apart from the

stated exceptional event.

Define

𝑟𝑗 ≔ 𝔼
𝑘,𝐿
[𝑣2𝑘 1𝐿(𝑣𝑘)=𝑗], 0 ≤ 𝑗 ≤ 𝐽 + 1,

where 𝑘 is uniform on [𝑁 ]. By Lemma 3.15, the independence of the three sample blocks,

and (3.9), we have

𝔼[ ̂𝑟𝑗,𝑡 ∣ 𝑘𝑗,𝑡] = 𝑣2𝑘𝑗,𝑡 Pr[𝐿(𝑣𝑘𝑗,𝑡 ) = 𝑗 ∣ 𝑘𝑗,𝑡] + 𝑂(𝛽2), (3.11)

𝔼[ ̂𝑟𝑗] = 𝑟𝑗 + 𝑂(𝛽2). (3.12)

Here we used |𝑈𝑗,𝑡𝑍𝑗,𝑡 |, |𝑈𝑗,𝑡𝑍𝑗,𝑡 | ≤ 1; the weaker 𝑂(𝛽2) error is convenient below.

Lemma 3.16. With probability at least 1 − 𝑂(𝛽4), simultaneously for every 0 ≤ 𝑗 ≤ 𝐽 ,

| ̂𝑟𝑗 − 𝑟𝑗 | ≤ 𝐶2 log(2/𝛽)(𝛽√𝑟𝑗 + 𝛽2).
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Proof. Fix 𝑗, set 𝜇𝑗 = 𝔼[ ̂𝑟𝑗], and note that the independent summands satisfy

0 ≤ ̂𝑟𝑗,𝑡 ≤ 𝐵𝑗 ≔ 16 ⋅ 4−𝑗 .

Apply Corollary 2.6 to their sum with 𝜆 = 𝐶3 log(2/𝛽). Since 𝑇𝑗 ≥ 𝛽−24−𝑗 , we have

𝐵𝑗
𝑇𝑗

≤ 16𝛽2.

After dividing the Bernstein bound by 𝑇𝑗 , it follows that

| ̂𝑟𝑗 − 𝜇𝑗 | ≤ 𝐶4 log(2/𝛽)(𝛽√𝜇𝑗 + 𝛽2)

except with probability 𝑂(𝛽6). Equation (3.12) and √𝜇𝑗 ≤ √𝑟𝑗 + 𝑂(𝛽) yield the claimed

inequality. A union bound over 𝐽 + 1 = 𝑂(log(2/𝛽)) levels completes the proof.

Put 𝑟 ≔ 𝔼𝑘[𝑣2𝑘 ]. The level events partition the probability space, so

𝑟 =
𝐽+1
∑
𝑗=0

𝑟𝑗 .

On the event in Lemma 3.13, 𝐿(𝑣𝑘) = 𝐽 + 1 implies 𝑣2𝑘 = 𝑂(𝛽2); on its complement we use

𝑣2𝑘 ≤ 1. Consequently,

𝑟𝐽+1 = 𝑂(𝛽2). (3.13)

On the simultaneous event from Lemma 3.16, Cauchy–Schwarz gives

|𝑞̂ 2 − 𝑟| ≤ 𝐶5(𝛽 log
3/2(2/𝛽)√𝑟 + 𝛽2 log2(2/𝛽)). (3.14)

Indeed, ∑𝐽
𝑗=0 √𝑟𝑗 ≤ √𝐽 + 1√

∑𝑗 𝑟𝑗 ≤ √𝐽 + 1√𝑟 .

Let

𝑎 ≔ 𝐶6𝛽 log
3/2(2/𝛽).

After increasing 𝐶6, the right-hand side of (3.14) is at most 𝑎√𝑟 + 𝑎2. Since 𝑞̂ 2 ≥ 0, if 𝑟 ≥ 𝑎2,

then

|𝑞̂ − √𝑟 | ≤
𝑎√𝑟 + 𝑎2

√𝑟
≤ 2𝑎.
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If 𝑟 < 𝑎2, then 𝑞̂ 2 ≤ 𝑟 +𝑎√𝑟 +𝑎2 < 3𝑎2, and hence |𝑞̂ −√𝑟 | < 3𝑎. The choice of 𝛽 in (3.8), with

𝐶1 sufficiently large, makes 3𝑎 ≤ 𝛼 . The simultaneous event in Lemma 3.16 has probability

at least 2/3, proving the accuracy guarantee in Theorem 3.9.

Finally, the number of nonadaptive queries is

𝐽
∑
𝑗=0

𝑇𝑗𝑚𝑗 ≤
𝐽
∑
𝑗=0

(𝛽−24−𝑗 + 1)4𝑗𝑚0

= 𝑂(𝛽−2 log2(2/𝛽)) = 𝑂(𝛼−2).

The estimator can be evaluated in time linear in this number of outcomes. This completes

the proof.
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Chapter 4: Learning Structured Quantum States

The preceding chapter studied tomography of arbitrary pure states. Although the algorithm

there is nearly optimal, its cost is still exponential in the number of qubits. In this chapter,

we ask when additional structure can make tomography efficient.

We give polynomial-time tomography algorithms for two structured classes of states.

The first is the class of Slater determinants, which describe non-interacting fermions. The

second is the class of states with high stabilizer dimension, which includes states prepared

by Clifford circuits with few non-Clifford gates as a special case.

Our tomography algorithm for Slater determinants is stated in Theorem 4.1. The corre-

sponding guarantees for states with high stabilizer dimension are given in Corollaries 4.19

and 4.31.

4.1 Non-Interacting Fermion States

Fermions are particles, such as electrons, that obey the Pauli exclusion principle: no two

fermions can occupy the same mode. Thus, a configuration of 𝑛 fermions among 𝑚 modes

is specified by choosing which 𝑛 modes are occupied, giving (𝑚𝑛) possible configurations.

Since these configurations can occur in superposition, an 𝑛-fermion state in 𝑚 modes lives

in a Hilbert space of dimension (𝑚𝑛).

We will study a much more structured class of states: pure non-interacting fermion

states, also called Slater determinants. Although a Slater determinant lives in this potentially

exponentially large Hilbert space, it has a succinct description. Up to an irrelevant global

phase, it is specified by an 𝑛-dimensional subspace of ℂ𝑚, or equivalently by the rank-𝑛

projector onto that subspace.

Our algorithm learns this projector, also called the one-body reduced density matrix,

by estimating one-mode occupation probabilities in several measurement bases. The main

technical step is to show that learning this one-body information suffices to learn the

entire many-body state.

The main result of this section is the following.
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Theorem 4.1 (Fermionic tomography). Let |Ψ⟩ be a Slater determinant of 𝑛 fermions in 𝑚

modes, and let 𝜖, 𝛿 ∈ (0, 1). There is an algorithm that uses

𝑂(
𝑚3𝑛2 log(𝑚/𝛿)

𝜖4
)

copies of |Ψ⟩, 𝑂(𝑚) measurement bases, and

𝑂(
𝑚4𝑛2 log(𝑚/𝛿)

𝜖4
)

classical time. With probability at least 1 − 𝛿 , the algorithm outputs an 𝑚 × 𝑛 column-

orthonormal matrix 𝐴 whose associated Slater determinant |Ψ̂⟩ satisfies

𝑑tr(Ψ̂, Ψ) ≤ 𝜖.

4.1.1 Preliminaries and Problem Setup

We briefly recall the fixed-particle-number formalism; see, for example, [Aar22, Chapters

7–10] for a longer introduction. Let Λ𝑚,𝑛 ≔ {𝑆 ⊆ [𝑚] ∶ |𝑆| = 𝑛}. An element 𝑆 ∈ Λ𝑚,𝑛

records which 𝑛 of the 𝑚 modes are occupied. The occupation-number states

{|𝑆⟩ ∶ 𝑆 ∈ Λ𝑚,𝑛}

form an orthonormal basis for the Hilbert space of 𝑛 fermions in 𝑚 modes.

A unitary 𝑈 ∈ ℂ𝑚×𝑚 describes a transformation of the single-particle modes. Such

a unitary can be implemented using 𝑂(𝑚2) two-mode beamsplitters and single-mode

phaseshifters [RZBB94]. A beamsplitter acts on a pair of modes by a two-dimensional

rotation, while a phaseshifter multiplies one mode by a complex phase. On 𝑛 fermions, 𝑈

induces a unitary transformation that we denote by 𝜑(𝑈 ), characterized by

⟨𝑆|𝜑(𝑈 )|𝑇 ⟩ = det(𝑈𝑆,𝑇 ), 𝑆, 𝑇 ∈ Λ𝑚,𝑛, (4.1)

where 𝑈𝑆,𝑇 is the submatrix with rows indexed by 𝑆 and columns indexed by 𝑇 . The

determinant appears because of fermionic antisymmetry: exchanging two particles changes

the sign of the corresponding amplitude. In the qubit occupation-number representation,
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the transformations 𝜑(𝑈 ) are Hamming-weight-preserving matchgate unitaries [Val02;

TD02].

Let |1𝑛⟩ ≔ |{1, … , 𝑛}⟩ denote the state in which the first 𝑛 modes are occupied. Every

Slater determinant can be written as |Ψ⟩ = 𝜑(𝑈 )|1𝑛⟩ for some 𝑈 ∈ ℂ𝑚×𝑚. Let 𝐴 ∈ ℂ𝑚×𝑛 be

the matrix formed by the first 𝑛 columns of 𝑈 . Then 𝐴†𝐴 = 𝐼𝑛, and Equation (4.1) gives

|Ψ⟩ = ∑
𝑆∈Λ𝑚,𝑛

det(𝐴𝑆)|𝑆⟩, (4.2)

where 𝐴𝑆 is the 𝑛 × 𝑛 submatrix whose rows are indexed by 𝑆.

It will be convenient to work with the kernel matrix1

𝐾 ≔ 𝐴𝐴† ∈ ℂ𝑚×𝑚.

The matrix 𝐾 is Hermitian and positive semidefinite, satisfies 𝐾2 = 𝐾 , and has rank(𝐾) =

tr(𝐾) = 𝑛.

By the Cauchy–Binet identity,

Pr[observe 𝑆] = |⟨𝑆|Ψ⟩|2 = |det(𝐴𝑆)|2 = det(𝐾𝑆), (4.3)

where 𝐾𝑆 is the principal submatrix indexed by 𝑆. More generally, if 𝑇 ⊆ [𝑚] and |𝑇 | ≤ 𝑛,

then

Pr[every mode in 𝑇 is occupied] = det(𝐾𝑇 ).

In particular, 𝑘𝑖𝑖 is the probability that mode 𝑖 is occupied.

The matrix 𝐴 is not a unique description of the physical state. If 𝑅 ∈ ℂ𝑛×𝑛 is unitary,

then replacing 𝐴 by 𝐴𝑅 changes every amplitude in Equation (4.2) by the same phase

det(𝑅), while

(𝐴𝑅)(𝐴𝑅)† = 𝐴𝐴†.

Thus, 𝐾 records the underlying 𝑛-dimensional subspace without choosing a particular

basis for it.

1We use the term “kernel matrix” following our original paper, by analogy with the kernel of a deter-
minantal point process [Mac75]; the more standard fermionic terminology is the 1-body reduced density
matrix (1-RDM).
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Finally, applying a single-particle unitary 𝑉 ∈ ℂ𝑚×𝑚 simply conjugates the kernel

matrix:

𝐾 ⟼ 𝑉𝐾𝑉 †. (4.4)

4.1.2 Learning the Kernel Matrix

We now show how to learn the kernel matrix 𝐾 . The diagonal entries are immediate: as

observed above, 𝑘𝑖𝑖 is exactly the probability that mode 𝑖 is occupied, so all diagonal entries

can be estimated by measuring in the occupation-number basis.

To learn an off-diagonal entry 𝑘𝑖𝑗 , we interfere modes 𝑖 and 𝑗. Consider the two beam-

splitters

𝐵Re ≔
1
√2

(1 1
1 −1), 𝐵Im ≔ 1

√2
(1 i
1 −i).

After applying 𝐵Re to modes 𝑖 and 𝑗, the probability that mode 𝑖 is occupied becomes

1
2(𝑘𝑖𝑖 + 𝑘𝑗𝑗 + 2Re(𝑘𝑖𝑗)). (4.5)

Similarly, applying 𝐵Im makes this probability

1
2(𝑘𝑖𝑖 + 𝑘𝑗𝑗 + 2 Im(𝑘𝑖𝑗)). (4.6)

Since 𝑘𝑖𝑖 and 𝑘𝑗𝑗 are already known, these two experiments recover the real and imaginary

parts of 𝑘𝑖𝑗 . In other words, interference turns the off-diagonal entries of 𝐾 into ordinary

occupation probabilities that we can estimate directly.

We do not need a separate measurement basis for every pair of modes. The edges of

the complete graph on the 𝑚 modes can be partitioned into 𝑂(𝑚) matchings. For each

matching, we apply the same beamsplitter simultaneously to every pair of modes in the

matching. One measurement basis therefore gives information about 𝑂(𝑚) entries of 𝐾 at

once, and 𝑂(𝑚) bases suffice to learn the entire matrix.

Once the entries have been estimated, we obtain an empirical matrix 𝐾 . Unlike the

true kernel 𝐾 , this matrix need not be a rank-𝑛 projector. We therefore round it by taking

its top 𝑛 eigenvectors; these form the columns of our estimate 𝐴.

We formalize this procedure in the following algorithm.
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Algorithm 4 Learn-Slater(|Ψ⟩, 𝛾 , 𝛿)
Input: Copies of an 𝑛-fermion Slater determinant |Ψ⟩ in 𝑚 modes; entrywise accuracy 𝛾 ∈ (0, 1);

failure probability 𝛿 ∈ (0, 1).
Output: An 𝑚 × 𝑛 column-orthonormal matrix 𝐴.

1: Measure 𝑂(log(𝑚/𝛿)/𝛾 2) copies in the occupation-number basis, obtaining estimates 𝑘̃𝑖𝑖 for
every 𝑖 ∈ [𝑚].

2: Choose 𝑂(𝑚) matchings whose union contains every unordered pair {𝑖, 𝑗} ⊆ [𝑚].
3: for each matching M do
4: Apply 𝐵Re in parallel to the pairs in M and estimate the resulting occupation probabilities

of the first mode in each pair.
5: Apply 𝐵Im in parallel to the pairs in M and estimate the analogous occupation probabilities.
6: for each {𝑖, 𝑗} ∈ M do
7: Use Equations (4.5) and (4.6) to obtain Re(𝑘̃𝑖𝑗) and Im(𝑘̃𝑖𝑗).
8: Set 𝑘̃𝑖𝑗 ← Re(𝑘̃𝑖𝑗) + i Im(𝑘̃𝑖𝑗) and 𝑘̃𝑗𝑖 ← 𝑘̃∗𝑖𝑗 .
9: end for

10: end for
11: Form 𝐾 = (𝑘̃𝑖𝑗) and compute an eigendecomposition 𝐾 = 𝑄Λ𝑄†, with eigenvalues in nonin-

creasing order.
12: Let 𝐴 be the first 𝑛 columns of 𝑄.
13: return 𝐴.

The algorithm uses 𝑂(𝑚) measurement bases and estimates 𝑂(𝑚) occupation proba-

bilities in each basis. Assigning failure probability 𝑂(𝛿/𝑚2) to each estimate, Hoeffding’s

inequality (Lemma 2.4) shows that 𝑂(log(𝑚/𝛿)/𝛾 2) samples per basis suffice. There are con-

stant overheads when solving for matrix entries using Equations (4.5) and (4.6), but these

are absorbed into the big-𝑂 notation. A union bound then shows that all reconstructed

entries obey

|𝑘̃𝑖𝑗 − 𝑘𝑖𝑗 | ≤ 𝛾 (4.7)

with probability at least 1 − 𝛿 . The measurement stage uses

𝑂(
𝑚 log(𝑚/𝛿)

𝛾 2
) copies and 𝑂(

𝑚2 log(𝑚/𝛿)
𝛾 2

) classical time.

The final eigendecomposition takes 𝑂(𝑚3) time.

The algorithm outputs a valid description of a Slater determinant, since 𝐴 consists

of orthonormal columns of 𝑄. It remains to show that the entrywise guarantee on 𝐾

implies that the learned many-body state is close to the original one. We do this in the

next subsection.
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4.1.3 Error Analysis

The goal of this subsection is to show that an accurate estimate of the kernel matrix leads

to an accurate estimate of the underlying Slater determinant. We first show that nearby

rank-𝑛 kernel matrices give rise to nearby Slater determinants. We will use the following

elementary bound.

Lemma 4.2. If 𝑎1, … , 𝑎𝑛 ∈ [0, 1], then

1 −
𝑛

∏
𝑖=1

𝑎𝑖 ≤ 𝑛max
𝑖∈[𝑛]

(1 − 𝑎𝑖).

Proof. For 𝑥, 𝑦 ∈ [0, 1],

1 − 𝑥𝑦 = (1 − 𝑥) + 𝑥(1 − 𝑦) ≤ (1 − 𝑥) + (1 − 𝑦).

Iterating this inequality gives

1 −
𝑛

∏
𝑖=1

𝑎𝑖 ≤
𝑛
∑
𝑖=1

(1 − 𝑎𝑖) ≤ 𝑛max
𝑖∈[𝑛]

(1 − 𝑎𝑖).

Lemma 4.3. Let 𝐴,𝐴 ∈ ℂ𝑚×𝑛 be column-orthonormal, and define

𝐾 ≔ 𝐴𝐴†, 𝐾 ≔ 𝐴𝐴†.

If Σ = diag(𝜎1, … , 𝜎𝑛) contains the singular values of 𝐴†𝐴, then

‖𝐼𝑛 − Σ2‖op ≤ ‖𝐾 − 𝐾‖op.

Proof. Let 𝑄Σ𝑉 † be a singular value decomposition of 𝐴†𝐴. Then

𝑉Σ2𝑉 † = (𝐴†𝐴)†𝐴†𝐴 = 𝐴†𝐴𝐴†𝐴.

Since the spectral norm is unitarily invariant and 𝐴†𝐴 = 𝐼𝑛,

‖𝐼𝑛 − Σ2‖op = ‖𝐼𝑛 − 𝐴†𝐴𝐴†𝐴‖op

= ‖𝐴†(𝐴 − 𝐴𝐴†𝐴)‖op

≤ ‖𝐴 − 𝐴𝐴†𝐴‖op

= ‖(𝐴𝐴† − 𝐴𝐴†)𝐴‖op

≤ ‖𝐾 − 𝐾‖op.
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Theorem 4.4 (The kernel matrix suffices). Let |Ψ⟩ and |Ψ̂⟩ be Slater determinants of 𝑛

fermions in 𝑚 modes, described by column-orthonormal matrices 𝐴,𝐴 ∈ ℂ𝑚×𝑛. If 𝐾 = 𝐴𝐴†

and 𝐾 = 𝐴𝐴†, then

𝑑tr(Ψ̂, Ψ) ≤ √𝑛‖𝐾 − 𝐾‖op.

Proof. By Equation (4.2) and the Cauchy–Binet formula,

𝑑tr(Ψ̂, Ψ) = √1 − |⟨Ψ̂|Ψ⟩|2

=
√
1 − | ∑

𝑆∈Λ𝑚,𝑛

det(𝐴𝑆)∗ det(𝐴𝑆)|2

= √1 − |det(𝐴†𝐴)|2.

Let𝑄Σ𝑉 † be a singular value decomposition of𝐴†𝐴, with singular values 𝜎1, … , 𝜎𝑛. Because

𝐴 and 𝐴 are column-orthonormal, 𝜎𝑖 ≤ 1 for every 𝑖 [HJ91, Chapter 3]. Consequently,

|det(𝐴†𝐴)|2 =
𝑛

∏
𝑖=1

𝜎2𝑖 .

Applying Lemma 4.2 and then Lemma 4.3, we obtain

𝑑tr(Ψ̂, Ψ) =
√
1 −

𝑛
∏
𝑖=1

𝜎2𝑖

≤
√
𝑛max
𝑖∈[𝑛]

(1 − 𝜎2𝑖 )

= √𝑛‖𝐼𝑛 − Σ2‖op

≤ √𝑛‖𝐾 − 𝐾‖op.

The remaining issue is that the empirical matrix 𝐾 need not itself be a rank-𝑛 projector.

The algorithm fixes this by taking the top 𝑛 eigenvectors of 𝐾 , thereby producing a valid

rank-𝑛 kernel matrix. We now show that this rounding step preserves accuracy, using the

following standard consequence of Weyl’s inequality.

Theorem 4.5 (Weyl’s inequality [Wey12]). Let 𝑀 = 𝑁 + 𝐸 be Hermitian matrices of the

same dimension. If 𝜆1(𝑀) ≥ ⋯ ≥ 𝜆𝑚(𝑀) and 𝜆1(𝑁 ) ≥ ⋯ ≥ 𝜆𝑚(𝑁 ), then

|𝜆𝑖(𝑀) − 𝜆𝑖(𝑁 )| ≤ ‖𝐸‖op (𝑖 ∈ [𝑚]).
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Theorem 4.6. Suppose that the empirical matrix 𝐾 produced by Algorithm 4 satisfies Equa-

tion (4.7). Let 𝐴 be the algorithm’s output, and let |Ψ̂⟩ be its associated Slater determinant.

Then

𝑑tr(Ψ̂, Ψ) ≤ √2𝑛𝑚𝛾 .

Proof. Write

𝐸 ≔ 𝐾 − 𝐾, 𝐾 ≔ 𝐴𝐴†.

Since every entry of 𝐸 has magnitude at most 𝛾 ,

‖𝐸‖op ≤ ‖𝐸‖F ≤ 𝑚𝛾 . (4.8)

Let 𝐾 = 𝑄Λ𝑄† be the ordered eigendecomposition computed by the algorithm, and set

𝑃𝑛 ≔ diag(1, … , 1⏟⏟⏟⏟⏟⏟⏟
𝑛

, 0, … , 0⏟⏟⏟⏟⏟⏟⏟
𝑚−𝑛

).

Since 𝐴 consists of the first 𝑛 columns of 𝑄, 𝐾 = 𝑄𝑃𝑛𝑄†. The eigenvalues of the true kernel

𝐾 are precisely the diagonal entries of 𝑃𝑛. Weyl’s inequality therefore implies

‖𝐾 − 𝐾‖op = ‖𝑃𝑛 − Λ‖op ≤ ‖𝐸‖op.

By the triangle inequality and Equation (4.8),

‖𝐾 − 𝐾‖op ≤ ‖𝐾 − 𝐾‖op + ‖𝐾 − 𝐾‖op ≤ 2𝑚𝛾 . (4.9)

Applying Theorem 4.4 to Equation (4.9) completes the proof.

Proof of Theorem 4.1. Run Algorithm 4 with

𝛾 ≔ 𝜖2

2𝑛𝑚 .

With probability at least 1 − 𝛿 , the entrywise guarantee Equation (4.7) holds, and hence

Theorem 4.6 gives

𝑑tr(Ψ̂, Ψ) ≤ √2𝑛𝑚𝛾 = 𝜖.
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Substituting this value of 𝛾 into the resource bounds above gives

𝑂(
𝑚3𝑛2 log(𝑚/𝛿)

𝜖4
) copies

and

𝑂(
𝑚4𝑛2 log(𝑚/𝛿)

𝜖4
) classical time.

The measurements use one occupation basis together with two bases for each of 𝑂(𝑚)

matchings, and therefore use 𝑂(𝑚) bases in total.

4.2 States with High Stabilizer Dimension

Our second class consists of states with many Pauli symmetries. At one extreme are

stabilizer states: a stabilizer state is the common +1-eigenvector of an abelian group of 2𝑛

Pauli operators. Montanaro [Mon17] showed that stabilizer states can be learned efficiently.

At the other extreme are arbitrary pure states, which, as we saw in Chapter 3, require

exponential copies and time to learn. Here we study what happens in between these two

extremes.

Specifically, we consider states whose stabilizer dimension (Definition 2.16) is at least

𝑛 − 𝑡 . The parameter 𝑡 interpolates between stabilizer states, for which 𝑡 = 0, and arbitrary

pure states, for which 𝑡 can be as large as 𝑛. This class includes, in particular, states prepared

by Clifford circuits with few non-Clifford gates.

The basic idea behind our algorithms is simple. We first learn enough of the state’s

unsigned stabilizer group (Definition 2.15) to find a Clifford transformation 𝐶 that com-

presses all of the non-stabilizer degrees of freedom onto at most 𝑡 qubits. Concretely, after

applying 𝐶 , the state approximately takes the form

𝐶|𝜓 ⟩ ≈ |𝜙⟩ ⊗ |𝑥⟩,

where |𝜙⟩ is a state on at most 𝑡 qubits and |𝑥⟩ is a computational-basis state on the

remaining qubits. We have therefore reduced the problem to learning a 𝑡-qubit state, which

we can do using the tomography algorithm from Chapter 3.

83



We give two ways to learn the unsigned stabilizer group needed for this compression.

The first uses Bell-difference sampling: each sample uses four copies, but only two copies

are measured jointly at a time. This gives the more efficient algorithm. The second uses

only single-copy measurements and requires no coherent quantum memory. The resulting

tomography guarantees are stated in Corollaries 4.19 and 4.31.

4.2.1 Preliminaries

We use the Weyl and binary-symplectic notation from Section 2.5. For a pure state |𝜓 ⟩,

its unsigned stabilizer group Weyl(|𝜓 ⟩) is defined in Definition 2.15, and its dimension is

the stabilizer dimension of |𝜓 ⟩. We will also use the characteristic distribution 𝑝𝜓 and the

Bell-difference distribution 𝑞𝜓 , reviewed in Section 2.7.

A natural subclass of states with high stabilizer dimension is Clifford circuits containing

only a few non-Clifford gates.

Definition 4.7 (𝑠-doped Clifford circuit). An 𝑠-doped Clifford circuit consists of Clifford

gates and at most 𝑠 arbitrary single-qubit non-Clifford gates.

We use 𝑠 for the number of non-Clifford gates and reserve 𝑡 for the stabilizer nullity

𝑛 − dimWeyl(|𝜓 ⟩). The two parameters are related as follows.

Lemma 4.8 ([GIKL24, Lemma 4.2]). If |𝜓 ⟩ is the output of an 𝑠-doped Clifford circuit, then

dimWeyl(|𝜓 ⟩) ≥ 𝑛 − 2𝑠.

Proof sketch. A single-qubit non-Clifford gate commutes with at least one quarter of the

current unsigned stabilizer group, and therefore decreases its dimension by at most two.

Clifford gates preserve stabilizer dimension. Induction on the number of non-Clifford gates

proves the claim.

The single-copy algorithm below will also use uniformly random Clifford circuits. Such

circuits of size 𝑂(𝑛2) can be sampled in 𝑂(𝑛2) classical time [KS14; BM21; Ber21].
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4.2.2 Heavy Subspaces and Clifford Compression

To carry out the compression described above, we do not need to recoverWeyl(|𝜓 ⟩) exactly.

It is enough to find a large subspace on which the characteristic distribution 𝑝𝜓 has nearly

as much mass as possible. This motivates the following definition.

Definition 4.9 (Heavy subspace). For 𝑡 ∈ {0, … , 𝑛} and 𝜖 ∈ (0, 1), a subspace 𝑆 ⊆ 𝔽2𝑛2 is

(𝑡, 𝜖)-heavy for |𝜓 ⟩ if

dim(𝑆) ≥ 𝑛 − 𝑡 and ∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥ (1 −
𝜖2

4 )
|𝑆|
2𝑛 .

Recall that 𝑝𝜓 (𝑥) ≤ 2−𝑛 for every 𝑥 . Thus, a heavy subspace is one on which 𝑝𝜓 is

close, on average, to its largest possible value. We will show that this is already enough to

recover essentially the same structure that the unsigned stabilizer subgroup would provide.

We begin with the linear-algebraic part of the compression. Any isotropic subspace

can be mapped by a Clifford transformation to a standard group of 𝑍 -type Paulis.

Lemma 4.10 (Clifford compression). Given 𝑚 vectors spanning a 𝑑-dimensional isotropic

subspace 𝐴 ⊆ 𝔽2𝑛2 , there is an algorithm that outputs a Clifford circuit 𝐶 satisfying

𝐶(𝐴) = 02𝑛−𝑑 × 𝔽𝑑2 .

The algorithm runs in 𝑂(𝑚𝑛min{𝑚, 𝑛}) time, and 𝐶 contains 𝑂(𝑛𝑑) gates.

Proof. Gaussian elimination first produces a row-echelon basis for 𝐴, written as a 𝑑 × 2𝑛

stabilizer tableau 𝑀 . On this tableau, a Hadamard gate swaps columns 𝑗 and 𝑛 + 𝑗, a phase

gate adds column 𝑗 to column 𝑛 + 𝑗, and a CNOT from 𝑗 to 𝑘 adds column 𝑗 to column 𝑘

and column 𝑛 + 𝑘 to column 𝑛 + 𝑗; see [AG04]. Row operations may also be performed

freely, since they do not change the row span.

Process the rows from top to bottom. At the start of iteration 𝑖, maintain the following

invariant: the first 𝑖 − 1 rows are the first 𝑖 − 1 standard basis vectors in the 𝑋 block, all

other entries in those rows and columns vanish, and the first 𝑖 − 1 columns of the 𝑍 block

vanish. The invariant is vacuous for 𝑖 = 1.
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For each 𝑗 ≥ 𝑖, phase and Hadamard gates on qubit 𝑗 map the pair of entries in columns

𝑗, 𝑛 + 𝑗 of row 𝑖 either to (1, 0), if it was nonzero, or leave it at (0, 0). The row is nonzero and

has no support in the previously processed columns, so some 𝑘 ≥ 𝑖 now has an 𝑋 -entry

equal to one. If 𝑘 ≠ 𝑖, a CNOT with control 𝑘 and target 𝑖 creates a pivot in column 𝑖.

CNOTs with control 𝑖 and targets 𝑗 > 𝑖 then clear the remaining 𝑋 -entries in row 𝑖, and

row additions clear column 𝑖 below the pivot.

All gates in iteration 𝑖 act only on qubits 𝑖, … , 𝑛, so the previously processed rows

and columns remain fixed. The transformed row 𝑖 is the 𝑖th standard 𝑋 -basis vector.

Because Clifford gates preserve the symplectic form and the row span remains isotropic,

its symplectic product with every other row is zero; equivalently, column 𝑛 + 𝑖 of the 𝑍

block vanishes. This proves the invariant for iteration 𝑖 + 1. After 𝑑 iterations the tableau

therefore has block form

(𝐼𝑑 0 | 0).

A layer of Hadamards moves 𝐼𝑑 to the first 𝑑 columns of the 𝑍 block. Finally, a permutation

of the qubits moves these columns to the last 𝑑 positions, yielding (0 0 𝐼𝑑).

The initial elimination costs 𝑂(𝑚𝑛min{𝑚, 𝑛}). The remaining operations use 𝑂(𝑛) Clif-

ford gates and 𝑂(𝑑) row operations per pivot, for 𝑂(𝑛𝑑) gates. Updating the tableau costs

𝑂(𝑛𝑑2), which is no larger than 𝑂(𝑚𝑛min{𝑚, 𝑛}) because 𝑑 ≤ min{𝑚, 𝑛}.

Clifford conjugation merely relabels the characteristic distribution (Equation (2.21)).

Thus, once we know that a heavy subspace is isotropic, we may use Lemma 4.10 to put it

into this standard 𝑍 -type form without changing its 𝑝𝜓 -mass.

We next show that a heavy subspace has the structure required by Lemma 4.10. Recall

from Fact 2.18 that every pair of elements of 𝑀1/2(𝜓 ) has symplectic product zero.

Lemma 4.11. If a subspace 𝑆 ⊆ 𝔽2𝑛2 satisfies

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) >
3
4
|𝑆|
2𝑛 ,

then 𝑆 is isotropic.
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Proof. Let 𝐴 = 𝑆 ∩ 𝑀1/2(𝜓 ). If |𝐴| ≤ |𝑆|/2, then

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≤
|𝑆|
2

1
2𝑛 + |𝑆|

2
1

2𝑛+1
= 3

4
|𝑆|
2𝑛 ,

contrary to the hypothesis. Hence |𝐴| > |𝑆|/2, so 𝐴 cannot be contained in a proper

subspace of 𝑆 and therefore spans 𝑆. The large-expectation commutation fact shows that

this span is isotropic.

We next give an operational interpretation of heavy 𝑝𝜓 -mass, when the stabilizer

group is written in the 𝑍 -type form in Lemma 4.10. We show that, for such a subgroup,

its 𝑝𝜓 -mass is proportional to the probability that computational-basis measurements on

two copies agree. We first record the elementary identity behind this interpretation. For

𝑧 ∈ 𝔽𝑘2, write 𝑍 𝑧 = 𝑍 𝑧1 ⊗⋯ ⊗ 𝑍 𝑧𝑘 .

Proposition 4.12. For every 𝑘,

∑
𝑧∈𝔽𝑘2

|𝑧⟩⟨𝑧| ⊗ |𝑧⟩⟨𝑧| = 1
2𝑘

∑
𝑧∈𝔽𝑘2

𝑍 𝑧 ⊗ 𝑍 𝑧 .

Proof. Expand |𝑧⟩⟨𝑧| = 2−𝑘 ∑𝑎(−1)
𝑎⋅𝑧𝑍 𝑎, tensor the two expansions, and use character

orthogonality.

Proposition 4.13. Let 𝑆 = 0𝑛+𝑡 ×𝔽𝑛−𝑡2 . If the last 𝑛 − 𝑡 qubits of two copies of |𝜓 ⟩ are measured

in the computational basis, the probability of observing the same outcome twice is

2𝑡 ∑
𝑥∈𝑆

𝑝𝜓 (𝑥).

Proof. Insert Proposition 4.12 into the projector onto equal outcomes:

∑
𝑧∈𝔽𝑛−𝑡2

⟨𝜓 |⊗2(𝐼⊗𝑡 ⊗ |𝑧⟩⟨𝑧|)⊗2|𝜓 ⟩⊗2

= 1
2𝑛−𝑡

∑
𝑧∈𝔽𝑛−𝑡2

⟨𝜓 |𝐼⊗𝑡 ⊗ 𝑍 𝑧 |𝜓 ⟩ 2 = 2𝑡 ∑
𝑥∈𝑆

𝑝𝜓 (𝑥).
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A large collision probability means that the measurement distribution is concentrated

on a single outcome. For a pure state, this says exactly that the measured register is nearly

fixed to a computational-basis state, leaving all remaining freedom on the first 𝑡 qubits.

We formalize this below.

Lemma 4.14. Let 𝑆 = 0𝑛+𝑡 × 𝔽𝑛−𝑡2 , and suppose

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥
1 − 𝜂
2𝑡 .

Then there are a computational-basis state |𝑧⟩ on 𝑛 − 𝑡 qubits and a state |𝜑⟩ on 𝑡 qubits such

that

𝐹(𝜓 , 𝜑 ⊗ 𝑧) ≥ 1 − 𝜂.

Moreover, |𝜑⟩ is obtained by postselecting the last 𝑛 − 𝑡 qubits of |𝜓 ⟩ on outcome 𝑧.

Proof. Write |𝜓 ⟩ = ∑𝑧 𝛼𝑧 |𝜑𝑧⟩|𝑧⟩. The largest |𝛼𝑧 |2 is at least ∑𝑧 |𝛼𝑧 |
4, and the latter is the

collision probability. Proposition 4.13 and the assumed mass bound show that it is at least

1 − 𝜂. Choose an outcome attaining the maximum.

We can now combine the pieces. A heavy subspace is isotropic, so a Clifford trans-

formation puts it into standard 𝑍 -type form. Its large characteristic mass then forces the

transformed state to be close to a product of an arbitrary 𝑡-qubit state and a computational-

basis state on the remaining qubits. Conjugating back gives the compression statement we

will use in the tomography algorithms.

Lemma 4.15 (Robust product-state structure). Let 𝑆 ⊆ 𝔽2𝑛2 be isotropic of dimension 𝑛 − 𝑡 ,

and suppose

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥
1 − 𝜂
2𝑡 .

Then there is a state |𝜓 ⟩ with 𝑆 ⊆ Weyl(|𝜓 ⟩) and

𝐹(𝜓 , 𝜓) ≥ 1 − 𝜂.

More explicitly,

|𝜓 ⟩ = 𝐶†|𝜑⟩|𝑧⟩,
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where 𝐶 is the circuit from Lemma 4.10, |𝑧⟩ is an (𝑛 − 𝑡)-qubit basis state, and

|𝜑⟩ =
(𝐼 ⊗ ⟨𝑧|)𝐶|𝜓 ⟩

‖(𝐼 ⊗ ⟨𝑧|)𝐶|𝜓 ⟩‖2
.

Proof. Set |𝜙⟩ = 𝐶|𝜓 ⟩. By (2.21),

∑
𝑥∈𝐶(𝑆)

𝑝𝜙(𝑥) = ∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥
1 − 𝜂
2𝑡 .

Since 𝐶(𝑆) = 0𝑛+𝑡 ×𝔽𝑛−𝑡2 , Lemma 4.14 gives |𝜑⟩|𝑧⟩ with fidelity at least 1− 𝜂 to 𝐶|𝜓 ⟩. Fidelity

is unitarily invariant, and every element of 𝐶(𝑆) stabilizes |𝜑⟩|𝑧⟩ up to sign. Conjugating

back proves both conclusions.

4.2.3 Reduction to Pure State Tomography

Suppose we have found a heavy subspace 𝑆. The preceding subsection shows that, after an

efficiently computable Clifford transformation 𝐶 , the state is close to |𝜑⟩|𝑧⟩, where |𝜑⟩ lives

on at most 𝑡 qubits and |𝑧⟩ is a computational-basis state on the remaining qubits. This

almost reduces the problem to ordinary 𝑡-qubit tomography.

Indeed, we can learn 𝑧 by measuring the last qubits of several copies. Conditioning on

this outcome then leaves the first 𝑡 qubits in the residual state |𝜑⟩. We learn this state using

any pure-state tomography algorithm and finally apply 𝐶† to reconstruct the original state.

To state this reduction independently of the particular tomography routine used for

the residual state, we introduce the following notation.

Definition 4.16 (Residual tomography complexity). Let 𝑁𝑟 ,𝜂,𝛿 and 𝑀𝑟 ,𝜂,𝛿 denote, respec-

tively, the copy and time complexities of pure-state tomography on 𝑟 qubits to trace distance

𝜂, with failure probability at most 𝛿 , using only single-copy measurements.

The tomography algorithm from Theorem 3.6 gives

𝑁𝑟 ,𝜂,𝛿 = 𝑂(
2𝑟 log(1/𝛿)

𝜂2
), 𝑀𝑟 ,𝜂,𝛿 = 𝑂(

2𝑟 log(1/𝛿)
𝜂2

). (4.10)

For now, we leave 𝑁 and 𝑀 abstract so that the reduction itself is separated from this

particular choice of algorithm.
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The reduction is summarized in the following algorithm.

Algorithm 5 Tomography from a heavy stabilizer subspace
Input: Copies of |𝜓 ⟩, parameters 𝜖, 𝛿 ∈ (0, 1), and a basis of 𝑆 ⊆ 𝔽2𝑛2
Promise: 𝑆 is (𝑡, 𝜖)-heavy for |𝜓 ⟩
Output: A classical description of |𝜓 ⟩ satisfying 𝑑tr(𝜓 , 𝜓) ≤ 𝜖 with probability at least 1 − 𝛿

1: Let ̂𝑡 ≤ 𝑡 satisfy dim(𝑆) = 𝑛 − ̂𝑡 .
2: Construct, using Lemma 4.10, a Clifford circuit 𝐶 that maps 𝑆 to 0𝑛+ ̂𝑡 × 𝔽𝑛− ̂𝑡

2 .
3: Measure the last 𝑛 − ̂𝑡 qubits of 24 log(3/𝛿) copies of 𝐶|𝜓 ⟩, and let ̂𝑧 be the majority outcome.
4: Set 𝐿 ← 2𝑁 ̂𝑡 ,𝜖/2,𝛿/3 + 8 log(3/𝛿).
5: for 𝑖 = 1, … , 𝐿 do
6: Measure the last 𝑛 − ̂𝑡 qubits of a fresh 𝐶|𝜓 ⟩.
7: if the outcome is ̂𝑧 then
8: Supply the unmeasured first ̂𝑡 qubits to the residual tomography procedure.
9: else

10: Discard the remaining qubits.
11: end if
12: end for
13: if fewer than 𝑁 ̂𝑡 ,𝜖/2,𝛿/3 residual states were supplied then
14: return Fail.
15: end if
16: Run residual tomographywith trace-distance accuracy 𝜖/2 and failure probability 𝛿/3, obtaining

|𝜑̂⟩.
17: return |𝜓 ⟩ = 𝐶†|𝜑̂⟩| ̂𝑧⟩.

Theorem 4.17 (Heavy-subspace reduction). Let |𝜓 ⟩ be an 𝑛-qubit state. Suppose a sub-

space 𝑆 ⊆ 𝔽2𝑛2 is (𝑡, 𝜖)-heavy for |𝜓 ⟩. Given a basis of 𝑆, Algorithm 5 uses only single-copy

measurements and outputs a classical description of |𝜓 ⟩ such that

𝑑tr(𝜓 , 𝜓) ≤ 𝜖

with probability at least 1 − 𝛿 . It uses

2𝑁𝑡 ,𝜖/2,𝛿/3 + 32 log(3/𝛿)

copies, up to integer ceilings, and

𝑀𝑡 ,𝜖/2,𝛿/3 + 𝑂(𝑛3 + 𝑛2(𝑁𝑡 ,𝜖/2,𝛿/3 + log(1/𝛿)))

time.
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Proof. Set ̂𝑡 = 𝑛 − dim(𝑆), so that ̂𝑡 ≤ 𝑡 . Because 𝜖 < 1, the mass condition in Definition 4.9

and Lemma 4.11 show that 𝑆 is isotropic. The Clifford compression algorithm therefore

constructs the circuit 𝐶 used above. Applying Lemma 4.15 with 𝜂 = 𝜖2/4 gives a basis

string 𝑧 and a state

|𝜑⟩ =
(𝐼 ⊗ ⟨𝑧|)𝐶|𝜓 ⟩

‖(𝐼 ⊗ ⟨𝑧|)𝐶|𝜓 ⟩‖2
such that

𝑑tr(𝜓 , 𝐶†|𝜑⟩|𝑧⟩) ≤
𝜖
2. (4.11)

In particular, measuring the final 𝑛 − ̂𝑡 qubits of 𝐶|𝜓 ⟩ returns 𝑧 with probability at least

1 − 𝜖2/4 ≥ 3/4. The multiplicative Chernoff bound in Lemma 2.7 shows that the majority

vote fails to identify 𝑧 with probability at most 𝛿/3.

Condition on identifying 𝑧. Each subsequent occurrence of this outcome leaves the

first ̂𝑡 qubits in state |𝜑⟩. Put

𝑁 ≔ 𝑁 ̂𝑡 ,𝜖/2,𝛿/3, ℓ ≔ log(3/𝛿).

For 𝐿 = 2𝑁 + 8ℓ postselection trials, the number 𝑋 of successful postselections has mean

𝜇 ≥ 3𝐿/4 = 3𝑁/2 + 6ℓ. The lower-tail bound in Lemma 2.7 gives

Pr[𝑋 < 𝑁] ≤ exp(−
(𝜇 − 𝑁)2

2𝜇 ) ≤ exp(−ℓ) = 𝛿
3 ,

where the exponent is increasing in 𝜇 ≥ 𝑁 , and the second inequality follows from

(
𝑁
2 + 6ℓ)

2
≥ 2ℓ(

3𝑁
2 + 6ℓ).

Thus the stated number of trials supplies 𝑁 residual states except with probability at most

𝛿/3. Residual tomography then produces |𝜑̂⟩ with

𝑑tr(𝜑, 𝜑̂) ≤
𝜖
2

except with probability 𝛿/3. Assuming all three events succeed, unitary invariance and

the triangle inequality, together with (4.11), give

𝑑tr(𝜓 , 𝐶†|𝜑̂⟩| ̂𝑧⟩) ≤ 𝑑tr(𝜓 , 𝐶†|𝜑⟩|𝑧⟩) + 𝑑tr(|𝜑⟩|𝑧⟩, |𝜑̂⟩| ̂𝑧⟩)

≤ 𝜖.
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A union bound proves the success probability.

The two sampling stages use the claimed number of copies. Constructing 𝐶 from a basis

of 𝑆 costs 𝑂(𝑛3) time, and the resulting circuit has 𝑂(𝑛2) gates. Preparing each transformed

copy therefore costs 𝑂(𝑛2) time. Residual tomography contributes 𝑀𝑡 ,𝜖/2,𝛿/3, yielding the

stated running time.

The important point is that tomography is now exponential only in the stabilizer nullity

𝑡 , rather than in the total number 𝑛 of qubits. Indeed, substituting Equation (4.10) into the

reduction gives

𝑂(
2𝑡 log(1/𝛿)

𝜖2
)

copies for the residual tomography step. Thus, when 𝑡 = 𝑂(log 𝑛) is small, the tomography

step runs in polynomial time.

4.2.4 Tomography Using Bell-Difference Sampling

We first show how Bell-difference sampling can be used to find a heavy subspace. Recall

that every Bell-difference sample lies in Weyl(|𝜓 ⟩)⟂s (Proposition 2.21). Thus, if 𝑇 is the

span of several such samples, then

𝑇 ⊆ Weyl(|𝜓 ⟩)⟂s ,

and hence its symplectic complement 𝑇⟂s has dimension at least the stabilizer dimension

of |𝜓 ⟩.

The remaining question is whether 𝑇⟂s is also heavy. If we draw enough samples,

their span captures nearly all of the Bell-difference distribution 𝑞𝜓 . The duality relations

from Section 2.7 then convert this large 𝑞𝜓 -mass into large 𝑝𝜓 -mass on 𝑇⟂s . This gives the

following simple algorithm.
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Algorithm 6 Heavy-subspace learning from Bell-difference samples
Input: Copies of |𝜓 ⟩ and 𝜖, 𝛿 ∈ (0, 1)
Promise: dimWeyl(|𝜓 ⟩) ≥ 𝑛 − 𝑡
Output: A (𝑡, 𝜖)-heavy subspace 𝑆 for |𝜓 ⟩

1: Draw
8 log(1/𝛿) + 16𝑛

𝜖2

independent Bell-difference samples from 𝑞𝜓 .
2: Let 𝑇 be the span of the samples.
3: Compute 𝑆 = 𝑇⟂s using Lemma 2.13.
4: return 𝑆.

Theorem 4.18 (Heavy subspace from Bell-difference samples). Let |𝜓 ⟩ have stabilizer

dimension at least 𝑛 − 𝑡 . Algorithm 6 outputs a (𝑡, 𝜖)-heavy subspace for |𝜓 ⟩ with probability

at least 1 − 𝛿 . It uses
32 log(1/𝛿) + 64𝑛

𝜖2

copies of |𝜓 ⟩ and

𝑂(
𝑛2 log(1/𝛿) + 𝑛3

𝜖2
)

time.

Proof. Let 𝑇 be the span of the Bell-difference samples and 𝑆 = 𝑇⟂s . By Proposition 2.21,

𝑇 ⊆ Weyl(|𝜓 ⟩)⟂s . Since dimWeyl(|𝜓 ⟩) ≥ 𝑛 − 𝑡 , its symplectic complement has dimension

at most 𝑛 + 𝑡 . Therefore dim(𝑆) = 2𝑛 − dim(𝑇 ) ≥ 𝑛 − 𝑡 .

It remains to prove that 𝑆 is heavy. Applying Lemma 2.23 to 𝑞𝜓 , with error parameter

𝜖2/4, shows that except with probability 𝛿 ,

∑
𝑥∈𝑇

𝑞𝜓 (𝑥) ≥ 1 − 𝜖2

4 .

By Proposition 2.22, the same lower bound holds for the 𝑝𝜓 -mass of 𝑇 . Since 𝑇 = 𝑆⟂s ,

Equation (2.19) then gives

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) =
|𝑆|
2𝑛

∑
𝑥∈𝑇

𝑝𝜓 (𝑥) ≥ (1 −
𝜖2

4 )
|𝑆|
2𝑛 .

Hence 𝑆 is (𝑡, 𝜖)-heavy.
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Each Bell-difference sample consumes four copies, which gives the displayed copy

count. Sampling costs 𝑂(𝑛) time per outcome, and computing the symplectic complement

dominates with

𝑂(
𝑛2 log(1/𝛿) + 𝑛3

𝜖2
)

time.

Combining this heavy-subspace learner with the reduction from the preceding subsec-

tion gives our first tomography algorithm.

Corollary 4.19 (Tomography from Bell-difference sampling). Let |𝜓 ⟩ have stabilizer dimen-

sion at least 𝑛 − 𝑡 . There is an algorithm that outputs a classical description of |𝜓 ⟩ satisfying

𝑑tr(𝜓 , 𝜓) ≤ 𝜖

with probability at least 1 − 𝛿 . It uses

32 log(2/𝛿) + 64𝑛
𝜖2

+ 2𝑁𝑡 ,𝜖/2,𝛿/6 + 32 log(6/𝛿)

copies and

𝑂(
𝑛2 log(1/𝛿) + 𝑛3

𝜖2
+ 𝑛2𝑁𝑡 ,𝜖/2,𝛿/6) + 𝑀𝑡 ,𝜖/2,𝛿/6

time.

Proof. Run Algorithm 6 with failure probability 𝛿/2, then feed its output into Algorithm 5,

also with failure probability 𝛿/2. The bounds follow from Theorems 4.17 and 4.18; a union

bound gives the claimed success probability.

4.2.5 Tomography from Single-Copy Measurements

The algorithm based on Bell-difference sampling (Corollary 4.19) is efficient, but it uses

entangling measurements across pairs of copies. We now show that this can be avoided

altogether. The price is that a single measurement basis reveals less information, so the

resulting algorithm will be slower.
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Our basic primitive is especially simple: measure two copies separately in the compu-

tational basis and take the difference of their outcomes. Recall from Section 2.5 that

X ≔ 𝔽𝑛2 × 0𝑛, Z ≔ 0𝑛 × 𝔽𝑛2

are the subspaces indexing Pauli strings containing only 𝑋 ’s and only 𝑍 ’s, respectively.

Definition 4.20 (Computational difference sampling). Measure one copy of |𝜓 ⟩ in the

computational basis to obtain 𝑥 ∈ 𝔽𝑛2, measure a second copy separately to obtain 𝑦 ∈ 𝔽𝑛2,

and output (𝑥 + 𝑦, 0𝑛) ∈ X. Let 𝑟𝜓 (𝑎) denote the probability of output 𝑎 ∈ X.

Although a computational difference sample consumes two copies, the copies are never

measured jointly. If |𝜓 ⟩ = ∑𝑥 𝛼𝑥 |𝑥⟩, then

𝑟𝜓 (𝑎, 0𝑛) = ∑
𝑥∈𝔽𝑛2

|𝛼𝑥 |2|𝛼𝑥+𝑎|2. (4.12)

Thus, 𝑟𝜓 is simply the self-convolution of the computational-basis measurement distribu-

tion.

The usefulness of 𝑟𝜓 comes from its relation to the characteristic distribution 𝑝𝜓 . We

record a pair of propositions that make this relation explicit.

Proposition 4.21. For every 𝑎 ∈ 𝔽𝑛2,

∑
𝑥∈𝔽𝑛2

|𝑥⟩⟨𝑥| ⊗ |𝑥 + 𝑎⟩⟨𝑥 + 𝑎| = 1
2𝑛

∑
𝑧∈𝔽𝑛2

(−1)𝑎⋅𝑧𝑍 𝑧 ⊗ 𝑍 𝑧 .

Proof. Conjugate the second register in Proposition 4.12 by 𝑋 𝑎, and use 𝑋 𝑎𝑍 𝑧𝑋 𝑎 =

(−1)𝑎⋅𝑧𝑍 𝑧 .

Proposition 4.22. For every 𝑎 ∈ 𝔽𝑛2,

𝑟𝜓 (𝑎, 0𝑛) = ∑
𝑧∈𝔽𝑛2

𝑝𝜓 (𝑎, 𝑧) = ∑
𝑥∈𝑎×𝔽𝑛2

𝑝𝜓 (𝑥).
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Proof. Using the preceding proposition,

∑
𝑧∈𝔽𝑛2

𝑝𝜓 (𝑎, 𝑧) =
1
2𝑛

∑
𝑧
(−1)𝑎⋅𝑧⟨𝜓 |𝑋 𝑎𝑍 𝑧 |𝜓 ⟩ 2

= ∑
𝑥
⟨𝜓 |⊗2(𝑋 𝑎 ⊗ 𝑋 𝑎)(|𝑥⟩⟨𝑥| ⊗ |𝑥 + 𝑎⟩⟨𝑥 + 𝑎|)|𝜓 ⟩⊗2

= ∑
𝑥
|𝛼𝑥 |2|𝛼𝑥+𝑎|2 = 𝑟𝜓 (𝑎, 0𝑛),

where the last equality is (4.12).

Thus, computational difference sampling gives the 𝑋 -marginal of the characteristic

distribution:

𝑟𝜓 (𝑎, 0𝑛) = ∑
𝑧∈𝔽𝑛2

𝑝𝜓 (𝑎, 𝑧).

Consequently, concentration of 𝑟𝜓 on a subspace of X translates, by symplectic duality,

into large 𝑝𝜓 -mass on a corresponding subspace of the full Pauli space.

Corollary 4.23. For every subspace 𝐻 ⊆ X,

∑
𝑥∈𝐻

𝑟𝜓 (𝑥) =
|𝐻 + Z|

2𝑛
∑

𝑥∈(𝐻+Z)⟂s
𝑝𝜓 (𝑥).

Proof. Proposition 4.22 identifies the left-hand side with the 𝑝𝜓 -mass of 𝐻 + Z. Apply

Proposition 2.20.

Computational difference samples cannot point in arbitrary 𝑋 -directions: their support

is determined by the 𝑍 -type stabilizers of the state.

Corollary 4.24. If 𝑥 ∈ X and 𝑟𝜓 (𝑥) > 0, then

𝑥 ∈ (Weyl(|𝜓 ⟩) ∩ Z)⟂s .

Proof. Set

𝐻 ≔ (Weyl(|𝜓 ⟩) ∩ Z)⟂s ∩ X.

Using Equation (2.11) and Lemma 2.11,

(𝐻 + Z)⟂s = Weyl(|𝜓 ⟩) ∩ Z ⊆ Weyl(|𝜓 ⟩).
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Every element of the last space has 𝑝𝜓 -value 2−𝑛. Corollary 4.23 and |𝐻 +Z||(𝐻 +Z)⟂s | = 4𝑛

therefore show that ∑𝑥∈𝐻 𝑟𝜓 (𝑥) = 1.

This suggests the single-copy algorithm. In any fixed basis, computational difference

sampling reveals the stabilizers that are visible as 𝑍 -type Pauli operators in that basis.

A random Clifford change of basis exposes a different part of the stabilizer group. By

repeating this experiment in sufficiently many random Clifford bases and combining the

resulting subspaces, we can recover a large heavy subspace.

The number of random bases grows as 2𝑡 : when the stabilizer dimension is 𝑛 − 𝑡 , a

random 𝑍 -type Pauli space is less likely to intersect the stabilizer group as 𝑡 grows.

Algorithm 7 Heavy-subspace learning using single-copy measurements
Input: Copies of |𝜓 ⟩ and 𝜖, 𝛿 ∈ (0, 1)
Promise: dimWeyl(|𝜓 ⟩) ≥ 𝑛 − 𝑡
Output: A (𝑡, 𝜖)-heavy subspace 𝑆 for |𝜓 ⟩

1: Set
𝑚Clifford ← 2(2𝑡+1 + 1)(𝑛 + log(2/𝛿)).

2: for 𝑖 = 1, … , 𝑚Clifford do
3: Sample a uniformly random Clifford circuit 𝐶𝑖, and set |𝜓𝑖⟩ = 𝐶𝑖|𝜓 ⟩.
4: Draw

𝑚Comp ≔
16𝑛
𝜖2 (𝑛 + log(2𝑚Clifford/𝛿))

computational difference samples from 𝑟𝜓𝑖 .
5: Let 𝐻𝑖 ⊆ X be their span, and compute a basis by Gaussian elimination.
6: end for
7: Compute

𝑆 ←
𝑚Clifford
∑
𝑖=1

𝐶†
𝑖 ((𝐻𝑖 + Z)⟂s).

8: return 𝑆.

There are two things to prove about the returned subspace 𝑆 in order to apply the

reduction shown in Theorem 4.17. First, it must have dimension at least 𝑛 − 𝑡 . Second, it

must carry nearly maximal 𝑝𝜓 -mass. We handle these two properties separately.
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The Output Has Large Dimension

Wefirst show that sufficientlymany randomClifford bases expose enough 𝑍 -type stabilizers

to span the entire unsigned stabilizer group. The next lemma quantifies the progress made

by a single random basis.

Lemma 4.25. Let 𝐴 ⊆ 𝔽2𝑛2 be isotropic of dimension 𝑛 − 𝑘, let 𝑇 ⊊ 𝐴, let 𝐵 be Lagrangian,

and let 𝐶 be a uniformly random Clifford circuit. Then

Pr[𝐶(𝐴 ∖ 𝑇 ) ∩ 𝐵 ≠ ∅] ≥
1

2𝑘+1 + 1
.

Proof. It suffices to consider dim(𝑇 ) = 𝑛 − 𝑘 − 1, since a smaller 𝑇 only increases the event.

Write 𝐴 = ⟨𝑥⟩ + 𝑇 . Conditioned on 𝐶(𝑇 ), the vector 𝐶(𝑥) is uniform on 𝐶(𝑇⟂s ∖ 𝑇). Hence

Pr[𝐶(𝑥) ∈ 𝐶(𝑇 ) + 𝐵 ∣ 𝐶(𝑇 )] = |(𝐶(𝑇 ) + 𝐵) ∩ 𝐶(𝑇 )⟂s | − |𝐶(𝑇 )|
|𝐶(𝑇 )⟂s | − |𝐶(𝑇 )|

= 2𝑛 − 2𝑛−𝑘−1

2𝑛+𝑘+1 − 2𝑛−𝑘−1
= 1

2𝑘+1 + 1
.

The second equality uses Lemma 2.11, since (𝐶(𝑇 ) + 𝐵) ∩ 𝐶(𝑇 )⟂s is Lagrangian.

Lemma 4.26. Suppose |𝜓 ⟩ has stabilizer dimension 𝑛 − 𝑘. Let 𝐶1, … , 𝐶𝑚 be independent

uniformly random Clifford circuits and set

𝑆𝑖 ≔ Weyl(|𝜓 ⟩) ∩ 𝐶†𝑖 (Z).

If

𝑚 ≥ 2(2𝑘+1 + 1)(𝑛 + log(1/𝛿)),

then 𝑚
∑
𝑖=1

𝑆𝑖 = Weyl(|𝜓 ⟩)

with probability at least 1 − 𝛿 .

Proof. Let 𝑇𝑖 = ∑𝑗≤𝑖 𝑆𝑗 . Until 𝑇𝑖 containsWeyl(|𝜓 ⟩), the preceding lemma says that the next

basis increases dim(𝑇𝑖 ∩Weyl(|𝜓 ⟩)) with probability at least

𝑝 ≔ 1
2𝑘+1 + 1

.
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At most 𝑛 successful increases are required. Couple the progress indicators from below by

independent Bernoulli(𝑝) variables. If 𝑚 ≥ 2𝑝−1(𝑛 + log(1/𝛿)), Lemma 2.8 gives

Pr[fewer than 𝑛 increases] ≤ exp(𝑛 −
𝑚𝑝
2 ) ≤ 𝛿.

The Output Has Large Characteristic Mass

Each individual computational-difference experiment will produce a subspace with nearly

maximal characteristic mass. Since the algorithm ultimately takes the sum of many such

subspaces, we need to know that this property survives taking sums.

Lemma 4.27. Suppose 𝑆1, … , 𝑆ℓ ⊆ 𝔽2𝑛2 satisfy

∑
𝑥∈𝑆𝑖

𝑝𝜓 (𝑥) ≥ (1 − 𝜂𝑖)
|𝑆𝑖|
2𝑛 .

Then 𝑆 = ∑𝑖 𝑆𝑖 satisfies

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥ (1 −∑
𝑖
𝜂𝑖)

|𝑆|
2𝑛 .

Proof. It is enough to prove the claim for 𝑆 = 𝑇 + 𝑆ℓ and then induct. Equations (2.11)

and (2.19) give

∑
𝑥∈𝑇+𝑆ℓ

𝑝𝜓 (𝑥) =
|𝑇 + 𝑆ℓ|
2𝑛

∑
𝑥∈𝑇⟂s∩𝑆⟂sℓ

𝑝𝜓 (𝑥)

≥
|𝑇 + 𝑆ℓ|
2𝑛 (

2𝑛

|𝑇 |
∑
𝑥∈𝑇

𝑝𝜓 (𝑥) +
2𝑛

|𝑆ℓ|
∑
𝑥∈𝑆ℓ

𝑝𝜓 (𝑥) − 1),

where the inequality is inclusion–exclusion. Substituting the two mass bounds proves the

inductive step.

Lemma 4.28. Let 𝑆1, … , 𝑆𝑚 ⊆ 𝔽2𝑛2 , and suppose

∑
𝑥∈𝑆𝑖

𝑝𝜓 (𝑥) ≥ (1 −
𝜂
2𝑛)

|𝑆𝑖|
2𝑛

for every 𝑖. Then 𝑆 = ∑𝑖 𝑆𝑖 satisfies

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥ (1 − 𝜂) |𝑆|2𝑛 .
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Proof. Some collection of at most 2𝑛 of the subspaces already spans 𝑆, because 𝑆 ⊆ 𝔽2𝑛2 .

Apply Lemma 4.27 to that collection.

Combining this observation with the duality relation for 𝑟𝜓 gives the mass guarantee

needed by the algorithm.

Proposition 4.29. Let 𝐶1, … , 𝐶𝑚 be Clifford circuits, set |𝜓𝑖⟩ = 𝐶𝑖|𝜓 ⟩, and let 𝐻𝑖 ⊆ X. If

∑
𝑥∈𝐻𝑖

𝑟𝜓𝑖(𝑥) ≥ 1 −
𝜂
2𝑛

for every 𝑖, then

𝑆 ≔
𝑚
∑
𝑖=1

𝐶†𝑖 ((𝐻𝑖 + Z)⟂s)

satisfies

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥ (1 − 𝜂) |𝑆|2𝑛 .

Proof. Let 𝑆𝑖 = 𝐶†𝑖 ((𝐻𝑖 + Z)⟂s). Clifford invariance, Corollary 4.23, and the complement

dimension identity give
∑
𝑥∈𝑆𝑖

𝑝𝜓 (𝑥) = ∑
𝑥∈(𝐻𝑖+Z)⟂s

𝑝𝜓𝑖(𝑥)

= 2𝑛

|𝐻𝑖 + Z|
∑
𝑥∈𝐻𝑖

𝑟𝜓𝑖(𝑥)

≥ (1 −
𝜂
2𝑛)

|𝑆𝑖|
2𝑛 .

Now apply Lemma 4.28.

Completing the Single-Copy Analysis

We can now combine the dimension and mass arguments.

Theorem 4.30. Let |𝜓 ⟩ have stabilizer dimension at least 𝑛 − 𝑡 . Algorithm 7 outputs a (𝑡, 𝜖)-

heavy subspace for |𝜓 ⟩ with probability at least 1 − 𝛿 . It uses

𝑂(
𝑛(𝑛 + log(1/𝛿))2 2𝑡

𝜖2
)
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copies and

𝑂(
𝑛3(𝑛 + log(1/𝛿))2 2𝑡

𝜖2
)

time.

Proof. First consider the dimension condition. Let

𝐺𝑖 ≔ Weyl(|𝜓 ⟩) ∩ 𝐶†𝑖 (Z).

Lemma 4.26 and the chosen value of 𝑚Clifford show, except with probability 𝛿/2, that

∑𝑖 𝐺𝑖 = Weyl(|𝜓 ⟩).

For |𝜓𝑖⟩ = 𝐶𝑖|𝜓 ⟩, define

𝐻𝑖 ≔ (Weyl(|𝜓𝑖⟩) ∩ Z)⟂s ∩ X.

Corollary 4.24 guarantees 𝐻𝑖 ⊆ 𝐻𝑖. Reversing inclusions under symplectic complement and

applying Lemma 2.11 gives

(𝐻𝑖 + Z)⟂s ⊇ (𝐻𝑖 + Z)⟂s

= 𝐻⟂s
𝑖 ∩ Z

= ((Weyl(|𝜓𝑖⟩) ∩ Z) + X) ∩ Z

= Weyl(|𝜓𝑖⟩) ∩ Z = 𝐶𝑖(𝐺𝑖).

It follows that the returned subspace obeys

𝑆 ⊇ ∑
𝑖
𝐺𝑖 = Weyl(|𝜓 ⟩),

and hence dim(𝑆) ≥ 𝑛 − 𝑡 .

For the mass condition, apply Lemma 2.23 to every 𝑟𝜓𝑖 , with error 𝜖2/(8𝑛) and per-round

failure probability 𝛿/(2𝑚Clifford). The chosen 𝑚Comp implies, simultaneously for all 𝑖,

∑
𝑥∈𝐻𝑖

𝑟𝜓𝑖(𝑥) ≥ 1 − 𝜖2

8𝑛
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except with probability 𝛿/2. Applying Proposition 4.29 with 𝜂 = 𝜖2/4 yields

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥ (1 −
𝜖2

4 )
|𝑆|
2𝑛 .

A union bound proves correctness.

It remains to count resources. Since 𝑡 ≤ 𝑛,

𝑚Comp = 𝑂(
𝑛(𝑛 + log(1/𝛿))

𝜖2
), 𝑚Clifford = 𝑂(2𝑡(𝑛 + log(1/𝛿))).

Each computational difference sample consumes two copies, giving the stated copy com-

plexity. Sampling and applying a random Clifford circuit costs 𝑂(𝑛2) per transformed

copy. The cost of Gaussian elimination and the final subspace computations is at most

𝑂(𝑚Clifford𝑚Comp𝑛2). This is the displayed running time.

Combining this heavy-subspace learner with the earlier reduction gives a tomography

algorithm requiring only single-copy measurements.
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Corollary 4.31 (Tomography from single-copy measurements). Let |𝜓 ⟩ have stabilizer

dimension at least 𝑛 − 𝑡 . Using only single-copy measurements, one can output a classical

description of |𝜓 ⟩ satisfying

𝑑tr(𝜓 , 𝜓) ≤ 𝜖

with probability at least 1 − 𝛿 . The algorithm uses

𝑂(
𝑛(𝑛 + log(1/𝛿))2 2𝑡

𝜖2
+ 𝑁𝑡 ,𝜖/2,𝛿/6)

copies and

𝑂(
𝑛3(𝑛 + log(1/𝛿))2 2𝑡

𝜖2
+ 𝑛2𝑁𝑡 ,𝜖/2,𝛿/6) + 𝑀𝑡 ,𝜖/2,𝛿/6

time.

Proof. Run Algorithm 7 and then Algorithm 5, assigning failure probability 𝛿/2 to each

stage. Combine Theorems 4.17 and 4.30 and use a union bound.

Finally, if |𝜓 ⟩ is prepared by 𝑠 non-Clifford gates, then Lemma 4.8 permits 𝑡 = 2𝑠. Both

tomography procedures therefore have time and copy complexities polynomial in 𝑛, 2𝑠 ,

1/𝜖, and log(1/𝛿).
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Chapter 5: Agnostic Tomography

The algorithms in Chapter 4 rely on exact structural promises: the fermionic input is a Slater

determinant, or the unknown state is promised to have nontrivial stabilizer dimension.

Such a promise can make tomography efficient, but it is also brittle. If the input lies outside

the promised class, the algorithm need not return anything useful, even when the state is

very well approximated by a member of that class.

In this chapter, we ask for a more robust guarantee. Given an arbitrary quantum state

and a class of candidate states C, our goal is to find a state in C whose fidelity with the

input is nearly as large as possible. The input itself need not belong to C, and we make no

assumption about how it was generated or corrupted. We call this task agnostic tomography,

in analogy with agnostic learning in classical learning theory.

We begin by defining the agnostic tomography model, introduced in joint work with

collaborators [GIKL26a]. We then study the problem for stabilizer states. Our main result

shows that if a pure state has optimal stabilizer fidelity at least cos2(𝜋/8) + 𝛾 , then its

closest stabilizer state is unique and can be identified exactly in polynomial time. We

conclude with some historical context and a discussion of subsequent and ongoing work.

5.1 The Agnostic Tomography Model

Let C be a class of pure states. For an arbitrary state 𝜌, define its optimal fidelity with C by

𝐹C(𝜌) ≔ sup
|𝜑⟩∈C

⟨𝜑|𝜌|𝜑⟩.

Thus, 𝐹C(𝜌) measures how well 𝜌 can be approximated by a state in C.

Agnostic tomography asks the learner to find a state in C that approximates 𝜌 nearly

as well as the best state in C. We formalize this in the following definition.

Definition 5.1 (Agnostic tomography). Let 𝜖, 𝛿 ∈ (0, 1). An (𝜖, 𝛿)-agnostic tomography

algorithm for C receives copies of an arbitrary unknown state 𝜌 and, with probability at

least 1 − 𝛿 , outputs a succinct classical description of a pure state |𝜑̂⟩ satisfying

⟨𝜑̂|𝜌|𝜑̂⟩ ≥ 𝐹C(𝜌) − 𝜖.
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The algorithm is proper if |𝜑̂⟩ ∈ C.

What counts as a succinct description depends on the class C. For example, it might be

a polynomial-size circuit, a stabilizer tableau, or a low-dimensional matrix representation.

As in ordinary tomography, our goal is to produce such a classical description rather than

to physically prepare the output state.

Structured tomography is a special case. If 𝜌 = |𝜓 ⟩⟨𝜓 | for some |𝜓 ⟩ ∈ C, then 𝐹C(𝜌) = 1,

so an agnostic tomography algorithm must return a state with fidelity at least 1 − 𝜖 with

|𝜓 ⟩. For a general input, the learner instead competes with the best state in C.

Importantly, we make no assumption about why the input lies outside C. In particular,

agnostic tomography is more general than learning under a specified noise model, where

one assumes that 𝜌 = N(|𝜑⟩⟨𝜑|) for some |𝜑⟩ ∈ C and a known noise channel N. Here, the

input may differ from every state in C in an arbitrary way.

Even simple classes illustrate why an algorithm for the realizable case need not solve

the agnostic problem. Consider the class of 𝑛-qubit product states. When the input is

promised to be a product state, it can be learned by performing tomography separately on

each qubit. For comparison, every one-qubit reduced state of

|GHZ𝑛⟩ ≔
|0𝑛⟩ + |1𝑛⟩

√2

is maximally mixed, even though |GHZ𝑛⟩ has fidelity 1/2 with each of the product states

|0𝑛⟩ and |1𝑛⟩. The one-qubit marginals therefore miss the global correlations that determine

a good product-state approximation. In fact, this problem persists even when the optimal

product-state fidelity is arbitrarily close to one [Bak+25, Section 2].

From the standpoint of copy complexity alone, agnostic tomography is often easy. For

example, when C is finite, shadow tomography can estimate the fidelity of every candidate

using relatively few copies [Aar20]. The real challenge is to design algorithms that are also

computationally efficient.
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5.2 High-Fidelity Stabilizer Approximation

We present the simplest (and first) agnostic tomography algorithm. Here, C = Stab𝑛 is the

class of 𝑛-qubit stabilizer states. For a pure state |𝜓 ⟩, write

𝐹Stab(|𝜓 ⟩) ≔ max
|𝜙⟩∈Stab𝑛

|⟨𝜙|𝜓 ⟩|2

for its stabilizer fidelity.

Our goal is to recover a stabilizer state achieving this maximum when the stabilizer

fidelity is sufficiently large. Once 𝐹Stab(|𝜓 ⟩) exceeds cos2(𝜋/8) by a constant margin, the

optimal stabilizer state is unique, and we can recover it exactly in polynomial time.

Theorem 5.2 (High-fidelity stabilizer approximation). Let |𝜓 ⟩ be an 𝑛-qubit pure state, let

𝛿 ∈ (0, 1), and suppose that

𝐹Stab(|𝜓 ⟩) ≥ cos2(𝜋/8) + 𝛾

for some 𝛾 > 0. There is a proper agnostic tomography algorithm that outputs a classical

description of the unique fidelity-maximizing stabilizer state with probability at least 1 − 𝛿 .

It uses

𝑂(𝑛 +
log(𝑛/𝛿)

𝛾 2
)

copies of |𝜓 ⟩ and runs in time

𝑂(𝑛3 +
𝑛2 log(𝑛/𝛿) + 𝑛 log2(1/𝛿)

𝛾 2
).

The algorithm has three steps. First, Bell-difference sampling produces a short list of

Weyl operators containing generators of the optimizer’s unsigned stabilizer group. Next,

squared Pauli expectations let us distinguish those generators from all other sampled

Weyl operators. Once the unsigned stabilizer group is known, a final measurement in the

corresponding stabilizer basis determines the optimal stabilizer state.
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5.2.1 Bell Difference Samples Near an Optimal Stabilizer

Fix a stabilizer state |𝜙⋆⟩ maximizing the fidelity with |𝜓 ⟩, and write

𝑆⋆ ≔ Weyl(|𝜙⋆⟩), 𝜏 ≔ |⟨𝜙⋆|𝜓 ⟩|2 = 𝐹Stab(|𝜓 ⟩).

Our first goal is to show that a small number of Bell-difference samples contains enough

elements of 𝑆⋆ to generate the entire subspace.

We use the characteristic and Bell-difference distributions 𝑝𝜓 and 𝑞𝜓 from Section 2.7.

The starting point is that high fidelity with |𝜙⋆⟩ forces 𝑝𝜓 to place substantial mass on 𝑆⋆.

Lemma 5.3. The characteristic distribution satisfies

∑
𝑥∈𝑆⋆

𝑝𝜓 (𝑥) ≥ 𝜏2.

Proof. Choose a Clifford circuit 𝐶 with 𝐶|𝜙⋆⟩ = |0𝑛⟩, and write |𝜓 ′⟩ = 𝐶|𝜓 ⟩. Clifford

conjugation permutes Weyl operators, so

∑
𝑥∈𝑆⋆

𝑝𝜓 (𝑥) = ∑
𝑧∈𝔽𝑛2

𝑝𝜓 ′(0𝑛, 𝑧).

By Cauchy–Schwarz,

∑
𝑧∈𝔽𝑛2

𝑝𝜓 ′(0𝑛, 𝑧) =
1
2𝑛

∑
𝑧∈𝔽𝑛2

⟨𝜓 ′|𝑊(0𝑛,𝑧)|𝜓 ′⟩ 2

≥ 1
4𝑛(

∑
𝑧∈𝔽𝑛2

⟨𝜓 ′|𝑊(0𝑛,𝑧)|𝜓 ′⟩)
2

= |⟨0𝑛|𝜓 ′⟩|4 = |⟨𝜙⋆|𝜓 ⟩|4 = 𝜏2.

The penultimate equality uses ∑𝑧 𝑍
𝑧 = 2𝑛|0𝑛⟩⟨0𝑛|.

It is not enough that 𝑞𝜓 place noticeable total mass on 𝑆⋆. To recover all 𝑛 generators,

the samples must continue to reveal new directions even after we have already learned a

proper subspace of 𝑆⋆. The next lemma gives exactly this progress guarantee.

Lemma 5.4 (Progress under Bell-difference sampling). For every proper subspace 𝑇 ⊊ 𝑆⋆,

∑
𝑥∈𝑆⋆∖𝑇

𝑞𝜓 (𝑥) ≥
2 − √3

2 𝜏4.
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Proof. Enlarge 𝑇 , if necessary, to a codimension-one subspace of 𝑆⋆. There is a Clifford

circuit taking |𝜙⋆⟩ to |0𝑛⟩, 𝑆⋆ to 0𝑛 × 𝔽𝑛2, and 𝑇 to 0𝑛+1 × 𝔽𝑛−12 . Indeed, after mapping |𝜙⋆⟩

to |0𝑛⟩, CNOT gates implement arbitrary invertible linear transformations on its Pauli-𝑍

stabilizers. Both 𝑝𝜓 and 𝑞𝜓 are covariant under this Clifford action. We may therefore

assume this normal form.

Define

𝑐𝜓 (𝑥) ≔ 2−𝑛/2⟨𝜓 |𝑊𝑥 |𝜓 ⟩, 𝑝𝜓 (𝑥) = 𝑐𝜓 (𝑥)2,

and let

𝛼0 ≔ ⟨0𝑛|𝜓 ⟩, 𝛼1 ≔ ⟨10𝑛−1|𝜓 ⟩.

Choose the global phase so that 𝛼0 ≥ 0. Since |0𝑛⟩maximizes the stabilizer fidelity, |𝛼0|2 = 𝜏 .

Comparing its fidelity with the four stabilizer states

|+⟩|0𝑛−1⟩, |−⟩|0𝑛−1⟩, |i⟩|0𝑛−1⟩, |−i⟩|0𝑛−1⟩

shows that the largest of the four fidelities is at least the right-hand side below, since

max{|cos 𝜃|, |sin 𝜃|} ≥ 1/√2. Hence

𝛼20 ≥ 1
2(𝛼

2
0 + |𝛼1|2 + √2 𝛼0|𝛼1|).

Solving this quadratic inequality gives

|𝛼1|2 ≤ (2 − √3)𝛼20 .

Consequently,
∑

𝑥∈𝑆⋆∖𝑇
𝑐𝜓 (𝑥) = 2𝑛/2−1(|𝛼0|2 − |𝛼1|2)

≥ 2𝑛/2−1(√3 − 1)𝜏 .
The first duality identity in Proposition 2.20, together with Lemma 5.3, gives

∑
𝑥∈𝑇

𝑝𝜓 (𝑥) =
|𝑇 |
2𝑛

∑
𝑥∈𝑇⟂s

𝑝𝜓 (𝑥) ≥
𝜏2

2 ,

because |𝑇 | = 2𝑛−1 and 𝑆⋆ ⊆ 𝑇⟂s . A second application of Cauchy–Schwarz gives

∑
𝑥∈𝑆⋆∖𝑇

𝑝𝜓 (𝑥) ≥
1

2𝑛−1
( ∑
𝑥∈𝑆⋆∖𝑇

|𝑐𝜓 (𝑥)|)
2

≥ (2 − √3)𝜏2.
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Finally, adding any 𝑎 ∈ 𝑇 permutes 𝑆⋆ ∖ 𝑇 , and hence

∑
𝑥∈𝑆⋆∖𝑇

𝑞𝜓 (𝑥) ≥ ∑
𝑎∈𝑇

𝑝𝜓 (𝑎) ∑
𝑥∈𝑆⋆∖𝑇

𝑝𝜓 (𝑥 + 𝑎)

= (∑
𝑎∈𝑇

𝑝𝜓 (𝑎))( ∑
𝑥∈𝑆⋆∖𝑇

𝑝𝜓 (𝑥))

≥ 2 − √3
2 𝜏4.

The progress bound immediately yields a short generator list.

Lemma 5.5 (Generator-list lemma). Suppose 𝐹Stab(|𝜓 ⟩) ≥ 𝜏 . If

𝑚 ≥ 8 + 4√3
𝜏4

(𝑛 + log(1/𝛿)),

then, with probability at least 1 − 𝛿 , 𝑚 independent Bell difference samples contain a complete

set of generators for 𝑆⋆.

Proof. Let 𝑇𝑖−1 be the span of those among the first 𝑖 − 1 samples that belong to 𝑆⋆. Until

𝑇𝑖−1 = 𝑆⋆, call sample 𝑖 successful if it lies in 𝑆⋆ ∖ 𝑇𝑖−1; after the span is complete, call every

remaining sample successful. By Lemma 5.4, each conditional success probability is at least

𝑐 ≔ 2 − √3
2 𝜏4.

The number of successes can be coupled from below by Binomial(𝑚, 𝑐). Since 𝑆⋆ has

dimension 𝑛, failure implies fewer than 𝑛 successes. Lemma 2.8 therefore gives

Pr[failure] ≤ exp(𝑛 −
𝑐𝑚
2 ).

The stated choice of 𝑚, which equals 2(𝑛 + log(1/𝛿))/𝑐, makes this probability at most

𝛿 .
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5.2.2 Separating Stabilizers by Pauli Expectations

Bell-difference sampling gives us a short list containing generators of 𝑆⋆, but it does not tell

us which sampled Weyl operators actually belong to 𝑆⋆. Above the high-fidelity threshold,

squared Pauli expectations separate the two cases.

Proposition 5.6. Suppose that an 𝑛-qubit pure state |𝜓 ⟩ has fidelity 𝜏 ≥ 1/2 with a stabilizer

state |𝜙⟩. If 𝑥 ∈ Weyl(|𝜙⟩), then

⟨𝜓 |𝑊𝑥 |𝜓 ⟩ 2 ≥ (2𝜏 − 1)2.

Proof. Write

|𝜓 ⟩ = √𝜏 |𝜙⟩ + √1 − 𝜏 |𝜙⟂⟩, ⟨𝜙|𝜙⟂⟩ = 0.

Choose the sign 𝑃 = ±𝑊𝑥 for which 𝑃|𝜙⟩ = |𝜙⟩. The cross terms vanish, so

⟨𝜓 |𝑃 |𝜓 ⟩ = 𝜏 + (1 − 𝜏)⟨𝜙⟂|𝑃 |𝜙⟂⟩ ≥ 2𝜏 − 1.

Because 𝜏 ≥ 1/2, squaring proves the claim.

Proposition 5.7. Under the same assumptions, if 𝑦 ∉ Weyl(|𝜙⟩), then

⟨𝜓 |𝑊𝑦 |𝜓 ⟩ 2 ≤ 4𝜏(1 − 𝜏).

Proof. Since Weyl(|𝜙⟩) is Lagrangian, there exists 𝑥 ∈ Weyl(|𝜙⟩) for which 𝑊𝑥 anticom-

mutes with 𝑊𝑦 . For any pair of anticommuting Hermitian unitaries 𝐴, 𝐵 and any state,

⟨𝜓 |𝐴|𝜓 ⟩ 2 + ⟨𝜓 |𝐵|𝜓 ⟩ 2 ≤ 1.

Indeed, every real linear combination 𝑎𝐴+𝑏𝐵 satisfies (𝑎𝐴+𝑏𝐵)2 = (𝑎2+𝑏2)𝐼 , and choosing

(𝑎, 𝑏) parallel to the two expectation values proves the inequality. Apply it to 𝑊𝑥 , 𝑊𝑦 and

use Proposition 5.6:

⟨𝜓 |𝑊𝑦 |𝜓 ⟩ 2 ≤ 1 − (2𝜏 − 1)2 = 4𝜏(1 − 𝜏).
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The two ranges are disjoint precisely when (2𝜏 − 1)2 > 4𝜏(1 − 𝜏), which is equivalent

to 𝜏 > cos2(𝜋/8). This is where the threshold in our theorem comes from.

Corollary 5.8 (Expectation gap). Suppose

|⟨𝜙|𝜓 ⟩|2 ≥ cos2(𝜋/8) + 𝛾

for a stabilizer state |𝜙⟩ and some 𝛾 > 0. Then

𝑥 ∈ Weyl(|𝜙⟩) ⟹ ⟨𝜓 |𝑊𝑥 |𝜓 ⟩ 2 ≥
1
2 + 2√2𝛾 + 4𝛾 2,

𝑦 ∉ Weyl(|𝜙⟩) ⟹ ⟨𝜓 |𝑊𝑦 |𝜓 ⟩ 2 ≤
1
2 − 2√2𝛾 − 4𝛾 2.

Proof. Substitute 𝜏 ≥ cos2(𝜋/8) + 𝛾 into Propositions 5.6 and 5.7.

Corollary 5.9 (Uniqueness above the threshold). If 𝐹Stab(|𝜓 ⟩) > cos2(𝜋/8), then the fidelity-

maximizing stabilizer state is unique.

Proof. Suppose two distinct stabilizer states |𝜙1⟩ and |𝜙2⟩ both have fidelity greater than

the threshold. If their unsigned stabilizer groups agree, then they are distinct vectors in the

same stabilizer basis and hence orthogonal. Both fidelities exceed 1/2, which contradicts

normalization.

Otherwise, choose 𝑥 ∈ Weyl(|𝜙1⟩) ∖Weyl(|𝜙2⟩). The strict form of Corollary 5.8 makes

⟨𝜓 |𝑊𝑥 |𝜓 ⟩ 2 simultaneously greater than and less than 1/2, a contradiction.

The threshold is tight for uniqueness. The one-qubit state

cos(𝜋/8)|0⟩ + sin(𝜋/8)|1⟩

has fidelity cos2(𝜋/8) with both |0⟩ and |+⟩.

5.2.3 Estimating Many Pauli Expectations

The generator list contains only 𝑂(𝑛 + log(1/𝛿)) candidates, and we could estimate their

Pauli expectations one at a time. Bell measurements, however, let us estimate all of their

squared Pauli expectations simultaneously. The following is a variant of the Pauli estimation

routine from [HKP21].
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Theorem 5.10 (Simultaneous squared-expectation estimation). Let 𝑃1, … , 𝑃𝑚 be 𝑛-qubit

Weyl operators, and let |𝜓 ⟩ be an unknown pure state. Given 𝜂, 𝛿 ∈ (0, 1), there is an algorithm

that estimates every ⟨𝜓 |𝑃𝑖|𝜓 ⟩ 2 to additive error 𝜂, simultaneously with probability at least

1 − 𝛿 , using

2⌈
2 log(2𝑚/𝛿)

𝜂2
⌉

copies of |𝜓 ⟩. Its classical processing time is

𝑂(
𝑛𝑚 log(𝑚/𝛿)

𝜂2
).

Proof. The observables𝑊𝑥⊗𝑊𝑥 , for 𝑥 ∈ 𝔽2𝑛2 , commute: any anticommutation sign between

two Weyl operators appears once in each tensor factor and therefore cancels. Their joint

eigenbasis is the 𝑛-qubit Bell basis. A Bell measurement on two copies consequently

produces, for every 𝑖, a random sign whose expectation is

⟨𝜓⊗2|𝑃𝑖 ⊗ 𝑃𝑖|𝜓⊗2⟩ = ⟨𝜓 |𝑃𝑖|𝜓 ⟩ 2.

Set

𝑁 = ⌈
2 log(2𝑚/𝛿)

𝜂2
⌉

and average these signs over 𝑁 independent Bell measurements. Hoeffding’s inequality

(Lemma 2.4) and a union bound over the 𝑚 observables give the claimed simultaneous ac-

curacy. Each measurement consumes two copies, giving the stated copy bound. Computing

the 𝑚 signs from each outcome takes 𝑂(𝑛𝑚) time.

5.2.4 The Reconstruction Algorithm

We now have all the ingredients. Bell-difference sampling gives a short candidate list,

and the expectation gap lets us retain exactly those candidates lying in 𝑆⋆. Once these

elements span 𝑆⋆, we know the unsigned stabilizer group of the optimum. It remains only

to determine the signs, which we do by measuring |𝜓 ⟩ in the corresponding stabilizer basis.
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Algorithm 8 High-fidelity stabilizer approximation
Input: Copies of |𝜓 ⟩; parameters 𝛾 , 𝛿 > 0
Promise: 𝐹Stab(|𝜓 ⟩) ≥ cos2(𝜋/8) + 𝛾
Output: The unique optimal stabilizer, except with probability 𝛿

1: Set 𝑚 ← ⌈ 8+4√3
cos8(𝜋/8)

(𝑛 + log(3/𝛿))⌉.

2: Draw 𝑚 independent Bell-difference samples 𝑥1, … , 𝑥𝑚 ∈ 𝔽2𝑛2 .
3: Using Theorem 5.10, estimate every ⟨𝜓 |𝑊𝑥𝑖 |𝜓 ⟩

2 to additive error 2√2𝛾 , with failure probability
at most 𝛿/3.

4: Retain the 𝑥𝑖 whose estimate is greater than 1/2, and let 𝑆 be their linear span.
5: if 𝑆 is not Lagrangian then
6: return Fail.
7: end if
8: Construct a Clifford circuit 𝐶 mapping 𝑆 to 0𝑛 × 𝔽𝑛2.
9: Measure 𝐶|𝜓 ⟩ in the computational basis on ⌈4 log(3/𝛿)⌉ fresh copies, and let ̂𝑧 be the most

frequent outcome.
10: return the stabilizer tableau describing 𝐶†| ̂𝑧⟩.

Proof of Theorem 5.2. Let |𝜙⋆⟩ be a fidelity-maximizing stabilizer state. Set 𝑆⋆ = Weyl(|𝜙⋆⟩).

This state is unique by Corollary 5.9.

Apply Lemma 5.5 with failure probability 𝛿/3 and 𝜏 = cos2(𝜋/8). With probability at

least 1 − 𝛿/3, the Bell-difference samples contain a complete set of generators for 𝑆⋆.

Condition also on the simultaneous estimates succeeding. For 𝑥𝑖 ∈ 𝑆⋆, Corollary 5.8

implies that its estimate is at least

1
2 + 4𝛾 2 > 1

2.

For 𝑥𝑖 ∉ 𝑆⋆, its estimate is at most

1
2 − 4𝛾 2 < 1

2.

The threshold step therefore retains exactly the sampled elements of 𝑆⋆. On the generator-

list event they span 𝑆⋆, so 𝑆 = 𝑆⋆ and the algorithm does not return Fail.

In the stabilizer basis determined by 𝑆⋆, the outcome corresponding to |𝜙⋆⟩ occurs with

probability

|⟨𝜙⋆|𝜓 ⟩|2 ≥ cos2(𝜋/8) + 𝛾 > 1
2.
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For 𝑘 independent basis measurements, Hoeffding’s inequality (Lemma 2.4) gives

Pr[|𝜙⋆⟩ occurs at most 𝑘/2 times] ≤ 𝑒−𝑘/4.

Thus 𝑘 = ⌈4 log(3/𝛿)⌉ makes the final failure probability at most 𝛿/3. A union bound over

the generator-list, estimation, and basis-measurement events proves correctness.

It remains to account for resources. The 𝑚 Bell-difference samples use 4𝑚 = 𝑂(𝑛 +

log(1/𝛿)) copies. Applying Theorem 5.10 with 𝜂 = 2√2𝛾 uses

𝑂(
log(𝑚/𝛿)

𝛾 2
)

copies, and the final vote uses 𝑂(log(1/𝛿)). Since 𝑚 = 𝑂(𝑛 + log(1/𝛿)), the total copy

complexity is

𝑂(𝑛 +
log(𝑛/𝛿)

𝛾 2
).

Bell-difference sampling takes 𝑂(𝑚𝑛) time, and simultaneous estimation takes

𝑂(
𝑛𝑚 log(𝑚/𝛿)

𝛾 2
).

Gaussian elimination on the 𝑚 × 2𝑛 sample matrix, together with construction of the

Clifford basis change, takes 𝑂(𝑚𝑛min{𝑚, 𝑛}) time [AG04]. The final basis measurements

take 𝑂(𝑛2 log(1/𝛿)) time. Substituting the value of 𝑚 and collecting terms gives

𝑂(𝑛3 +
𝑛2 log(𝑛/𝛿) + 𝑛 log2(1/𝛿)

𝛾 2
),

as claimed.

5.3 Historical Context and SubsequentWork

The high-fidelity stabilizer algorithm of the preceding section was a precursor to the

agnostic tomography model: it captured the basic question that eventually led us to

formulate the general learning task. At the time, it was unclear whether one could obtain

a computationally efficient algorithm without such a high-fidelity assumption.
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This question led to subsequent joint work in which we introduced agnostic tomogra-

phy [GIKL26a]. As our first example, we considered the class of stabilizer product states

StabProd𝑛 ≔ {|0⟩, |1⟩, |+⟩, |−⟩, |i⟩, |−i⟩}⊗𝑛.

Unlike the high-fidelity algorithm above, the resulting algorithm works for every value of

the optimal fidelity.

Theorem 5.11 (Agnostic tomography of stabilizer product states). Let 0 < 𝜖 < 1 and

𝛿 ∈ (0, 1). Given copies of an arbitrary 𝑛-qubit mixed state 𝜌, there is a proper agnostic

tomography algorithm that outputs |𝜑̂⟩ ∈ StabProd𝑛 satisfying

⟨𝜑̂|𝜌|𝜑̂⟩ ≥ 𝐹StabProd𝑛(𝜌) − 𝜖

with probability at least 1 − 𝛿 . Its running time is

𝑛𝑂(log(1/𝜖)) log(1/𝛿)
𝜖2

.

The important point is that the theorem makes no assumption on the optimal fidelity.

Thus, unlike the high-fidelity stabilizer algorithm of the preceding section, it applies in all

fidelity regimes. For constant 𝜖, the running time is polynomial in 𝑛; more generally, it is

quasipolynomial in 𝑛 and 1/𝜖.

There are two particularly natural ways to generalize stabilizer product states. One

can allow entanglement while retaining stabilizer structure, giving the class of arbitrary

stabilizer states; or one can retain product structure while allowing arbitrary single-qubit

states, giving the class of all product states. Within months of our work, efficient agnostic

tomography algorithms were obtained for both classes.

Chen, Gong, Ye, and Zhang [CGYZ25] gave an agnostic tomography algorithm for

arbitrary stabilizer states, building on the Bell-difference sampling machinery from the

preceding subsection together with one ingenious new idea: when the target stabilizer state

cannot yet be recovered, they find a stabilizer projector whose successful postselection

boosts the target fidelity by a constant factor, and then iterate. Independently, Bakshi et
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al. [Bak+25] gave an agnostic tomography algorithm for arbitrary product states using

entirely different techniques.

The model has continued to develop in several directions. It has been extended from

states to quantum channels [WLKD25], and to mixed-state ansatz classes via a connection

to robust statistics [ADKL25]. A number of subsequent works have further developed

the agnostic tomography framework and extended it to other settings [ADGD26; AD26;

QXFL26; DJJMP26], and agnostic tomography algorithms have also inspired new classical

algorithms [BC26; ACDG26].
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Chapter 6: Property Testing Quantum States

The previous chapters asked for a classical description of an unknown quantum state,

either exactly or relative to some structured class. In this chapter, we ask for much less.

Rather than learning the state, we only want to decide whether it has a given property.

First, we consider testing stabilizer dimension (Definition 2.16), which measures the

number of independent Pauli operators that stabilize a pure state. We present a testing

algorithm for this property that accepts states with high stabilizer dimension. As a con-

sequence, states prepared by Clifford circuits with too few non-Clifford gates cannot be

pseudorandom.

We then turn to low-degree phase states. Classically, testing whether a function is a

low-degree polynomial requires only a small number of queries for every fixed degree.

The corresponding quantum problem is much harder: testing whether a phase state comes

from a low-degree polynomial requires nearly as many copies as learning the state itself.

6.1 The Property Testing Model

Let P be a set of pure states and let Δ(|𝜓 ⟩, |𝜙⟩) be a notion of distance. A state |𝜓 ⟩ is 𝜖-far

from P if

inf
|𝜙⟩∈P

Δ(|𝜓 ⟩, |𝜙⟩) ≥ 𝜖.

An 𝜖-tester using 𝑡 copies is a two-outcome measurement {𝑀, 𝐼 − 𝑀} on 𝑡 copies of the

input such that
|𝜓 ⟩ ∈ P ⟹ tr(𝑀|𝜓 ⟩⟨𝜓 |⊗𝑡) ≥

2
3,

|𝜓 ⟩ is 𝜖-far from P ⟹ tr(𝑀|𝜓 ⟩⟨𝜓 |⊗𝑡) ≤
1
3.

The constants 2/3 and 1/3 are conventional and can be amplified by repetition. A tester

has perfect completeness if it accepts every state in P with probability one.

The choice of distance is part of the testing problem. Throughout this chapter, distance

from a property is measured by infidelity,

1 − 𝐹(𝜓 , 𝜙),
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using the fidelity convention from Definition 2.3.

6.2 Testing Stabilizer Dimension

We begin by testing stabilizer dimension. Recall that an 𝑛-qubit pure state has stabilizer

dimension 𝑘 if it is a common +1-eigenvector of an abelian group of 2𝑘 Pauli operators.

In Section 4.2, high stabilizer dimension was used as a promise that made tomography

easier. Here we ask the question of whether we can design an algorithm to detect if such

symmetries exist at all.

For 𝑘 ∈ {1, … , 𝑛}, let

Q𝑘 ≔ {|𝜙⟩ ∶ dimWeyl(|𝜙⟩) ≥ 𝑘}.

Our goal is to distinguish |𝜓 ⟩ ∈ Q𝑘 from the case that

𝐹Q𝑘(|𝜓 ⟩) ≔ max
|𝜙⟩∈Q𝑘

𝐹(𝜓 , 𝜙) ≤ 1 − 𝜖.

The tester is based on a simple observation about Bell-difference sampling. If |𝜓 ⟩ has

stabilizer dimension at least 𝑘, then every Bell-difference sample lies in Weyl(|𝜓 ⟩)⟂s , a

subspace of dimension at most 2𝑛 − 𝑘. Thus, the samples can never span more than 2𝑛 − 𝑘

dimensions.

The converse is the interesting direction. If many Bell-difference samples span a

subspace 𝑇 of dimension at most 2𝑛 − 𝑘, then its symplectic complement 𝑆 = 𝑇⟂s has

dimension at least 𝑘. We will show that, once the samples capture enough of the Bell-

difference distribution, 𝑆 must be an approximate stabilizer subspace. The compression

machinery from Section 4.2.2 then implies that |𝜓 ⟩ is close to a state in Q𝑘 . This gives the

desired tester.

The only additional structural fact we need is that sufficiently large Bell-difference

mass on 𝑆⟂s forces 𝑆 to be isotropic.

Lemma 6.1 (Heavy Weyl mass implies isotropicity). Let 𝑆 ⊆ 𝔽2𝑛2 be a subspace. If

∑
𝑥∈𝑆⟂s

𝑞𝜓 (𝑥) >
5
8,

then 𝑆 is isotropic.
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Proof. Set

𝐴 ≔ {𝑥 ∈ 𝑆 ∶ 2𝑛𝑝𝜓 (𝑥) > 1/2}.

By Fact 2.18, all elements of 𝐴 commute, so span(𝐴) is isotropic. It therefore suffices to

show that 𝐴 spans 𝑆.

Suppose instead that |𝐴| ≤ |𝑆|/2. The Weyl duality identity in Proposition 2.20 gives

∑
𝑥∈𝑆⟂s

𝑞𝜓 (𝑥) = |𝑆⟂s |∑
𝑥∈𝑆

𝑝𝜓 (𝑥)2

≤ |𝑆⟂s |(
|𝑆|
2

1
4𝑛 + |𝑆|

2
1

4 ⋅ 4𝑛 )

= 5
8,

where the last equality uses |𝑆||𝑆⟂s | = 4𝑛. This contradicts the hypothesis. Hence |𝐴| > |𝑆|/2.

No proper subspace of 𝑆 contains more than half its elements, so 𝐴 spans 𝑆, proving that 𝑆

is isotropic.

We can now state the tester.

Algorithm 9 Testing stabilizer dimension
Input: Copies of an 𝑛-qubit pure state |𝜓 ⟩; 𝑘 ∈ {1, … , 𝑛}; 𝜖 ∈ (0, 3/8); 𝛿 ∈ (0, 1)
Promise: Either |𝜓 ⟩ ∈ Q𝑘 , or 𝐹Q𝑘

(|𝜓 ⟩) ≤ 1 − 𝜖
Output: Accept in the first case and reject in the second, except with probability at most 𝛿

1: 𝜂 ← 𝜖/2
2: 𝑚 ← ⌈(4𝑛 + 2 log(1/𝛿))/𝜂⌉
3: Draw independent Bell-difference samples 𝑥1, … , 𝑥𝑚 ∼ 𝑞𝜓
4: 𝑇 ← span{𝑥1, … , 𝑥𝑚}
5: 𝑆 ← 𝑇⟂s and 𝑘̂ ← dim 𝑆
6: return accept if 𝑘̂ ≥ 𝑘, and reject otherwise

Theorem 6.2 (Stabilizer-dimension testing). Let |𝜓 ⟩ be an 𝑛-qubit pure state, let 𝑘 ∈ {1, … , 𝑛},

and let 𝜖 ∈ (0, 3/8) and 𝛿 ∈ (0, 1). Under the promise that either

|𝜓 ⟩ ∈ Q𝑘 or 𝐹Q𝑘(|𝜓 ⟩) ≤ 1 − 𝜖,

Algorithm 9 distinguishes the two cases with probability at least 1 − 𝛿 . It has perfect complete-

ness, uses

𝑂(
𝑛 + log(1/𝛿)

𝜖 )
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copies of |𝜓 ⟩, and runs in

𝑂(
𝑛3 + 𝑛2 log(1/𝛿)

𝜖 )

time.

Proof. First suppose that |𝜓 ⟩ ∈ Q𝑘 . The support property in Proposition 2.21 confines every

sample to Weyl(|𝜓 ⟩)⟂s . This subspace has dimension at most 2𝑛 − 𝑘. Consequently,

dim 𝑇 ≤ 2𝑛 − 𝑘 and 𝑘̂ = dim 𝑇⟂s ≥ 𝑘

for every possible sequence of samples. The algorithm therefore accepts with probability

one.

Now suppose that 𝐹Q𝑘(|𝜓 ⟩) ≤ 1 − 𝜖. Apply Lemma 2.23 to 𝑞𝜓 on the ambient space 𝔽2𝑛2 .

The choice of 𝑚 ensures that, with probability at least 1 − 𝛿 ,

∑
𝑥∈𝑇

𝑞𝜓 (𝑥) ≥ 1 − 𝜂.

Condition on this event. Since 𝑇 = 𝑆⟂s , Propositions 2.20 and 2.22 yield

∑
𝑥∈𝑇

𝑝𝜓 (𝑥) ≥ 1 − 𝜂,

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) =
|𝑆|
2𝑛

∑
𝑥∈𝑆⟂s

𝑝𝜓 (𝑥) ≥ (1 − 𝜂) |𝑆|2𝑛 .

Moreover, 1 − 𝜂 > 5/8, so Lemma 6.1 shows that 𝑆 is isotropic. In particular, 𝑘̂ = dim 𝑆 ≤ 𝑛.

Writing 𝑡 = 𝑛 − 𝑘̂, the last display becomes

∑
𝑥∈𝑆

𝑝𝜓 (𝑥) ≥
1 − 𝜂
2𝑡 .

The robust product-state structure from Lemma 4.15 therefore produces a state |𝜓 ⟩ with

stabilizer dimension at least 𝑘̂ and

𝐹(𝜓 , 𝜓) ≥ 1 − 𝜂 = 1 − 𝜖
2 > 1 − 𝜖.

If 𝑘̂ ≥ 𝑘, then |𝜓 ⟩ ∈ Q𝑘 , contradicting the no-instance promise. Thus 𝑘̂ < 𝑘, and the

algorithm rejects on the conditioned event.
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Finally, each of the 𝑚 Bell-difference samples consumes four copies. Computing 𝑇⟂s by

Lemma 2.13 takes 𝑂(𝑚𝑛2) time and dominates the remaining work. Substituting the value

of 𝑚 gives the stated bounds.

The tester is efficient for every threshold 𝑘. This contrasts with the tomography al-

gorithms of Section 4.2, whose cost grows exponentially with the stabilizer nullity. For

testing, the dimension of the Bell-difference span is already enough: there is no need to

reconstruct the residual state.

6.3 Non-Clifford Complexity of Pseudorandom States

The stabilizer-dimension tester has an immediate application to quantum pseudorandom-

ness. A pseudorandom state must be indistinguishable from a Haar-random state by every

efficient quantum algorithm, even when the algorithm receives polynomially many copies.

States prepared using too few non-Clifford gates, however, have large stabilizer dimension.

As a result, their Bell-difference samples are confined to a proper subspace of 𝔽2𝑛2 , giving

an efficient way to distinguish them from Haar-random states.

This yields linear lower bounds on the non-Clifford resources needed to prepare

pseudorandom states. In particular, any preparation using Clifford gates and arbitrary

single-qubit non-Clifford gates requires at least ⌈𝑛/2⌉ non-Clifford gates, while a Clifford+𝑇

preparation requires at least 𝑛 𝑇 -gates. We prove these bounds below.

6.3.1 Pseudorandom States and Non-Clifford Gates

We first recall the definition of pseudorandom quantum states and relate the number of

non-Clifford gates in a circuit to the stabilizer dimension of its output. Let 𝜅 denote the

security parameter and 𝑛 = 𝑛(𝜅) the number of output qubits.

Definition 6.3 (Pseudorandom quantum states [JLS18]). A keyed family {|𝜙𝑧⟩ ∶ 𝑧 ∈ {0, 1}𝜅}

of 𝑛-qubit pure states is pseudorandom if it satisfies the following conditions.

(i) There is a polynomial-time quantum algorithm that, on input 𝑧, prepares |𝜙𝑧⟩.
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(ii) For every quantum algorithm A that runs in poly(𝜅) time and every 𝑟 = poly(𝜅),

| Pr
𝑧∼{0,1}𝜅

[A(|𝜙𝑧⟩⊗𝑟 ) = 1]

− Pr
|𝜓 ⟩∼𝜇Haar,𝑛

[A(|𝜓 ⟩⊗𝑟 ) = 1]| = negl(𝜅),

To violate pseudorandomness, we need an efficiently observable feature that is shared

by all states produced with few non-Clifford gates but is absent from a typical Haar-random

state. Stabilizer dimension provides exactly such a feature.

Recall from Lemma 4.8 that the output of an 𝑠-doped Clifford circuit has stabilizer

dimension at least 𝑛 − 2𝑠. For diagonal non-Clifford gates, we can improve the loss.

Lemma 6.4. Suppose that |𝜓 ⟩ is prepared from |0𝑛⟩ by Clifford gates and at most 𝑠 diagonal

single-qubit gates. Then

dimWeyl(|𝜓 ⟩) ≥ 𝑛 − 𝑠.

Proof. Proceed by induction on the number of diagonal gates. The initial stabilizer state has

stabilizer dimension 𝑛, and Clifford gates preserve the dimension. Consider a diagonal gate

𝐷 acting on one qubit. It commutes with every Pauli operator whose local factor on that

qubit is 𝐼 or 𝑍 . Within any Pauli subgroup, the operators with one of these two local factors

form a subgroup of index at most two. Thus at least half of the current unsigned stabilizer

group remains after applying 𝐷, so its dimension decreases by at most one. Induction

proves the claim.

Bell-difference sampling now turns this stabilizer structure into something observable.

Because 𝑞𝜓 is supported on the symplectic complement of the unsigned stabilizer group,

high stabilizer dimension forces all Bell-difference samples to lie in a low-dimensional

subspace.

Corollary 6.5 (Low-dimensional Weyl support). Let |𝜓 ⟩ be the output of an 𝑠-doped Clifford

state-preparation circuit. Then

supp(𝑞𝜓 ) ⊆ Weyl(|𝜓 ⟩)⟂s , dim(Weyl(|𝜓 ⟩)⟂s) ≤ 𝑛 + 2𝑠.
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If all the non-Clifford gates are diagonal, the second bound improves to

dim(Weyl(|𝜓 ⟩)⟂s) ≤ 𝑛 + 𝑠.

Proof. The support containment is Proposition 2.21. The two dimension bounds follow

from dim(𝑆) + dim(𝑆⟂s) = 2𝑛, together with Lemma 4.8 and Lemma 6.4, respectively.

In particular, if 𝑠 < 𝑛/2, then all Bell-difference samples lie in a proper subspace of

𝔽2𝑛2 . For diagonal gates the same conclusion holds whenever 𝑠 < 𝑛. We next show that

Haar-random states behave in the opposite way.

6.3.2 Bell Difference Sampling of Haar-Random States

We have shown that, for states prepared using too few non-Clifford gates, Bell-difference

samples are confined to a proper subspace. For a Haar-random state, the opposite happens:

with high probability, 𝑂(𝑛) Bell-difference samples span all of 𝔽2𝑛2 .

To prove this, we first show that no proper subspace can capture too much Bell-

difference probability. The needed bound follows from concentration of the Weyl expecta-

tion values of a Haar-random state.

A consequence of Lévy’s lemma proved in [GIKL23] is that, for every 𝑢 > 0,

Pr
|𝜓 ⟩∼𝜇Haar,𝑛

[max
𝑥≠0

|⟨𝜓 |𝑊𝑥 |𝜓 ⟩| ≥ 𝑢] ≤ 22𝑛+1 exp(−
2𝑛𝑢2

36𝜋3
). (6.1)

For later use, set

𝛽𝑛 ≔ 22𝑛+1 exp(−
2𝑛

36√3 𝜋3
). (6.2)

In particular, 𝛽𝑛 = exp(−Θ(2𝑛)).

Lemma 6.6 (Haar anticoncentration on subspaces). Except for a set of Haar measure at most

𝛽𝑛, an 𝑛-qubit pure state |𝜓 ⟩ satisfies

∑
𝑥∈𝑇

𝑞𝜓 (𝑥) ≤
2
3

simultaneously for every proper subspace 𝑇 ⊊ 𝔽2𝑛2 .
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Proof. It is enough to prove the claim for hyperplanes, since every proper subspace is

contained in one. Fix a hyperplane 𝑇 . Its symplectic complement is spanned by a nonzero

vector 𝑦 . Weyl duality from Proposition 2.20 gives

∑
𝑥∈𝑇

𝑞𝜓 (𝑥) = 22𝑛−1 ∑
𝑥∈𝑇⟂s

𝑝𝜓 (𝑥)2

=
1 + |⟨𝜓 |𝑊𝑦 |𝜓 ⟩|4

2 .

Thus this mass is at most 2/3 whenever |⟨𝜓 |𝑊𝑦 |𝜓 ⟩| ≤ 3−1/4. Applying (6.1) with 𝑢 =

3−1/4 proves the simultaneous statement and gives precisely the exception probability in

(6.2).

Conditioned on this event, whenever the samples currently span a proper subspace,

the next Bell-difference sample escapes that subspace with probability at least 1/3. Thus

𝑂(𝑛 + log(1/𝛿)) samples suffice to span all 2𝑛 dimensions.

Lemma 6.7 (Spanning under Haar measure). Let 𝛿 ∈ (0, 1), and set

𝑚 ≔ ⌈12𝑛 + 24 log(2/𝛿)⌉.

If |𝜓 ⟩ is Haar-random and 𝑥1, … , 𝑥𝑚 are independent samples from 𝑞𝜓 , then

Pr[span{𝑥1, … , 𝑥𝑚} ≠ 𝔽2𝑛2 ] ≤
𝛿
2 + 𝛽𝑛,

where the probability is over both the Haar-random state and the samples.

Proof. Condition on the event in Lemma 6.6. Let 𝑋𝑖 indicate that 𝑥𝑖 enlarges the span of the

preceding samples, with 𝑋𝑖 = 1 by convention if the span is already all of 𝔽2𝑛2 . For every

history,

Pr[𝑋𝑖 = 1 ∣ 𝑋1, … , 𝑋𝑖−1] ≥
1
3.

Consequently, ∑𝑖 𝑋𝑖 stochastically dominates a binomial random variable 𝑌 with parame-

ters 𝑚 and 1/3.
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Write 𝐿 = log(2/𝛿) and 𝜇 = 𝔼[𝑌 ] = 𝑚/3. The choice of 𝑚 gives 𝜇 ≥ 4𝑛 + 8𝐿, so

2𝑛 ≤ 𝜇/2. The multiplicative Chernoff bound in Lemma 2.7 yields

Pr[𝑌 < 2𝑛] ≤ Pr[𝑌 ≤ 𝜇/2] ≤ exp(−𝜇/8)

≤ exp(−𝑛/2 − 𝐿) ≤ 𝛿
2 .

Fewer than 2𝑛 span increases occur exactly when the samples fail to span 𝔽2𝑛2 . Removing

the conditioning adds at most 𝛽𝑛 to the failure probability.

6.3.3 From Distinguishing to Non-Clifford Lower Bounds

We can now put the two sides together. For a state prepared using too few non-Clifford

gates, Bell-difference samples are trapped in a proper subspace. For a Haar-random state,

the samples span the full Pauli space with high probability. The distinguisher therefore

only needs to sample repeatedly and compute the dimension of their span.

Algorithm 10 Few-non-Clifford states versus Haar
Input: Copies of an 𝑛-qubit pure state |𝜓 ⟩ and 𝛿 ∈ (0, 1)
Promise: Either |𝜓 ⟩ is Haar-random, or it is the output of an 𝑠-doped Clifford state-preparation

circuit with 𝑠 < 𝑛/2
Output: Return Haar in the first case and few in the second

1: 𝑚 ← ⌈12𝑛 + 24 log(2/𝛿)⌉
2: Draw independent Bell-difference samples 𝑥1, … , 𝑥𝑚 ∼ 𝑞𝜓
3: 𝑑 ← dim span{𝑥1, … , 𝑥𝑚}
4: return Haar if 𝑑 = 2𝑛, and few otherwise

Theorem 6.8 (Few-non-Clifford versus Haar). Let 𝛿 ∈ (0, 1) satisfy 𝛽𝑛 ≤ 𝛿/2. Algorithm 10

distinguishes an 𝑛-qubit Haar-random state from the output of any 𝑠-doped Clifford state-

preparation circuit with 𝑠 < 𝑛/2, with success probability at least 1 − 𝛿 . It uses

𝑂(𝑛 + log(1/𝛿))

copies and

𝑂(𝑛3 + 𝑛2 log(1/𝛿))

time. On the circuit-generated input, its conclusion is deterministic.
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Proof. For a circuit-generated input with 𝑠 < 𝑛/2, Corollary 6.5 confines all samples to a

subspace of dimension at most 𝑛 + 2𝑠 < 2𝑛. Their span can therefore never equal 𝔽2𝑛2 , and

the algorithm always returns few.

For a Haar-random input, Lemma 6.7 shows that the samples span the whole space

except with probability at most 𝛿/2 + 𝛽𝑛 ≤ 𝛿 . The algorithm then returns Haar. Each

sample consumes four copies of the input state. Computing the rank of an 𝑚 × 2𝑛 binary

matrix by Gaussian elimination takes 𝑂(𝑚𝑛2) time, which gives the stated bounds.

Any efficiently generated pseudorandom-state family must evade this distinguisher,

which immediately forces a linear number of non-Clifford gates.

Corollary 6.9 (Linear non-Clifford count). Suppose a family of 𝑛 = 𝑛(𝜅)-qubit pseudorandom

states is generated by 𝑠 = 𝑠(𝜅)-doped Clifford state-preparation circuits, where 𝑛(𝜅) → ∞.

Then, for all sufficiently large security parameters,

𝑠 ≥ ⌈
𝑛
2⌉.

Proof. If 𝑠 < 𝑛/2 for infinitely many security parameters, run Algorithm 10 with 𝛿 = 1/3.

For all sufficiently large such parameters, 𝛽𝑛 ≤ 1/6, so the algorithm labels a Haar-

random state correctly with probability at least 2/3, while it labels every state in the keyed

ensemble as few with probability one. Its time and copy complexities are polynomial in

𝑛, hence polynomial in 𝜅 because efficient generation implies 𝑛 ≤ poly(𝜅). This gives a

constant distinguishing advantage for infinitely many security parameters, contradicting

Definition 6.3.

Corollary 6.10 (Linear 𝑇 -count). Any family of Clifford+𝑇 circuits that prepares an ensemble

of 𝑛 = 𝑛(𝜅)-qubit pseudorandom states, where 𝑛(𝜅) → ∞, must use at least 𝑛 𝑇 -gates for all

sufficiently large security parameters.

Proof. The 𝑇 -gate is diagonal. If preparing circuits used 𝑠 < 𝑛 such gates for infinitely many

security parameters, the diagonal refinement in Corollary 6.5 would confine supp(𝑞𝜓 ) to a

subspace of dimension at most 𝑛 + 𝑠 < 2𝑛. The same distinguisher would separate every

state in the ensemble from a Haar-random state with constant advantage for infinitely

many security parameters, contradicting pseudorandomness.
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6.4 Lower Bounds for Testing Low-Degree Phase States

Classical low-degree testing is famously efficient: given query access to a function, one

can test whether it is a low-degree polynomial using only a small number of queries. We

ask what happens when the values of the polynomial are instead encoded in the phases of

a quantum state.

Let 𝑞 be prime, let 𝜔𝑞 = 𝑒2𝜋 i/𝑞 , and let 𝑓 ∶ 𝔽𝑚𝑞 → 𝔽𝑞 be a polynomial of degree at most

𝑑 . The corresponding phase state is

|𝜓𝑓 ⟩ ≔
1

𝑞𝑚/2
∑
𝑥∈𝔽𝑚𝑞

𝜔𝑓 (𝑥)
𝑞 |𝑥⟩.

We consider the problem of testing whether an unknown pure state is a degree-𝑑 phase

state.

We prove that, in contrast with the classical setting, this problem can require many

copies. For every fixed prime 𝑞 and fixed degree 𝑑 , our main lower bound is

Ω(𝑚⌊(𝑑−1)/2⌋)

copies. The quadratic case requires a separate argument, which gives the lower bound

𝑚 − 2.

The proof of the general result passes through coding theory. We first associate a

family of phase states with an arbitrary linear code and show that these states are hard

to distinguish from Haar-random states when the dual code can reliably decode a certain

random-error distribution. We then apply this framework to Reed–Muller codes, which

correspond precisely to low-degree phase states. The quadratic case behaves differently

and is treated separately at the end of the section.

6.4.1 Codeword Phase States

Let 𝐶 ≤ 𝔽𝑛𝑞 be a linear code. For 𝑐 ∈ 𝐶 , define

|𝜓𝑐⟩ ≔
1
√𝑛

𝑛
∑
𝑖=1

𝜔𝑐𝑖𝑞 |𝑖⟩, P𝐶 ≔ {|𝜓𝑐⟩ ∶ 𝑐 ∈ 𝐶}.
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These are the 𝐶-codeword phase states. The connection with low-degree phase states comes

from the 𝑞-ary Reed–Muller code RM𝑞[𝑚, 𝑑], obtained by evaluating every 𝑚-variate

polynomial of degree at most 𝑑 at all 𝑞𝑚 points of 𝔽𝑚𝑞 . We always identify polynomials that

induce the same function, or equivalently work in

𝔽𝑞[𝑥1, … , 𝑥𝑚]/(𝑥
𝑞
1 − 𝑥1, … , 𝑥𝑞𝑚 − 𝑥𝑚).

With the computational basis indexed by 𝔽𝑚𝑞 , the RM𝑞[𝑚, 𝑑]-codeword phase states are

precisely the degree-𝑑 phase states. We use

𝐷𝑑,𝑞(𝑟) ≔ |{𝛼 ∈ {0, … , 𝑞 − 1}𝑟 ∶ 𝛼1 + ⋯ + 𝛼𝑟 ≤ 𝑑}|

for the number of degree-at-most-𝑑 monomials in 𝑟 variables. In particular, 𝐷𝑑,𝑞(𝑟) =

dimRM𝑞[𝑟 , 𝑑]. We will also use the standard duality relation

RM𝑞[𝑚, 𝑑]⟂ = RM𝑞[𝑚, 𝑚(𝑞 − 1) − 𝑑 − 1], 0 ≤ 𝑑 < 𝑚(𝑞 − 1).

The random-error distribution relevant to the quantum problem is the following.

Sample 𝑎1, … , 𝑎𝑡 independently and uniformly from [𝑛], and set

𝑒𝑡 ≔ 𝛿𝑎1 + ⋯ + 𝛿𝑎𝑡 ∈ 𝔽𝑛𝑞 , (6.3)

where 𝛿𝑖 is the 𝑖th standard basis vector. We denote this distribution by E𝑡𝑛,𝑞 . Repeated

locations are allowed, and the sum is taken in 𝔽𝑞 .

Definition 6.11 (MAP decoding probability). Let 𝑉 ≤ 𝔽𝑛𝑞 have parity-check matrix 𝑃 . The

quantity 𝑝𝑡decode(𝑉 ) is the largest probability with which a decoder, given 𝑃𝑒𝑡 for 𝑒𝑡 ∼ E𝑡𝑛,𝑞 ,

can recover 𝑒𝑡 . Equivalently,

𝑝𝑡decode(𝑉 ) = ∑
𝑠

max
𝑥∶𝑃𝑥=𝑠

Pr[𝑒𝑡 = 𝑥].

The formula is achieved by the maximum a posteriori, or MAP, decoder. Our first goal

is to relate this classical decoding probability to quantum indistinguishability. For 𝑡 ≥ 1,

define the average moment state

𝜌𝑡𝐶 ≔ 𝔼
𝑐∼𝐶

[|𝜓𝑐⟩⟨𝜓𝑐 |⊗𝑡], 𝜌𝑡all ≔ 𝜌𝑡𝔽𝑛𝑞 . (6.4)
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We next develop a block decomposition of these states. Write |+𝑛⟩ = 𝑛−1/2∑𝑛
𝑖=1|𝑖⟩, and,

for 𝑣 ∈ 𝔽𝑛𝑞 , let 𝑍 𝑣 be the diagonal unitary with (𝑍 𝑣 )𝑖,𝑖 = 𝜔𝑣𝑖𝑞 . For a linear code 𝑉 ≤ 𝔽𝑛𝑞 ,

define the dephasing channel

Z𝑡
𝑉 (𝜎) ≔ 𝔼

𝑣∼𝑉
[(𝑍 𝑣 )⊗𝑡𝜎(𝑍−𝑣 )⊗𝑡].

By construction,

𝜌𝑡𝑉 = Z𝑡
𝑉 (|+𝑛⟩⟨+𝑛|⊗𝑡). (6.5)

Let 𝑀 ∈ 𝔽ℓ×𝑛𝑞 be a generator matrix of 𝑉 . For 𝑠 ∈ 𝔽ℓ𝑞 , set

𝑇 𝑉𝑠 ≔ {(𝑖1, … , 𝑖𝑡) ∈ [𝑛]𝑡 ∶ 𝑀
𝑡

∑
𝑗=1

𝛿𝑖𝑗 = 𝑠},

and let Π𝑉
𝑠 project onto the span of the computational basis vectors indexed by 𝑇 𝑉𝑠 .

Lemma 6.12 (Dephasing as a projective measurement). For every state 𝜎 on (ℂ𝑛)⊗𝑡 ,

Z𝑡
𝑉 (𝜎) = ∑

𝑠∈𝔽ℓ𝑞

Π𝑉
𝑠 𝜎Π𝑉

𝑠 .

Proof. For 𝑎 = (𝑎1, … , 𝑎𝑡) and 𝑏 = (𝑏1, … , 𝑏𝑡) in [𝑛]𝑡 , character orthogonality gives

⟨𝑎|Z𝑡
𝑉 (𝜎)|𝑏⟩ = 𝜎𝑎,𝑏 𝔼

𝑣∼𝑉
[𝜔

⟨∑𝑗 𝛿𝑎𝑗−∑𝑗 𝛿𝑏𝑗 ,𝑣⟩
𝑞 ]

= 𝜎𝑎,𝑏 1{𝑀 ∑
𝑗
𝛿𝑎𝑗 = 𝑀 ∑

𝑗
𝛿𝑏𝑗}.

These are exactly the matrix entries of the claimed projective channel.

Lemma 6.13 (Projection probabilities). For every 𝑠 ∈ 𝔽ℓ𝑞 ,

‖Π𝑉
𝑠 |+𝑛⟩⊗𝑡 ‖

2
2 = Pr[𝑀𝑒𝑡 = 𝑠].

Proof. The left-hand side is 𝑛−𝑡 |𝑇 𝑉𝑠 |, which is precisely the probability on the right-hand

side under Eq. (6.3).
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For a distribution D on a finite set, write

|√D⟩ ≔ ∑
𝑥

√D(𝑥)|𝑥⟩, diag(D) ≔ ∑
𝑥

D(𝑥)|𝑥⟩⟨𝑥|,

and define

𝜈(D) ≔ 1
2‖|√D⟩⟨√D| − diag(D)‖

1
.

Lemma 6.14. Every finite distribution D satisfies

𝜈(D) ≤
√
1 −∑

𝑥
D(𝑥)2.

Proof. Let 𝐴 = |√D⟩⟨√D| − diag(D). As a rank-one positive semidefinite matrix minus a

positive semidefinite matrix, 𝐴 has at most one positive eigenvalue. Since tr(𝐴) = 0, this

eigenvalue equals 1
2
‖𝐴‖1 = 𝜈(D). Consequently,

𝜈(D)2 ≤ tr(𝐴2) = 1 −∑
𝑥

D(𝑥)2.

6.4.2 Decoding and Indistinguishability

We can now state the main connection between coding theory and the quantum problem:

if the dual code can decode these random errors with high probability, then few copies of

a random codeword phase state reveal almost no information that distinguishes it from a

completely random phase state.

Theorem 6.15 (Decodability implies indistinguishability). For every linear code 𝐶 ≤ 𝔽𝑛𝑞 ,

𝑑tr(𝜌𝑡𝐶 , 𝜌
𝑡
all) ≤ √1 − 𝑝𝑡decode(𝐶⟂)2.

Proof. Let 𝐺 ∈ 𝔽𝑘×𝑛𝑞 be a generator matrix of 𝐶 , let S be the distribution of 𝐺𝑒𝑡 , and, for

each 𝑠 in the support of S, let E𝑠 be the conditional distribution of 𝑒𝑡 given 𝐺𝑒𝑡 = 𝑠.

For 𝔽𝑛𝑞 , take the identity matrix as the generator matrix. Then the projectors from

Lemma 6.12 obey

Π𝐶
𝑠 = ∑

𝑥∶𝐺𝑥=𝑠
Πall
𝑥 .
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For each 𝑥 with Pr[𝑒𝑡 = 𝑥] > 0, normalize Πall
𝑥 |+𝑛⟩⊗𝑡 to a unit vector |𝑢𝑥⟩. The vectors

|𝑢𝑥⟩ are mutually orthogonal. Within the 𝑠 block, the normalized state arising from 𝜌𝑡𝐶 is

therefore

(∑
𝑥

√E𝑠(𝑥)|𝑢𝑥⟩)(∑
𝑦

√E𝑠(𝑦)⟨𝑢𝑦 |),

whereas the corresponding normalized block of 𝜌𝑡all is ∑𝑥 E𝑠(𝑥)|𝑢𝑥⟩⟨𝑢𝑥 |. Both blocks have

weight S(𝑠), by Lemma 6.13. Orthogonality of the blocks now gives the exact identity

𝑑tr(𝜌𝑡𝐶 , 𝜌
𝑡
all) = 𝔼

𝑠∼S
[𝜈(E𝑠)]. (6.6)

By Lemma 6.14, Jensen’s inequality, and the definition of the MAP decoder,

𝔼
𝑠∼S

[𝜈(E𝑠)] ≤
√
1 −∑

𝑥
𝔼
𝑠∼S

[E𝑠(𝑥)2],

∑
𝑥

𝔼
𝑠∼S

[E𝑠(𝑥)2] = ∑
𝑠
S(𝑠)∑

𝑥
E𝑠(𝑥)2

≥ ∑
𝑠
S(𝑠)(max

𝑥
E𝑠(𝑥))

2

≥ (∑
𝑠
S(𝑠)max

𝑥
E𝑠(𝑥))

2

= 𝑝𝑡decode(𝐶
⟂)2.

Here 𝐺 is also a parity-check matrix of 𝐶⟂, so the final quantity is exactly the decoding

probability in Definition 6.11. Combining the two displays with Eq. (6.6) proves the theorem.

To convert indistinguishability into a testing lower bound, we compare codeword phase

states with Haar-random states. Let

𝜌𝑡Haar ≔ 𝔼
|Ψ⟩∼Haar(ℂ𝑛)

[|Ψ⟩⟨Ψ|⊗𝑡].

Theorem 6.16 (Random finite-field phase states). For every prime 𝑞,

𝑑tr(𝜌𝑡all, 𝜌
𝑡
Haar) ≤

𝑡(𝑡 − 1)
𝑛 .

The proof of Theorem 6.16 is given in Section 6.5.1.
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Corollary 6.17. For every linear code 𝐶 ≤ 𝔽𝑛𝑞 ,

𝑑tr(𝜌𝑡𝐶 , 𝜌
𝑡
Haar) ≤ √1 − 𝑝𝑡decode(𝐶⟂)2 +

𝑡(𝑡 − 1)
𝑛 .

Proof. Apply the triangle inequality to Theorems 6.15 and 6.16.

The remaining ingredient is that a Haar-random state is very unlikely to be close to

any flat state. Define

Pflat ≔ {
1
√𝑛

𝑛
∑
𝑖=1

𝑒i𝜃𝑖 |𝑖⟩ ∶ 𝜃𝑖 ∈ ℝ}.

Lemma 6.18 (Haar measure of flat-state neighborhoods). Fix 𝜖 < 1−𝜋/4. There are constants

𝑐𝜖 > 0 and 𝑛𝜖 such that, for all 𝑛 ≥ 𝑛𝜖 ,

Pr
|Ψ⟩∼Haar(ℂ𝑛)

[ max
|𝜃⟩∈Pflat

|⟨Ψ|𝜃⟩|2 ≥ 1 − 𝜖] ≤ 2𝑒−𝑐𝜖𝑛.

Proof. For |𝜓 ⟩ = ∑𝑖 𝛼𝑖|𝑖⟩, set

𝐿(|𝜓 ⟩) ≔ 1
√𝑛

𝑛
∑
𝑖=1

|𝛼𝑖|.

Choosing each phase to align with 𝛼𝑖 gives

max
|𝜃⟩∈Pflat

|⟨𝜓 |𝜃⟩|2 = 𝐿(|𝜓 ⟩)2.

For a Haar-random state |Ψ⟩ = ∑𝑖𝐴𝑖|𝑖⟩, one has |𝐴1|2 ∼ Beta(1, 𝑛 − 1). Hence

𝔼𝐿(|Ψ⟩) = √𝑛 𝔼|𝐴1| = √𝑛
Γ(3/2)Γ(𝑛)
Γ(𝑛 + 1/2)

.

The Wendel–Gautschi inequalities [Wen48; Gau59] imply

√𝜋
2 ≤ 𝔼𝐿(|Ψ⟩) ≤ √𝜋

2 √
1 + 1

2𝑛 .

Set 𝑎𝜖 = √1 − 𝜖 and Δ𝜖 = 𝑎𝜖 − √𝜋/2 > 0. For all sufficiently large 𝑛,

𝔼𝐿(|Ψ⟩) ≤ 𝑎𝜖 −
Δ𝜖
2 .

Moreover, 𝐿 is 1-Lipschitz, because

|𝐿(|𝜓 ⟩) − 𝐿(|𝜙⟩)| ≤
1
√𝑛

∑
𝑖
|𝛼𝑖 − 𝛽𝑖| ≤ ‖|𝜓 ⟩ − |𝜙⟩‖2.
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Lévy’s lemma, in the form recorded for example in [Ger13], therefore yields

Pr[𝐿(|Ψ⟩)2 ≥ 1 − 𝜖] ≤ Pr[|𝐿(|Ψ⟩) − 𝔼𝐿(|Ψ⟩)| ≥
Δ𝜖
2 ]

≤ 2 exp(−
𝑛Δ2

𝜖
36𝜋3

).

Thus the claim holds with 𝑐𝜖 = Δ2
𝜖/(36𝜋3).

Lemma 6.19. Let P be a property of pure states, all of which are flat, and suppose

𝑑tr(𝜌𝑡P, 𝜌
𝑡
Haar) ≤ 𝛾 ,

where 𝜌𝑡P is the 𝑡th moment of a distribution supported on P. Define

𝜂𝜖(P) ≔ Pr
|Ψ⟩∼Haar

[max
|𝜙⟩∈P

|⟨Ψ|𝜙⟩|2 ≥ 1 − 𝜖].

If

𝜂𝜖(P) <
1
2 −

3𝛾
2 ,

then every 𝜖-tester for P uses at least 𝑡 + 1 copies.

Proof. Suppose that a tester uses 𝑘 ≤ 𝑡 copies, and let 𝑀 be its accepting POVM element.

Taking a partial trace of the moment states shows that their 𝑘th moments are also within

trace distance 𝛾 . Completeness therefore gives

tr(𝑀𝜌𝑘Haar) ≥ tr(𝑀𝜌𝑘P) − 𝛾 ≥ 2
3 − 𝛾 .

On the other hand, a Haar-random state lies in the 𝜖-neighborhood of P with probability

𝜂𝜖(P). The tester accepts with probability at most 1 on that neighborhood and, by soundness,

at most 1/3 outside it. Thus

tr(𝑀𝜌𝑘Haar) ≤ 𝜂𝜖(P) +
1
3(1 − 𝜂𝜖(P)) =

1
3 + 2

3𝜂𝜖(P).

Combining the two inequalities forces 𝜂𝜖(P) ≥
1
2
− 3𝛾

2
, a contradiction.
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Theorem 6.20 (General codeword-state testing lower bound). Let 𝐶 ≤ 𝔽𝑛𝑞 , fix 0 < 𝜖 <

1 − 𝜋/4, and define

𝛾 ≔ √1 − 𝑝𝑡decode(𝐶⟂)2 +
𝑡(𝑡 − 1)

𝑛 .

For every fixed 𝛿 > 0 and all sufficiently large 𝑛, if 𝛾 ≤ 1/3 − 𝛿 , then every 𝜖-tester for P𝐶

requires at least 𝑡 + 1 copies.

Proof. By Corollary 6.17, the 𝑡th moment of a uniformly random 𝐶-codeword state is within

trace distance 𝛾 of the Haar moment. Since P𝐶 ⊆ Pflat, Lemma 6.18 gives 𝜂𝜖(P𝐶) ≤ 2𝑒−𝑐𝜖𝑛.

For sufficiently large 𝑛, this is strictly smaller than 3𝛿/2, while

1
2 −

3𝛾
2 ≥ 3𝛿

2 .

The claim follows from Lemma 6.19.

6.4.3 Lower Bounds for Reed–Muller Codeword Phase States

To apply our framework, it remains to show that the relevant Reed–Muller dual codes can

decode the random errors above. The required decoding estimate is stated next; its proof

is deferred to Section 6.5.2.

Corollary 6.21 (Random-error decoding estimate). Let 𝑞 be prime, let 𝑚 ≥ 1, and suppose

0 ≤ 𝑑 ≤ ⌊
𝑚(𝑞 − 1) − 2

2 ⌋, 0 ≤ 𝑟 ≤ 𝑚.

Set 𝐶 = RM𝑞[𝑚, 2𝑑 + 1]. If 1 ≤ 𝑡 ≤ 𝐷𝑑,𝑞(𝑟), then

√1 − 𝑝𝑡decode(𝐶⟂)2 ≤ √2𝑡𝑞𝑟−𝑚.

Lemma 6.22. Let 𝑞 be prime and fix 0 < 𝜖 < 1 − 𝜋/4. Let 𝑑0, 𝑑 satisfy

0 ≤ 𝑑0 ≤ ⌊
𝑚(𝑞 − 1) − 2

2 ⌋, 2𝑑0 + 1 ≤ 𝑑 ≤ 𝑚(𝑞 − 1).

For all sufficiently large 𝑚, every 𝜖-tester for PRM𝑞[𝑚,𝑑] requires

Ω( max
0≤𝑟≤𝑚

min{𝐷𝑑0,𝑞(𝑟), 𝑞
𝑚−𝑟 , 𝑞𝑚/2})

copies.
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Proof. Fix 𝑟 ∈ {0, … , 𝑚} and abbreviate

𝑇𝑟 ≔ min{𝐷𝑑0,𝑞(𝑟), 𝑞
𝑚−𝑟 , 𝑞𝑚/2}.

Choose a sufficiently small absolute constant 𝑐 ∈ (0, 1). If 𝑇𝑟 < 2/𝑐, the claimed Ω(𝑇𝑟 )

bound follows from the trivial one-copy lower bound: the property is nonempty, and, for

sufficiently large 𝑚, its 𝜖-far set is nonempty by Lemma 6.18. We may therefore suppose

that 𝑇𝑟 ≥ 2/𝑐 and take 𝑡 = ⌊𝑐𝑇𝑟 ⌋. Then

1 ≤
𝑐𝑇𝑟
2 ≤ 𝑡 ≤ 𝑐𝑇𝑟 .

Let

𝐶 = RM𝑞[𝑚, 𝑑], 𝐶′ = RM𝑞[𝑚, 2𝑑0 + 1].

The degree assumption gives 𝐶′ ⊆ 𝐶 , hence 𝐶⟂ ⊆ 𝐶′⟂. A smaller code supplies at least as

much syndrome information, so

𝑝𝑡decode(𝐶
⟂) ≥ 𝑝𝑡decode(𝐶

′⟂).

Since 𝑡 ≤ 𝐷𝑑0,𝑞(𝑟), Corollary 6.21 yields

√1 − 𝑝𝑡decode(𝐶⟂)2 ≤ √2𝑡𝑞𝑟−𝑚.

The Hilbert-space dimension is 𝑛 = 𝑞𝑚, and therefore Corollary 6.17 bounds the distance

between the codeword and Haar moment states by

𝛾 ≤ √2𝑡𝑞𝑟−𝑚 + 𝑡2

𝑞𝑚 .

Our choice of 𝑡 ensures both 𝑡 ≤ 𝑐𝑞𝑚−𝑟 and 𝑡 ≤ 𝑐𝑞𝑚/2, so

𝛾 ≤ √2𝑐 + 𝑐2.

Choose 𝑐 small enough that the right-hand side is below 1/3 − 𝛿 for some constant 𝛿 > 0.

Then Theorem 6.20 rules out a tester using 𝑡 copies. This proves anΩ(𝑇𝑟 ) bound; maximizing

over 𝑟 completes the proof.

135



Theorem 6.23 (Low-degree phase-state testing lower bound). Let 𝑞 be prime, let 1 ≤ 𝑑 ≤

𝑚(𝑞 − 1), fix 0 < 𝜖 < 1 − 𝜋/4, and set

𝑑0 ≔ ⌊
𝑑 − 1
2 ⌋.

Suppose

𝑑0 ≤ ⌊
𝑚(𝑞 − 1) − 2

2 ⌋.

For all sufficiently large 𝑚, every 𝜖-tester for 𝑚-variate degree-𝑑 phase states over 𝔽𝑞 requires

Ω(
min{⌊𝑚/2⌋,𝑑0}

∑
𝑗=0

(
⌊𝑚/2⌋

𝑗
))

copies.

Proof. Apply Lemma 6.22 with 𝑟 = ⌊𝑚/2⌋. Since 𝐷𝑑0,𝑞(𝑟) ≤ 𝑞𝑟 , we have

𝐷𝑑0,𝑞(𝑟) ≤ 𝑞𝑚−𝑟 , 𝐷𝑑0,𝑞(𝑟) ≤ 𝑞𝑚/2.

The general lower bound is therefore Ω(𝐷𝑑0,𝑞(𝑟)). Counting only squarefree monomials

gives

𝐷𝑑0,𝑞(𝑟) ≥
min{𝑟 ,𝑑0}
∑
𝑗=0

(
𝑟
𝑗
),

which proves the theorem.

In particular, the above theorems imply the simpler lower bound

Ω((
⌊𝑚/2⌋

min{⌊𝑚/2⌋, ⌊(𝑑 − 1)/2⌋}
)).

For fixed 𝑑 , this gives

Ω(𝑚⌊(𝑑−1)/2⌋)

copies. Thus, unlike classical low-degree testing, the quantum copy complexity has an

exponent that grows with the degree. In particular, there is no bound polynomial jointly

in 𝑚, 𝑑 , and 𝑞.
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6.4.4 Quadratic Phase States

Degree-2 phase states are stabilizer states in the standard prime-dimensional qudit formal-

ism, and stabilizer states in that formalism admit a constant-copy test [GNW21]. One might

therefore expect quadratic phase states to be equally easy to recognize. In fact, testing

this smaller family requires a linear number of copies, matching the order of the copy

complexity for learning the state [Röt09].

We use notation tailored to this case. Let 1𝑡 ∈ 𝔽𝑡𝑞 be the all-ones vector. For 𝑥1, … , 𝑥𝑡 ∈

𝔽𝑚𝑞 , let 𝑋 ∈ 𝔽𝑚×𝑡𝑞 be the matrix with these columns and write |𝑋 ⟩ = |𝑥1, … , 𝑥𝑡⟩. Given

𝑄 ∈ 𝔽𝑚×𝑚𝑞 and ℓ ∈ 𝔽𝑚𝑞 , define

𝑓𝑄,ℓ(𝑥) ≔ 𝑥⊤𝑄𝑥 + ⟨ℓ, 𝑥⟩.

As 𝑄 and ℓ range uniformly, this parametrizes the uniform distribution over degree-at-

most-2 polynomial functions with zero constant term. Constant terms contribute only a

global phase. Let

𝜌0 ≔ 𝔼
𝑄,ℓ
[|𝜓𝑓𝑄,ℓ⟩⟨𝜓𝑓𝑄,ℓ |

⊗𝑡].

Lemma 6.24. The state 𝜌0 has the expansion

𝜌0 = 𝑞−𝑚𝑡 ∑
𝑋,𝑌∈𝔽𝑚×𝑡𝑞

1{𝑋𝑋⊤ = 𝑌𝑌⊤ and 𝑋1𝑡 = 𝑌1𝑡 }|𝑋 ⟩⟨𝑌 |.

Proof. Expanding the moment state and applying character orthogonality twice gives

𝜌0 = 𝑞−𝑚𝑡 ∑
𝑋,𝑌

𝔼
𝑄
[𝜔⟨𝑄,𝑋𝑋⊤−𝑌𝑌⊤⟩

𝑞 ] 𝔼
ℓ
[𝜔⟨ℓ,𝑋1𝑡−𝑌1𝑡⟩𝑞 ]|𝑋⟩⟨𝑌 |

= 𝑞−𝑚𝑡 ∑
𝑋,𝑌

1{𝑋𝑋⊤ = 𝑌𝑌⊤}1{𝑋1𝑡 = 𝑌1𝑡 }|𝑋 ⟩⟨𝑌 |.

For nonzero 𝑣 ∈ 𝔽𝑚𝑞 , let

𝐻𝑣 ≔ {𝑥 ∈ 𝔽𝑚𝑞 ∶ ⟨𝑥, 𝑣⟩ = 0}, 𝑃𝑣 ≔ ∑
𝑥∈𝐻𝑣

|𝑥⟩⟨𝑥|.
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For a quadratic polynomial 𝑓 , define the phase state truncated to this hyperplane by

|𝜓𝑣 ,𝑓 ⟩ ≔ 𝑞−(𝑚−1)/2 ∑
𝑥∈𝐻𝑣

𝜔𝑓 (𝑥)
𝑞 |𝑥⟩ = √𝑞 𝑃𝑣 |𝜓𝑓 ⟩.

For any quadratic phase state |𝜓𝑔⟩,

|⟨𝜓𝑔 |𝜓𝑣 ,𝑓 ⟩| ≤
|𝐻𝑣 |

𝑞𝑚/2𝑞(𝑚−1)/2
= 1

√𝑞
.

Every truncated state is consequently at infidelity at least 1 − 1/𝑞 from every quadratic

phase state.

In the averages below, 𝑣 is uniform on 𝔽𝑚𝑞 ∖ {0}, while 𝑓 = 𝑓𝑄,ℓ is drawn independently

from the distribution defining 𝜌0.

Define the average truncated moment

𝜌1 ≔ 𝔼
𝑣≠0
𝑓

[|𝜓𝑣 ,𝑓 ⟩⟨𝜓𝑣 ,𝑓 |⊗𝑡].

The projection identity above gives

𝜌1 = 𝑞𝑡 𝔼
𝑣≠0

[𝑃⊗𝑡𝑣 𝜌0𝑃⊗𝑡𝑣 ]. (6.7)

Equivalently,

⟨𝑋 |𝜌1|𝑌 ⟩ = 𝑞𝑡 𝔼
𝑣≠0

[1{𝑋 ⊆ 𝐻𝑣 }1{𝑌 ⊆ 𝐻𝑣 }]⟨𝑋 |𝜌0|𝑌 ⟩, (6.8)

where 𝑋 ⊆ 𝐻𝑣 means that every column of 𝑋 lies in 𝐻𝑣 .

Let

Π=𝑡 ≔ ∑
𝑋∈𝔽𝑚×𝑡𝑞

rank(𝑋)=𝑡

|𝑋 ⟩⟨𝑋 |, Π<𝑡 ≔ 𝐼 − Π=𝑡 .

We first record a linear-algebra observation. If rank(𝑋) = 𝑡 , then 𝑋⊤ is surjective and 𝑋 is

injective, so

im(𝑋𝑋⊤) = col(𝑋), rank(𝑋𝑋⊤) = 𝑡.

It follows that whenever rank(𝑋) = 𝑡 and 𝑋𝑋⊤ = 𝑌𝑌⊤, one also has rank(𝑌 ) = 𝑡 and

col(𝑌 ) = col(𝑋). By Lemma 6.24 and Eq. (6.8), both 𝜌0 and 𝜌1 are therefore block diagonal

with respect to Π=𝑡 + Π<𝑡 .
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Lemma 6.25. The two blocks satisfy

‖Π=𝑡(𝜌0 − 𝜌1)Π=𝑡 ‖1 ≤ 𝑞𝑡−𝑚

and

‖Π<𝑡(𝜌0 − 𝜌1)Π<𝑡 ‖1 ≤ (𝑞 + 1)𝑞𝑡−𝑚.

Proof. Suppose 𝑋 and 𝑌 have rank 𝑡 and ⟨𝑋 |𝜌0|𝑌 ⟩ ≠ 0. Their column spaces coincide, and

the condition 𝑋 ⊆ 𝐻𝑣 is therefore equivalent to both 𝑋 ⊆ 𝐻𝑣 and 𝑌 ⊆ 𝐻𝑣 . There are

𝑞𝑚−𝑡 − 1 nonzero vectors orthogonal to this 𝑡-dimensional column space. Thus

𝔼
𝑣≠0

[1{𝑋 ⊆ 𝐻𝑣 }1{𝑌 ⊆ 𝐻𝑣 }] =
𝑞𝑚−𝑡 − 1
𝑞𝑚 − 1 .

Using Eq. (6.8),

Π=𝑡𝜌1Π=𝑡 =
𝑞𝑚 − 𝑞𝑡

𝑞𝑚 − 1 Π=𝑡𝜌0Π=𝑡 .

Since the latter operator is positive semidefinite,

‖Π=𝑡(𝜌0 − 𝜌1)Π=𝑡 ‖1 = (1 −
𝑞𝑚 − 𝑞𝑡

𝑞𝑚 − 1 ) tr(Π=𝑡𝜌0)

≤ 𝑞𝑡−𝑚.

For the rank-deficient block, positivity and the triangle inequality give

‖Π<𝑡(𝜌0 − 𝜌1)Π<𝑡 ‖1 ≤ tr(Π<𝑡𝜌0) + tr(Π<𝑡𝜌1).

The probability that 𝑡 uniformly random vectors of 𝔽𝑚𝑞 are linearly dependent is at most 𝑞𝑡−𝑚.

Conditional on a hyperplane, the corresponding probability in its (𝑚−1)-dimensional vector

space is at most 𝑞𝑡−𝑚+1. These are the two traces above, proving the second inequality.

Proposition 6.26.

‖𝜌0 − 𝜌1‖1 ≤ (𝑞 + 2)𝑞𝑡−𝑚.

Proof. Add the two bounds in Lemma 6.25, using the block-diagonal decomposition.

Theorem 6.27 (Quadratic phase-state lower bound). For every 0 < 𝜖 ≤ 1 − 1/𝑞, any 𝜖-tester

for 𝑚-variate degree-2 phase states over 𝔽𝑞 requires at least 𝑚 − 2 copies.
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Proof. Suppose that a tester uses 𝑡 copies, and let𝑀 be its accepting POVM element. Every

state in the ensemble 𝜌0 is a quadratic phase state, whereas every state in the ensemble 𝜌1
has infidelity at least 1− 1/𝑞 ≥ 𝜖 from all quadratic phase states. Completeness, soundness,

and linearity therefore imply

1
3 ≤ tr(𝑀(𝜌0 − 𝜌1)) ≤

1
2‖𝜌0 − 𝜌1‖1 ≤

𝑞 + 2
2 𝑞𝑡−𝑚,

where the last inequality is Proposition 6.26. Consequently,

𝑡 ≥ 𝑚 + log𝑞(
2

3(𝑞 + 2))
.

For every prime 𝑞 ≥ 2, the logarithmic term is greater than −3. Since 𝑡 is an integer,

𝑡 ≥ 𝑚 − 2.

6.5 Deferred Proofs

This final part supplies the two longer ingredients deferred above. The first compares

uniformly random 𝔽𝑞 phase states with Haar-random states. The second proves the Reed–

Muller decoding estimate used in the general low-degree lower bound.

6.5.1 Random Phase States Are Close to Haar Random

Proof of Theorem 6.16. If 𝑡 > 𝑛, the claimed upper bound is at least 1 and is therefore trivial.

Assume henceforth that 𝑡 ≤ 𝑛.

Index the computational basis of (ℂ𝑛)⊗𝑡 by strings 𝑎 = (𝑎1, … , 𝑎𝑡) ∈ [𝑛]𝑡 , and let

𝑚𝑎(𝑗) ≔ |{ℓ ∈ [𝑡] ∶ 𝑎ℓ = 𝑗}|

be the occupation number of 𝑗. The matrix entries of the random-phase moment are

⟨𝑎|𝜌𝑡all|𝑏⟩ =
1
𝑛𝑡 𝔼

𝑣∼𝔽𝑛𝑞
[𝜔

∑𝑡
ℓ=1(𝑣𝑎ℓ−𝑣𝑏ℓ)𝑞 ]

= 1
𝑛𝑡 1{𝑚𝑎(𝑗) ≡ 𝑚𝑏(𝑗) (mod 𝑞) for all 𝑗 ∈ [𝑛]}. (6.9)

For the Haar moment, the standard symmetric-subspace formula [Har13] gives

𝜌𝑡Haar =
1

𝑛(𝑛 + 1)⋯ (𝑛 + 𝑡 − 1)
∑
𝜋∈𝑆𝑡

𝑈𝜋 ,
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and hence

⟨𝑎|𝜌𝑡Haar|𝑏⟩ =
|{𝜋 ∈ 𝑆𝑡 ∶ 𝑎 = 𝑏 ∘ 𝜋}|
𝑛(𝑛 + 1)⋯ (𝑛 + 𝑡 − 1)

. (6.10)

Let Πdistinct project onto the span of strings with no repeated coordinate. If both 𝑎 and

𝑏 are collision-free, every occupation number is 0 or 1. Since 𝑞 ≥ 2, congruence modulo

𝑞 is then the same as equality. Thus Eqs. (6.9) and (6.10) have the same nonzero pattern

on this subspace: they are nonzero exactly when 𝑎 and 𝑏 are permutations of one another,

and there is a unique matching permutation.

Define the unnormalized operator

𝐴 ≔ ∑
𝑎,𝑏∈[𝑛]𝑡 collision-free
{𝑎1,…,𝑎𝑡}={𝑏1,…,𝑏𝑡}

|𝑎⟩⟨𝑏|.

Then

Πdistinct𝜌𝑡allΠdistinct =
𝐴
𝑛𝑡 , Πdistinct𝜌𝑡HaarΠdistinct =

𝐴
𝑛(𝑛 + 1)⋯ (𝑛 + 𝑡 − 1)

.

Writing (𝑛)𝑡 = 𝑛(𝑛 − 1)⋯ (𝑛 − 𝑡 + 1), we have tr(𝐴) = (𝑛)𝑡 . The weights of the collision-free

block are therefore

𝑝all =
(𝑛)𝑡
𝑛𝑡 , 𝑝Haar =

(𝑛)𝑡
𝑛(𝑛 + 1)⋯ (𝑛 + 𝑡 − 1)

.

After normalization, both restrictions equal the same state 𝜏 = 𝐴/(𝑛)𝑡 .

Both moment states are block diagonal with respect to Πdistinct ⊕ (𝐼 − Πdistinct). This is

immediate for the Haar moment because permutations preserve occupation numbers. For

the phase moment, suppose 𝑎 is collision-free and the entry in Eq. (6.9) is nonzero. At each

of the 𝑡 locations occupied by 𝑎, the corresponding occupation number of 𝑏 is congruent to

1 modulo 𝑞, and is therefore at least 1. Since the occupation numbers of 𝑏 sum to 𝑡 , these

are all exactly 1, and every other occupation number is 0. Thus 𝑏 is also collision-free.

There consequently exist states 𝜌bad and 𝜎bad, supported on the collision subspace,

such that

𝜌𝑡all = 𝑝all𝜏 + (1 − 𝑝all)𝜌bad, 𝜌𝑡Haar = 𝑝Haar𝜏 + (1 − 𝑝Haar)𝜎bad.
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The triangle inequality gives

𝑑tr(𝜌𝑡all, 𝜌
𝑡
Haar) ≤

1
2(|𝑝all − 𝑝Haar| + 1 − 𝑝all + 1 − 𝑝Haar)

= 1 − 𝑝Haar,

where the equality uses 𝑝Haar ≤ 𝑝all ≤ 1. Finally,

𝑝Haar =
𝑡−1
∏
𝑗=0

𝑛 − 𝑗
𝑛 + 𝑗 =

𝑡−1
∏
𝑗=0

(1 −
2𝑗

𝑛 + 𝑗 ),

1 − 𝑝Haar ≤
𝑡−1
∑
𝑗=0

2𝑗
𝑛 + 𝑗 ≤

𝑡(𝑡 − 1)
𝑛 .

This proves the theorem.

6.5.2 Random-Error Decoding for Reed–Muller Codes

We now prove Corollary 6.21. The main combinatorial step is that a small random collec-

tion of columns from a Reed–Muller generator matrix is linearly independent with high

probability. This extends the binary analysis of Abbe, Shpilka, and Wigderson [ASW15] to

arbitrary prime fields.

For 0 ≤ 𝑑 ≤ 𝑚(𝑞 − 1), let

P𝑚,𝑑,𝑞 ≔ span𝔽𝑞{𝑥
𝛼 ∶ 𝛼 ∈ {0, … , 𝑞 − 1}𝑚, 𝛼1 + ⋯ + 𝛼𝑚 ≤ 𝑑}.

This is the vector space of degree-at-most-𝑑 polynomial functions on 𝔽𝑚𝑞 . Let M𝑚,𝑑,𝑞 be its

displayed monomial basis. For 𝑥 ∈ 𝔽𝑚𝑞 , define the evaluation functional

𝐸𝑥 ∶ P𝑚,𝑑,𝑞 → 𝔽𝑞 , 𝐸𝑥(𝑓 ) = 𝑓 (𝑥).

In the monomial basis, 𝐸𝑥 is the column indexed by 𝑥 of the standard generator matrix of

RM𝑞[𝑚, 𝑑].

For a linear code 𝐷 ≤ 𝔽𝑁𝑞 , define

supp(𝐷) ≔ {𝑖 ∈ [𝑁 ] ∶ 𝑦𝑖 ≠ 0 for some 𝑦 ∈ 𝐷}.
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Its 𝑎th generalized Hamming weight is

𝑑𝑎(𝐷) ≔ min{|supp(𝐷′)| ∶ 𝐷′ ≤ 𝐷, dim𝐷′ = 𝑎}.

We use the following characterization of the generalized Hamming weights of 𝑞-ary Reed–

Muller codes [HP98, Theorem 5.10].

Theorem 6.28 (Heijnen–Pellikaan). Let 𝑄 = {0, … , 𝑞 − 1}, and let 𝛼 be the 𝑎th element in

lexicographic order of

{𝛽 ∈ 𝑄𝑚 ∶ ∑
𝑖
𝛽𝑖 > (𝑞 − 1)𝑚 − 𝑑 − 1}.

Then

𝑑𝑎(RM𝑞[𝑚, 𝑑]) =
𝑚
∑
𝑖=1

𝛼𝑖𝑞𝑚−𝑖 + 1.

For 𝐴 ⊆ 𝔽𝑚𝑞 , let

punc𝐴∶ P𝑚,𝑑,𝑞 → 𝔽𝐴𝑞 , punc𝐴(𝑓 ) = 𝑓 |𝐴,

and define

𝐼𝑑(𝐴) ≔ ker(punc𝐴), ℎ𝑑(𝐴) ≔ rank(punc𝐴).

The dual map of punc𝐴 sends the coordinate functional at 𝑎 to 𝐸𝑎. Consequently,

ℎ𝑑(𝐴) = dim span{𝐸𝑎 ∶ 𝑎 ∈ 𝐴}. (6.11)

Define the degree-𝑑 closure

cl𝑑(𝐴) ≔ {𝑥 ∈ 𝔽𝑚𝑞 ∶ 𝑓 (𝑥) = 0 for every 𝑓 ∈ 𝐼𝑑(𝐴)}.

Lemma 6.29. For every 𝐴 ⊆ 𝔽𝑚𝑞 and 𝑥 ∈ 𝔽𝑚𝑞 ,

𝑥 ∈ cl𝑑(𝐴) ⟺ 𝐸𝑥 ∈ span{𝐸𝑎 ∶ 𝑎 ∈ 𝐴}.

Moreover,

𝐼𝑑(cl𝑑(𝐴)) = 𝐼𝑑(𝐴), ℎ𝑑(cl𝑑(𝐴)) = ℎ𝑑(𝐴).
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Proof. We have 𝐼𝑑(𝐴) = ⋂𝑎∈𝐴 ker(𝐸𝑎). If 𝐸𝑥 ∈ span{𝐸𝑎 ∶ 𝑎 ∈ 𝐴}, then 𝐸𝑥 vanishes on

this intersection, so 𝑥 ∈ cl𝑑(𝐴). Conversely, if 𝑥 ∉ cl𝑑(𝐴), there is an 𝑓 ∈ 𝐼𝑑(𝐴) such that

𝐸𝑥(𝑓 ) ≠ 0; this rules out 𝐸𝑥 ∈ span{𝐸𝑎 ∶ 𝑎 ∈ 𝐴}.

Since 𝐴 ⊆ cl𝑑(𝐴), one inclusion 𝐼𝑑(cl𝑑(𝐴)) ⊆ 𝐼𝑑(𝐴) is immediate. The definition of

closure says that every polynomial in 𝐼𝑑(𝐴) also vanishes throughout cl𝑑(𝐴), giving the

reverse inclusion. Equality of the two ranks follows by rank–nullity.

Lemma 6.30. Let 𝑑 ≥ 1. If 𝐴 ⊆ 𝔽𝑚𝑞 satisfies

ℎ𝑑(𝐴) ≤ 𝐷𝑑,𝑞(𝑟),

then |𝐴| ≤ 𝑞𝑟 .

Proof. The claim is immediate if 𝑟 = 𝑚. If 𝑑 = 𝑚(𝑞 − 1), then P𝑚,𝑑,𝑞 is the full space of

functions on 𝔽𝑚𝑞 , so

ℎ𝑑(𝐴) = |𝐴|, 𝐷𝑑,𝑞(𝑟) = 𝑞𝑟 ,

and the result again follows. We may therefore assume 1 ≤ 𝑑 < 𝑚(𝑞 − 1) and 𝑟 < 𝑚.

Set

𝑁 = 𝐷𝑑,𝑞(𝑚), 𝑎 = 𝑁 − 𝐷𝑑,𝑞(𝑟).

We claim that

𝑑𝑎(RM𝑞[𝑚, 𝑑]) = 𝑞𝑚 − 𝑞𝑟 . (6.12)

To see this, let 𝑄 = {0, … , 𝑞 − 1} and 𝜇 = (𝑞 − 1,… , 𝑞 − 1). The map 𝛽 ↦ 𝜇 − 𝛽 reverses

lexicographic order and is a bijection from

𝐵≤𝑑 ≔ {𝛽 ∈ 𝑄𝑚 ∶ ∑
𝑖
𝛽𝑖 ≤ 𝑑}

onto

𝐹>(𝑞−1)𝑚−𝑑−1 ≔ {𝛼 ∈ 𝑄𝑚 ∶ ∑
𝑖
𝛼𝑖 > (𝑞 − 1)𝑚 − 𝑑 − 1}.

The first 𝐷𝑑,𝑞(𝑟) elements of 𝐵≤𝑑 are exactly those whose first 𝑚 − 𝑟 coordinates vanish.

The next element is

𝛽⋆ = (0, … , 0, 1, 0, … , 0),
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with the 1 in coordinate 𝑚 − 𝑟 . It follows that 𝛼⋆ = 𝜇 − 𝛽⋆ is the 𝑎th element of the latter

set. By Theorem 6.28,

𝑑𝑎(RM𝑞[𝑚, 𝑑]) =
𝑚
∑
𝑖=1

𝛼⋆𝑖 𝑞𝑚−𝑖 + 1 = (𝑞𝑚 − 1) − 𝑞𝑟 + 1 = 𝑞𝑚 − 𝑞𝑟 ,

proving Eq. (6.12).

Now consider the code 𝐶 = RM𝑞[𝑚, 𝑑]. By hypothesis,

dim ker(punc𝐴) = 𝑁 − ℎ𝑑(𝐴) ≥ 𝑁 − 𝐷𝑑,𝑞(𝑟) = 𝑎.

Choose an 𝑎-dimensional subcode 𝐷 of this kernel. Every codeword in 𝐷 vanishes on 𝐴,

so supp(𝐷) ⊆ 𝐴𝑐 . Therefore,

𝑞𝑚 − |𝐴| ≥ |supp(𝐷)| ≥ 𝑑𝑎(𝐶) = 𝑞𝑚 − 𝑞𝑟 ,

which is equivalent to |𝐴| ≤ 𝑞𝑟 .

Theorem 6.31 (Random Reed–Muller columns). Let 𝑞 be prime, let 𝑚 ≥ 1, let 0 ≤ 𝑑 ≤

𝑚(𝑞 − 1), and let 0 ≤ 𝑟 ≤ 𝑚. If 𝑣1, … , 𝑣𝑡 are independent uniformly random points of 𝔽𝑚𝑞 and

𝑡 ≤ 𝐷𝑑,𝑞(𝑟), then

Pr[𝐸𝑣1 , … , 𝐸𝑣𝑡 are linearly independent] ≥ 1 − 𝑡𝑞𝑟−𝑚.

Proof. If 𝑑 = 0, then 𝐷0,𝑞(𝑟) = 1, so 𝑡 ≤ 1 and the conclusion is immediate. Assume 𝑑 ≥ 1.

For 0 ≤ 𝑗 ≤ 𝑡 , let A𝑗 be the event that 𝐸𝑣1 , … , 𝐸𝑣𝑗 are linearly independent, and set

𝐴𝑗 = {𝑣1, … , 𝑣𝑗}. On A𝑗 , Eq. (6.11) gives ℎ𝑑(𝐴𝑗) = 𝑗. By Lemma 6.29,

ℎ𝑑(cl𝑑(𝐴𝑗)) = 𝑗.

For 0 ≤ 𝑗 ≤ 𝑡 − 1, we have 𝑗 < 𝑡 ≤ 𝐷𝑑,𝑞(𝑟), so Lemma 6.30 implies

|cl𝑑(𝐴𝑗)| ≤ 𝑞𝑟 .

Conditional on A𝑗 , the first new dependence occurs at sample 𝑗 + 1 precisely when

𝐸𝑣𝑗+1 ∈ span{𝐸𝑣1 , … , 𝐸𝑣𝑗 },
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which, by Lemma 6.29, is equivalent to 𝑣𝑗+1 ∈ cl𝑑(𝐴𝑗). Since 𝑣𝑗+1 is fresh and uniform,

Pr[A𝑗 ∩A𝑐
𝑗+1] ≤ 𝑞𝑟−𝑚.

The events on the left are disjoint for 𝑗 = 0, … , 𝑡 −1, and their union isA𝑐
𝑡 . Summing proves

the theorem.

We next translate column independence into unique decoding. Let 𝐸𝑞(𝑚, 𝑑) be the

matrix whose rows are indexed by M𝑚,𝑑,𝑞 , whose columns are indexed by 𝑥 ∈ 𝔽𝑚𝑞 , and

whose (𝑓 , 𝑥) entry is 𝑓 (𝑥). Thus 𝐸𝑞(𝑚, 𝑑) generates RM𝑞[𝑚, 𝑑] and, by Reed–Muller duality,

is a parity-check matrix of RM𝑞[𝑚, 𝑚(𝑞 − 1) − 𝑑 − 1].

For error patterns 𝑒, 𝑒′ ∈ 𝔽𝑞
𝑚

𝑞 , define

𝑒 ∼𝑑 𝑒′ ⟺ ∑
𝑥∈𝔽𝑚𝑞

𝑒(𝑥)𝑓 (𝑥) = ∑
𝑥∈𝔽𝑚𝑞

𝑒′(𝑥)𝑓 (𝑥) for every 𝑓 ∈ P𝑚,𝑑,𝑞 .

Lemma 6.32. For all 𝑒, 𝑒′ ∈ 𝔽𝑞
𝑚

𝑞 ,

𝐸𝑞(𝑚, 𝑑)𝑒 = 𝐸𝑞(𝑚, 𝑑)𝑒′ ⟺ 𝑒 ∼𝑑 𝑒′.

Proof. The row indexed by a monomial 𝑔 ∈ M𝑚,𝑑,𝑞 computes ∑𝑥 𝑒(𝑥)𝑔(𝑥). Equality of all

these coordinates is equivalent, by linearity and the fact that M𝑚,𝑑,𝑞 is a basis, to equality

for every 𝑓 ∈ P𝑚,𝑑,𝑞 .

For 𝑈 = {𝑢1, … , 𝑢𝑡 } ⊆ 𝔽𝑚𝑞 , let 𝑈 𝑑 denote the submatrix of 𝐸𝑞(𝑚, 𝑑) formed by the columns

indexed by 𝑈 .

Lemma 6.33 (Independent columns give unique errors). Let

𝑒 =
𝑡

∑
𝑖=1

𝑐𝑖𝛿𝑢𝑖 ,

where the 𝑢𝑖 are distinct and 𝑐𝑖 ∈ 𝔽×𝑞 . If the columns of 𝑈 𝑑 are linearly independent, then no

error 𝑒′ ≠ 𝑒 of weight at most 𝑡 satisfies 𝑒′ ∼2𝑑+1 𝑒.
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Proof. Column independence means that the evaluation map

P𝑚,𝑑,𝑞 → 𝔽𝑡𝑞 , 𝑓 ↦ (𝑓 (𝑢1), … , 𝑓 (𝑢𝑡))

is surjective. Choose 𝑓1, … , 𝑓𝑡 ∈ P𝑚,𝑑,𝑞 satisfying 𝑓𝑖(𝑢𝑗) = 𝛿𝑖,𝑗 .

Write an error of weight 𝑡′ ≤ 𝑡 as

𝑒′ =
𝑡′

∑
𝑘=1

𝑐′𝑘𝛿𝑣𝑘 ,

where the 𝑣𝑘 are distinct and 𝑐′𝑘 ≠ 0, and suppose 𝑒′ ∼2𝑑+1 𝑒. Define

𝑔𝑖 ≔ (𝑓𝑖(𝑣1), … , 𝑓𝑖(𝑣𝑡′))⊤, 𝑊 ′ ≔ diag(𝑐′1, … , 𝑐′𝑡′).

Since 𝑓𝑖𝑓𝑗 has degree at most 2𝑑 , equivalence of the errors gives

𝑔⊤𝑖 𝑊 ′𝑔𝑗 =
𝑡′

∑
𝑘=1

𝑐′𝑘𝑓𝑖(𝑣𝑘)𝑓𝑗(𝑣𝑘)

=
𝑡

∑
𝑘=1

𝑐𝑘𝑓𝑖(𝑢𝑘)𝑓𝑗(𝑢𝑘) = 𝑐𝑖𝛿𝑖,𝑗 .

The Gram matrix of 𝑔1, … , 𝑔𝑡 under the bilinear form induced by 𝑊 ′ is therefore the

nonsingular diagonal matrix diag(𝑐1, … , 𝑐𝑡). Hence the 𝑔𝑖 are linearly independent, so 𝑡 ≤ 𝑡′.

Since 𝑡′ ≤ 𝑡 , equality holds and the 𝑔𝑖 form a basis of 𝔽𝑡𝑞 .

For ℓ ∈ [𝑚], set

𝐷ℓ ≔ diag((𝑣1)ℓ, … , (𝑣𝑡)ℓ).

The polynomial 𝑥ℓ𝑓𝑖𝑓𝑗 has degree at most 2𝑑 + 1, so the same equivalence gives

(𝐷ℓ𝑔𝑖)⊤𝑊 ′𝑔𝑗 = (𝑢𝑖)ℓ𝑐𝑖𝛿𝑖,𝑗 = ((𝑢𝑖)ℓ𝑔𝑖)⊤𝑊 ′𝑔𝑗

for every 𝑖, 𝑗. Since the 𝑔𝑗 form a basis and the form induced by 𝑊 ′ is nondegenerate,

𝐷ℓ𝑔𝑖 = (𝑢𝑖)ℓ𝑔𝑖.

For each 𝑖, the identity 𝑔⊤𝑖 𝑊 ′𝑔𝑖 = 𝑐𝑖 ≠ 0 ensures that 𝑔𝑖 has a nonzero coordinate, say 𝑘.

Reading that coordinate in the preceding eigenvector equation gives (𝑣𝑘)ℓ = (𝑢𝑖)ℓ for every
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ℓ, and hence 𝑣𝑘 = 𝑢𝑖. Thus 𝑈 ⊆ {𝑣1, … , 𝑣𝑡 }; equality of cardinalities gives equality of the two

supports.

Relabel so that 𝑣𝑖 = 𝑢𝑖. Applying 𝑒′ ∼2𝑑+1 𝑒 to 𝑓𝑖 now gives

𝑐𝑖 = ∑
𝑗
𝑐𝑗𝑓𝑖(𝑢𝑗) = ∑

𝑗
𝑐′𝑗 𝑓𝑖(𝑣𝑗) = 𝑐′𝑖 .

Therefore 𝑒′ = 𝑒.

Corollary 6.34. Let 𝑞 be prime, let

0 ≤ 𝑑 ≤ ⌊
𝑚(𝑞 − 1) − 2

2 ⌋, 0 ≤ 𝑟 ≤ 𝑚,

and let 𝑡 ≤ 𝐷𝑑,𝑞(𝑟). If 𝑒𝑡 ∼ E𝑡𝑞𝑚,𝑞 , then with probability at least 1 − 𝑡𝑞𝑟−𝑚, it is the unique error

pattern of weight at most 𝑡 having syndrome 𝐸𝑞(𝑚, 2𝑑 + 1)𝑒𝑡 .

Proof. Identify the 𝑞𝑚 coordinates with 𝔽𝑚𝑞 , and write the sampled locations in Eq. (6.3)

as 𝑎1, … , 𝑎𝑡 . By Theorem 6.31, the functionals 𝐸𝑎1 , … , 𝐸𝑎𝑡 are linearly independent with

probability at least 1 − 𝑡𝑞𝑟−𝑚. On this event the sampled locations are distinct, so 𝑒𝑡 has

weight 𝑡 , and Lemma 6.33 makes it the unique weight-at-most-𝑡 member of its ∼2𝑑+1 class.

Lemma 6.32 identifies that class with its syndrome.

Proof of Corollary 6.21. Let 𝐶 = RM𝑞[𝑚, 2𝑑 + 1], and let 𝐺 = 𝐸𝑞(𝑚, 2𝑑 + 1) be its standard

generator matrix. Reed–Muller duality gives

𝐶⟂ = RM𝑞[𝑚, 𝑚(𝑞 − 1) − (2𝑑 + 2)],

so 𝐺 is a parity-check matrix of 𝐶⟂. Set 𝛾 = 𝑡𝑞𝑟−𝑚. By Corollary 6.34, a decoder that

searches for the unique weight-at-most-𝑡 error with the observed syndrome succeeds with

probability at least 1 − 𝛾 . The MAP decoder is optimal, and therefore

𝑝𝑡decode(𝐶
⟂) ≥ 1 − 𝛾 .

If 𝛾 ≥ 1/2, the desired bound is immediate because its right-hand side √2𝛾 is at least 1. If

𝛾 < 1/2, then

√1 − 𝑝𝑡decode(𝐶⟂)2 ≤ √1 − (1 − 𝛾)2 ≤ √2𝛾 = √2𝑡𝑞𝑟−𝑚.

This proves the corollary.
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Chapter 7: Learning Structured Quantum Circuits

We now turn from learning quantum states to learning quantum transformations. Given

black-box access to an unknown 𝑛-qubit unitary 𝑈 , the general problem is expensive:

learning 𝑈 to diamond distance 𝜖 requires Θ(4𝑛/𝜖) queries [HKOT23].

As with states, additional structure can make learning efficient. Algorithms are known

for several important circuit classes, including Clifford circuits, shallow circuits, fermionic

matchgate circuits, and quantum juntas, but these algorithms use rather different tech-

niques. In this chapter, we give a common explanation for many of them.

The key is to study how 𝑈 acts on Pauli operators under conjugation. If a generating

set of Pauli operators remains simple after the transformation

𝑃 ⟼ 𝑈 †𝑃𝑈 ,

then 𝑈 itself can be learned efficiently. We measure this simplicity using two properties of

the resulting Pauli spectra: sparsity and dimensionality.

7.1 Main Results
7.1.1 The Unifying Framework

Let 𝐺 be a generating set of Pauli operators. Because conjugation is multiplicative, knowing

𝑈 †𝑔𝑈 (𝑔 ∈ 𝐺)

determines the action of 𝑈 on every Pauli operator, and hence determines the channel

implemented by 𝑈 . Our framework turns this observation into a learning algorithm when

the operators 𝑈 †𝑔𝑈 have low-complexity Pauli spectra.

We use two notions of complexity. Recall that an operator 𝐴 has a Pauli expansion

𝐴 = ∑
𝑥

𝐴(𝑥)𝑊𝑥 .

Its Pauli sparsity is the number of nonzero coefficients 𝐴(𝑥), while its Pauli dimensionality

is the dimension of the span of their support. These are quantum analogues of Fourier

sparsity and Fourier dimensionality in Boolean function analysis [GOSSW11].
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The following informal statement summarizes the framework; precise versions appear

in Theorems 7.47 and 7.49.

Theorem 7.1 (Informal). Let 𝐺 be a known generating set of Pauli operators, and suppose

that every 𝑈 †𝑔𝑈 , for 𝑔 ∈ 𝐺, has Pauli dimensionality at most 𝑘. If these operators can be

learned in a phase-fixed, efficiently implementable form, then there is an efficient algorithm

which, given access to 𝑈 and 𝑈 †, implements the channel of 𝑈 to diamond distance 𝜖 with

probability at least 1 − 𝛿 , using

poly(2𝑘 , 𝑛)
log(1/𝛿)

𝜖

queries.

An analogous statement holds when the conjugated generators are 𝑠-Pauli-sparse and can

be efficiently rounded to unitaries, with query complexity

poly(𝑠, 𝑛)
log(1/𝛿)

𝜖2
.

Thus, learning 𝑈 reduces to learning a collection of individual operators with simple

Pauli spectra. Our main technical contribution is to solve this latter problem for both low

Pauli dimensionality and low Pauli sparsity.

Theorem 7.2 (Informal). Let 𝑈 be an 𝑛-qubit 𝑘-Pauli-dimensional unitary. There is an efficient

algorithm that outputs a unitary 𝑉 satisfying d⋄(𝑈 , 𝑉 ) ≤ 𝜖 with constant success probability

using

𝑂(2𝑘𝑘/𝜖)

queries. Conversely, for 2 ≤ 𝑘 ≤ 2𝑛, learning all unitaries of Pauli dimension at most 𝑘 requires

Ω(2𝑘/𝜖) queries.

If instead 𝑈 is 𝑠-Pauli-sparse, there is an efficient improper learner that outputs a Pauli-

sparse matrix𝐴 satisfying dph,op(𝑈 , 𝐴) ≤ 𝜖 using 𝑂(𝑠2/𝜖2) queries. Learning a proper unitary

hypothesis requires Ω(𝑠/𝜖) queries when 4 ≤ 𝑠 ≤ 4𝑛.

The Pauli-dimensional learner outputs a unitary directly. For sparsity, there is an

additional difficulty: the learner first produces a structured matrix 𝐴 close to 𝑈 , and such
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a matrix cannot in general be efficiently rounded to a nearby structured unitary. We

identify several settings where this rounding is possible. If the goal is only to implement a

channel close to 𝑈 , the rounding step can instead be avoided using a block-encoded polar

decomposition; see Remark 7.45.

At the extreme 𝑘 = 2𝑛, its refined query bound recovers the Θ(4𝑛/𝜖) complexity of

unrestricted unitary tomography [HKOT23].

7.1.2 Applications

The framework recovers several known learning results and, more importantly, applies to

compositions of circuit classes that were not covered by previous methods. We highlight

three examples.

Quantum 𝑘-juntas. A quantum 𝑘-junta is a unitary that acts nontrivially on only 𝑘 of its

𝑛 qubits. Our framework gives a query-optimal learning algorithm.

Corollary 7.3 (Informal). Let 𝑈 be an 𝑛-qubit quantum 𝑘-junta. Given forward-query access

to 𝑈 , there is a time-efficient algorithm that outputs 𝑉 satisfying d⋄(𝑈 , 𝑉 ) ≤ 𝜖 with probability

at least 1 − 𝛿 , using

𝑂(
4𝑘

𝜖 log 1
𝛿 )

queries. For constant 𝛿 , this is optimal up to constant factors.

In particular, the algorithm remains efficient for 𝑘 = 𝑂(log 𝑛).

Compositions of shallow and near-Clifford circuits. Shallow circuits and near-Clifford

circuits can each be learned efficiently on their own. Our framework also learns their

composition.

Theorem 7.4 (Informal). Let 𝑈 be an 𝑛-qubit unitary of the form 𝑈 = 𝑄𝐶 or 𝑈 = 𝐶𝑄, where

𝑄 is a depth-𝑑 circuit and 𝐶 is a Clifford circuit augmented with 𝑡 single-qubit non-Clifford

gates. Then 𝑈 can be learned efficiently for 𝑑 = 𝑂(log log 𝑛) and 𝑡 = 𝑂(log 𝑛).
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This is the first result that simultaneously handles these two forms of structure. The

dependence on 𝑡 is exponential and the dependence on 𝑑 is doubly exponential; our lower

bounds show that such behavior is unavoidable for the larger classes considered later.

Compositions of fermionic matchgates and Clifford circuits. Fermionic matchgates are

the transformation analogue of the non-interacting fermion states studied in Section 4.1.

Previous work gives efficient algorithms for learning matchgate circuits [ODMZ22; CZ26].

Our framework extends these results to compositions with Clifford circuits.

Theorem 7.5 (Informal). Let 𝑈 be an 𝑛-qubit unitary of the form 𝑈 = 𝐹𝐶 or 𝑈 = 𝐶𝐹 ,

where 𝐹 is a fermionic matchgate circuit and 𝐶 is a Clifford circuit. Then the channel of 𝑈

can be learned efficiently using 𝑂(𝑛7/𝜖2) queries and polynomial time, for constant success

probability.

The framework applies to still more general compositions. For example, it learns

constantly many alternating layers of near-Clifford circuits and arbitrary 𝑂(log 𝑛)-juntas;

see Corollary 7.64.

7.2 Preliminaries

We use the Pauli and symplectic notation from Sections 2.5 and 2.5.1, together with the

matrix norms from Section 2.3. Here we collect the additional notation and distance

measures used specifically for learning unitary transformations.

7.2.1 Pauli Support and Dimensionality

Recall that every 𝑛-qubit operator 𝐴 has a Pauli expansion

𝐴 = ∑
𝑥∈𝔽2𝑛2

𝐴(𝑥)𝑊𝑥 .

We will use two simple measures of the complexity of this expansion: the number of Pauli

operators that appear, and the dimension of the subspace that they generate.

Definition 7.6 (Pauli support). The Pauli support of 𝐴 ∈ ℂ2𝑛×2𝑛 is

supp(𝐴) ≔ {𝑥 ∈ 𝔽2𝑛2 ∶ 𝐴(𝑥) ≠ 0}.
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The size of supp(𝐴) measures the sparsity of the Pauli expansion. A different notion of

complexity asks only how many independent Pauli directions are needed to contain the

support.

Definition 7.7 (Pauli dimensionality). The Pauli dimension of 𝐴 is

dim span(supp(𝐴)).

We say that 𝐴 is 𝑘-Pauli-dimensional if its Pauli dimension is 𝑘.

Since every support and span in this chapter is taken with respect to the Pauli basis,

we will often simply refer to the support or its span.

The following particular Pauli subspaces will appear repeatedly.

Definition 7.8. For 𝑎, 𝑏, 𝑛 ∈ ℕ with 𝑎 + 𝑏 ≤ 𝑛, define

W𝑎,𝑏 ≔ 0 𝑛−𝑎 × 𝔽𝑎2 × 0 𝑛−𝑎−𝑏 × 𝔽
𝑎+𝑏
2 .

As operators, this subspace corresponds to

𝐼⊗(𝑛−𝑎−𝑏) ⊗ {𝐼 , 𝑍 }⊗𝑏 ⊗ {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑎.

In words, W𝑎,𝑏 consists of all 𝑛-qubit Pauli operators that act trivially on the first 𝑛 − 𝑎 − 𝑏

qubits, act as either 𝐼 or 𝑍 on the next 𝑏 qubits, and act arbitrarily on the final 𝑎 qubits.

7.2.2 Distances Between Unitary Channels

Our learning guarantees will be stated in diamond distance, which captures the maximum

distinguishability between two quantum channels. For the analysis, however, it will often

be more convenient to work with an operator-norm distance after optimizing over global

phase.

The diamond distance between two unitaries 𝑈 and 𝑉 is the maximum trace distance

between the outputs of the corresponding channels, allowing an arbitrary ancilla.
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Definition 7.9 (Diamond distance). For unitaries 𝑈 , 𝑉 ∈ ℂ𝑑×𝑑 ,

d⋄(𝑈 , 𝑉 ) ≔ max
𝜌

‖(𝐼𝐴 ⊗ 𝑈)𝜌(𝐼𝐴 ⊗ 𝑈 †) − (𝐼𝐴 ⊗ 𝑉 )𝜌(𝐼𝐴 ⊗ 𝑉 †)‖1

where 𝐼𝐴 is the identity operator on the ancilla register.

It is often easier to work with the following distance measure, which implies bounds

on the diamond distance.

Definition 7.10 (Phase-aligned operator distance). For matrices 𝐴, 𝐵 ∈ ℂ𝑑×𝑑 ,

dph,op(𝐴, 𝐵) ≔ min
𝜃∈[0,2𝜋)

‖𝑒i𝜃𝐴 − 𝐵‖op.

Fact 7.11 ([HKOT23, Proposition 1.6]). When 𝑈 , 𝑉 ∈ ℂ𝑑×𝑑 are unitary,

d⋄(𝑈 , 𝑉 ) ≤ 2dph,op(𝑈 , 𝑉 ) ≤ 2d⋄(𝑈 , 𝑉 ).

Thus, for unitary channels, controlling phase-aligned operator distance is equivalent

up to a constant factor to controlling diamond distance.

Finally, we mention a second important distance measure used in prior work (see

[MW16, Section 5.1.1] for details). It can be seen as an average-case distance, since

dphaseF(𝑈 , 𝑉 ) ≤ dph,op(𝑈 , 𝑉 ) ≤ √𝑑 ⋅ dphaseF(𝑈 , 𝑉 ). It is also unitarily invariant.

Definition 7.12 (Phase-aligned normalized Frobenius distance). For unitaries 𝑈 , 𝑉 ∈ ℂ𝑑×𝑑 ,

dphaseF(𝑈 , 𝑉 ) =
1
√𝑑

min
𝜃∈[0,2𝜋)

‖𝑒i𝜃𝑈 − 𝑉 ‖F.

7.3 Pauli Projection via Linear Combination of Unitaries

In this section, we introduce Pauli projection, which lets us “filter out” certain Pauli

operators from the spectrum of a unitary. Specifically, given a subspace of Pauli operators

𝑆 and query access to a unitary 𝑈 , our goal is to apply the operator obtained from 𝑈 by

zeroing out all of its Pauli coefficients outside of 𝑆. The procedure relies on block encodings

and the linear combination of unitaries technique.
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Definition 7.13 (Pauli projection). Let 𝑛 ∈ ℕ, let 𝐴 ∈ ℂ2𝑛×2𝑛 be a matrix, and let 𝑆 ⊆ 𝔽2𝑛2
be a subspace. The Pauli projection of 𝐴 onto 𝑆, denoted Π𝑆(𝐴), is defined as

Π𝑆(𝐴) ≔
1
2𝑛

∑
𝑥∈𝑆

tr(𝐴𝑊𝑥)𝑊𝑥 .

In other words, we zero out all Pauli coefficients of 𝐴 that are outside of 𝑆.

The Pauli projection of a unitary channel can be expressed as a convex combination of

unitaries. In fact, it can be written as a Pauli twirl.

Lemma 7.14. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a unitary matrix, and let 𝑆 ⊆ 𝔽2𝑛2 be a subspace. The Pauli

projection of 𝑈 onto 𝑆 can be expressed as a Pauli twirl:

Π𝑆(𝑈 ) = 𝔼
𝑞∼𝑆⟂s

[𝑊𝑞𝑈𝑊
†
𝑞 ],

where the Pauli operator 𝑊𝑞 is chosen uniformly at random from 𝑆⟂s .

Proof. Let 𝑊𝑥 be an arbitrary Weyl operator. We have

𝔼
𝑞∼𝑆⟂s

[𝑊𝑞𝑊𝑥𝑊
†
𝑞 ] = 𝔼

𝑞∼𝑆⟂s
[(−1)[𝑞,𝑥]]𝑊𝑥 . (7.1)

If 𝑥 ∈ 𝑆, then 𝔼𝑞[(−1)[𝑞,𝑥]] = 1. However, if 𝑥 ∉ 𝑆, then 𝔼𝑞[(−1)[𝑞,𝑥]] = 0 by Proposi-

tion 2.12. Hence, by linearity, we have that, for any operator 𝐴, the Pauli twirl will zero

out all 𝑊𝑥 ∉ 𝑆, which is precisely the action of Π𝑆(⋅).

Next, we recall a standard tool in quantum algorithms: block encodings.

Definition 7.15 (Block encoding; see [TK23, Definition 1.1], [GSLW19, Definition 43], and

[Ral20, Definition 1]). Let 𝐴 ∈ ℂ𝑟×𝑐 , and let 𝑈 ∈ ℂ2𝑛×2𝑛 be a unitary matrix. We say that 𝑈

is a 𝑄-block encoding of 𝐴 if 𝑈 is implementable with 𝑂(𝑄) gates and has the form

𝑈 = (𝐴 ⋅
⋅ ⋅),

where ⋅ denotes unspecified block matrices.
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Lemma 7.16 ([TK23, Lemma 1.5]). Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑄-block encoding of 𝐴 ∈ ℂ𝑟×𝑐 , and let

|𝜓 ⟩ ∈ ℂ𝑐 be an input state. Then there is a quantum circuit using 1 query to 𝑈 (and therefore

𝑂(𝑄) gates) that prepares the state 𝐴|𝜓⟩
‖𝐴|𝜓 ⟩‖2

with probability ‖𝐴|𝜓 ⟩‖22.

We use the linear combination of unitaries (LCU) method to construct block encodings

of more general operators. This technique allows one to turn a weighted sum of unitaries

into a block encoding of the corresponding operator.

Lemma 7.17 ([CKS17; GSLW19]). Let 𝐴 = ∑𝑘 𝑎𝑘𝑈𝑘 be a linear combination of unitary

operators where 𝑎𝑘 ≥ 0. Define the preparation operator PREP as

PREP|0⟩ = ∑
𝑘 √

𝑎𝑘
∑𝑘 𝑎𝑘

|𝑘⟩,

and the select operator SEL as

SEL|𝑘⟩|𝜓 ⟩ = |𝑘⟩𝑈𝑘 |𝜓 ⟩.

Then the circuit PREP† ⋅ SEL ⋅ PREP is a block encoding of 𝐴
∑𝑘 𝑎𝑘

.

We are now ready to present the main algorithm of this section. In particular, given a

single query to 𝑈 and a subspace of Pauli operators 𝑆, one can perform the mapping

|𝜓 ⟩ ⟼
Π𝑆(𝑈 )|𝜓 ⟩

‖Π𝑆(𝑈 )|𝜓 ⟩‖2

with postselection.

Lemma 7.18. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a unitary matrix, let 𝑆 ⊆ 𝔽2𝑛2 be a subspace, and let |𝜓 ⟩ be an

𝑛-qubit input state. There is a quantum algorithm that uses a single query to 𝑈 and prepares

the state Π𝑆(𝑈 )|𝜓 ⟩
‖Π𝑆(𝑈 )|𝜓 ⟩‖2

with probability ‖Π𝑆(𝑈 )|𝜓 ⟩‖22. The algorithm uses 𝑂(𝑛 ⋅ dim(𝑆⟂s )) = 𝑂(𝑛2)

gates and requires dim(𝑆⟂s ) ≤ 2𝑛 ancilla qubits.

Proof. By Lemma 7.14, we can write Π𝑆(𝑈 ) = 𝔼𝑞∼𝑆⟂s [𝑊𝑞𝑈𝑊
†
𝑞 ], where the expectation is

over uniformly random 𝑞 ∈ 𝑆⟂s ⊆ 𝔽2𝑛2 . This is a convex combination of unitaries, so the

LCU normalization factor in Lemma 7.17 is one. Let ℓ = dim 𝑆⟂s , choose a basis for 𝑆⟂s , and
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identify its 2ℓ elements with bit strings 𝑘 ∈ {0, 1}ℓ. Let PREP denote a unitary that maps

|0ℓ⟩ to the uniform superposition, i.e., Hadamard gates on ℓ qubits. Let

𝐶𝑊 ≔ ∑
𝑘
|𝑘⟩⟨𝑘| ⊗ 𝑊𝑘 , SEL ≔ 𝐶𝑊 (𝐼⊗ℓ ⊗ 𝑈)𝐶†𝑊 .

Thus SEL|𝑘⟩|𝜓 ⟩ = |𝑘⟩𝑊𝑘𝑈𝑊
†
𝑘 |𝜓 ⟩, and it uses two known controlled-Pauli operations and

one uncontrolled query to 𝑈 . Then, by Lemma 7.17, PREP† ⋅ SEL ⋅ PREP is a block encoding

of Π𝑆(𝑈 ). Finally Lemma 7.16 implies that we can prepare Π𝑆(𝑈 )|𝜓 ⟩
‖Π𝑆(𝑈 )|𝜓 ⟩‖2

with probability

‖Π𝑆(𝑈 )|𝜓 ⟩‖22.

Constructing the unitary |𝑘⟩⟨𝑘| ⊗ 𝑊𝑘 can be done by first taking generators of 𝑆⟂s =

span{𝑔1, … , 𝑔ℓ}. Then control each 𝑊𝑔𝑖 on qubit 𝑖 of the control register. Each controlled

𝑊𝑔𝑖 can be constructed as the product of at most 2𝑛 controlled single-qubit Pauli operations

(with the control, this becomes a two-qubit gate), for a total of at most 𝑂(𝑛ℓ) two-qubit

gates.

7.4 Learning Approximately Block-Diagonal Unitaries

In this section, we develop an algorithm for learning unitary channels that are approxi-

mately block-diagonal. The algorithm for learning 𝑘-Pauli-dimensional unitary channels,

which we present in Section 7.6, will follow from a reduction to the approximately block-

diagonal setting. We begin by formally defining “approximately block-diagonal.”

Definition 7.19 (Block-diagonal matrix). Let 𝑎, 𝑏, 𝑛 ∈ ℕ with 𝑎 + 𝑏 ≤ 𝑛, and let 𝐴 ∈ ℂ2𝑛×2𝑛

be a matrix. We say that 𝐴 is (𝑎, 𝑏)-block-diagonal if there exist 2𝑏 matrices 𝐴𝑦 ∈ ℂ2𝑎×2𝑎

such that 𝐴 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝐴𝑦). That is, 𝐴 is a block-diagonal matrix whose

diagonal blocks are 𝐴1, …, 𝐴2𝑏 , each of size 2𝑎 × 2𝑎, and this 2𝑎+𝑏 × 2𝑎+𝑏 block structure is

repeated 2𝑛−𝑎−𝑏 times along the diagonal.

Let 𝐴 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝐴𝑦) be an (𝑎, 𝑏)-block-diagonal matrix. It is helpful to

view 𝐴 as acting on 𝑛 qubits, grouped into three registers: the first 𝑛 − 𝑎 − 𝑏 qubits are

unaffected by 𝐴; the second 𝑏 qubits select which diagonal block we are in; and the last 𝑎

qubits index a column within that block. For 𝑥 ∈ {0, 1}𝑛−𝑎−𝑏 , 𝑦 ∈ {0, 1}𝑏 , and 𝑧 ∈ {0, 1}𝑎, we

have 𝐴(|𝑥⟩|𝑦⟩|𝑧⟩) = |𝑥⟩|𝑦⟩(𝐴𝑦 |𝑧⟩).
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Definition 7.20 (Block-diagonal unitary). A matrix 𝑈 ∈ ℂ2𝑛×2𝑛 is an (𝑎, 𝑏)-block-diagonal

unitary if it is both unitary and an (𝑎, 𝑏)-block-diagonal matrix.

Definition 7.21 (Approximately block-diagonal unitary). Let 𝑎, 𝑏, 𝑛 ∈ ℕ with 𝑎 + 𝑏 ≤ 𝑛,

and let 𝑈 ∈ ℂ2𝑛×2𝑛 be a unitary matrix. We say 𝑈 is (𝑎, 𝑏, 𝜖)-approximately block-diagonal

(with respect to a given matrix norm ‖⋅‖) if there exists an (𝑎, 𝑏)-block-diagonal unitary 𝑉

satisfying ‖𝑈 − 𝑉 ‖ ≤ 𝜖.

Unless otherwise stated, (𝑎, 𝑏, 𝜖)-approximately block-diagonal unitaries are always

with respect to the operator norm ‖⋅‖op.

With these definitions in place, we can now state the main technical result of this

section: a tomography algorithm that efficiently estimates approximately block-diagonal

unitaries in phase-aligned operator distance, and hence in diamond distance up to a

constant factor.

Theorem 7.22. Let 𝑎, 𝑏, 𝑛 ∈ ℕ with 𝑎 + 𝑏 ≤ 𝑛, and let 𝜖, 𝛿 ∈ (0, 1). There is a tomography

algorithm that, given query access to an (𝑎, 𝑏, 𝜖)-approximately block-diagonal unitary chan-

nel 𝑈 ∈ ℂ2𝑛×2𝑛 , applies 𝑈 at most 𝑂(2𝑎+𝑏 ⋅ (2𝑎 + 𝑏) log(1/𝛿)
𝜖2

) times and outputs an estimate 𝑉

satisfying dph,op(𝑈 , 𝑉 ) ≤ 𝑂(𝜖) with probability at least 1 − 𝛿 . Moreover:

• The output 𝑉 is an (𝑎, 𝑏)-block-diagonal unitary.

• The algorithm runs in time poly(𝑛, 22𝑎+𝑏 , 𝜖−1, log 𝛿−1).

• The algorithm uses only forward access to 𝑈 (i.e., it does not require 𝑈 † or controlled-𝑈 ).

• The algorithm uses 2𝑛 − 2𝑎 − 𝑏 additional qubits of space.

For constant accuracy and success probability, parameter counting gives a lower bound

of Ω(22𝑎+𝑏) queries. The upper bound above is

𝑂(22𝑎+𝑏 + 𝑏2𝑎+𝑏),

so it matches the lower bound when 𝑏 = 𝑂(2𝑎); the possible gap is confined to the highly

isotropic regime 𝑏 ≫ 2𝑎. Achieving this scaling requires some care. Ideally, wewould simply
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treat 𝑈 as truly block diagonal and learn all of its relevant blocks in parallel. Learning

the blocks sequentially would require 𝑂(4𝑎+𝑏) queries to recover their relative phases.

However, because 𝑈 is only 𝜖-close to block-diagonal, its off-diagonal blocks behave like

noise, and a naïve parallel approach will fail.

To overcome this, we replace 𝑈 with a Pauli projection ΠW𝑎,𝑏(𝑈 ) (Definitions 7.8

and 7.13) that has three crucial properties: (i) it is exactly (𝑎, 𝑏)-block diagonal, (ii) it is

within 2𝜖 of 𝑈 in operator norm, and (iii) it can be efficiently applied using LCUs and

block encodings. With this operator in hand, our algorithm essentially applies ΠW𝑎,𝑏(𝑈 ) to

states of our choice and then uses state tomography to recover the columns of all blocks

of ΠW𝑎,𝑏(𝑈 ) simultaneously, thereby attaining the displayed 𝑂(2𝑎+𝑏(2𝑎 + 𝑏)) dependence.

We now present our learning algorithm.

Algorithm 11 Learning approximately block-diagonal unitaries
Input: Query access to an (𝑎, 𝑏, 𝜖)-approximately block-diagonal unitary 𝑈 , where 𝜖 ≤ 1/𝐾 for a

universal constant 𝐾 ≥ 1
Output: A description of an (𝑎, 𝑏)-block-diagonal unitary 𝑉 such that dph,op(𝑈 , 𝑉 ) ≤ 𝑂(𝜖) with

probability at least 2/3
1: for all 𝑧 ∈ {0, 1}𝑎 do
2: Apply ΠW𝑎,𝑏

(𝑈 ) to |0𝑛−𝑎−𝑏⟩|+⟩⊗𝑏 |𝑧⟩ using Lemma 7.18
3: Discard the first register, leaving the (𝑎 + 𝑏)-qubit state |𝜓𝑧⟩
4: Run the pure-state tomography algorithm of Lemma 7.27 on |𝜓𝑧⟩ with error 𝜖√2𝑎/(2𝑎 + 𝑏)

and failure probability exp(−5 ⋅ 2𝑎+𝑏); denote its output by |𝜓𝑧⟩
5: end for
6: for all 𝑦 ∈ {0, 1}𝑏 do
7: Construct 𝐴𝑦 ∈ ℂ2𝑎×2𝑎 whose 𝑧th column is √2𝑏(⟨𝑦 | ⊗ 𝐼⊗𝑎)|𝜓𝑧⟩
8: Compute an SVD 𝐴𝑦 = 𝐿𝑦Σ𝑦𝑅

†
𝑦 and set 𝑉𝑦 = 𝐿𝑦𝑅

†
𝑦

9: end for
10: Set 𝑉 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝑉𝑦)
11: Apply the preceding procedure to 𝑈 (𝐼⊗𝑛−𝑎 ⊗ 𝐻⊗𝑎)

and denote the result by 𝑉 ′ = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝑉
′
𝑦 )

12: Let 𝐷 ∈ ℂ2𝑎×2𝑎 be the diagonal unitary obtained by applying Lemma 7.28 to 𝑉0 and 𝑉 ′
0

13: return 𝑉 (𝐼⊗𝑛−𝑎 ⊗ 𝐷) = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝑉𝑦𝐷)

The first two lemmas show that this projection is exactly (𝑎, 𝑏)-block diagonal, remains

close to 𝑈 , and can be rounded blockwise to a unitary.
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Fact 7.23. For a matrix 𝐴, the following are all equivalent conditions:

1. 𝐴 is (𝑎, 𝑏)-block diagonal.

2. supp(𝐴) ⊆ W𝑎,𝑏 .

3. ΠW𝑎,𝑏(𝐴) = 𝐴.

Proof. We start by showing that the first two conditions are equivalent. Suppose 𝐴 is an

(𝑎, 𝑏)-block diagonal matrix. Then

𝐴 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ( ⨁
𝑦∈{0,1}𝑏

𝐴𝑦) = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ∑
𝑦∈{0,1}𝑏

|𝑦⟩⟨𝑦 | ⊗ 𝐴𝑦 ,

where each 𝐴𝑦 ∈ ℂ2𝑎×2𝑎 . It is easy to check that the 𝑏-qubit operator |𝑦⟩⟨𝑦 | is only sup-

ported on {𝐼 , 𝑍 }⊗𝑏 for all 𝑦 ∈ {0, 1}𝑏 . Each𝐴𝑦 is trivially supported on {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑎, because

{𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑎 is a complete basis for operators on 𝑎 qubits. Hence, supp(𝐴) ⊆ W𝑎,𝑏. Con-

versely, suppose that 𝐴 is supported in W𝑎,𝑏 . Each operator inW𝑎,𝑏 is (𝑎, 𝑏)-block diagonal,

and so any linear combination of them is also (𝑎, 𝑏)-block diagonal.

Now we show that conditions 2 and 3 are equivalent. Let 𝐴 be an operator with

supp(𝐴) ⊆ W𝑎,𝑏 . Then it is obvious that ΠW𝑎,𝑏 will have no effect on 𝐴, because it removes

only Pauli coefficients outside of W𝑎,𝑏 . Conversely, if ΠW𝑎,𝑏(𝐴) = 𝐴, then all of the Pauli

coefficients outside of W𝑎,𝑏 must be 0, i.e., supp(𝐴) ⊆ W𝑎,𝑏 .

Lemma 7.24. If 𝑈 is (𝑎, 𝑏, 𝜖)-approximately block diagonal for any unitarily invariant norm

‖⋅‖, then ‖𝑈 − ΠW𝑎,𝑏(𝑈 )‖ ≤ 2𝜖.

Proof. Because 𝑈 is (𝑎, 𝑏, 𝜖)-approximately block diagonal, there exists an (𝑎, 𝑏)-block

diagonal unitary 𝑉 such that ‖𝑈 − 𝑉 ‖ ≤ 𝜖. Then

‖𝑈 − ΠW𝑎,𝑏(𝑈 )‖ ≤ ‖𝑈 − 𝑉 ‖ + ‖𝑉 − ΠW𝑎,𝑏(𝑈 )‖ (7.2)

= ‖𝑈 − 𝑉 ‖ + ‖ΠW𝑎,𝑏(𝑉 − 𝑈 )‖ (7.3)

= ‖𝑈 − 𝑉 ‖ + ‖𝔼
𝑞
[𝑊𝑞(𝑉 − 𝑈 )𝑊𝑞]‖ (7.4)

≤ ‖𝑈 − 𝑉 ‖ + 𝔼
𝑞
[‖𝑊𝑞(𝑉 − 𝑈 )𝑊𝑞‖] (7.5)
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= ‖𝑈 − 𝑉 ‖ + ‖𝑈 − 𝑉 ‖ (7.6)

≤ 2𝜖. (7.7)

The first line uses the triangle inequality. The second line uses the fact thatΠW𝑎,𝑏(𝑉 ) = 𝑉 by

Fact 7.23. The third line follows from Lemma 7.14. The fourth line is the triangle inequality.

The fifth line follows from the fact that the norm is unitarily invariant.

Next, we show that if a unitary 𝑈 is close to some (𝑎, 𝑏)-block diagonal matrix (not

necessarily unitary), then 𝑈 is also close to a genuine (𝑎, 𝑏)-block diagonal unitary. Thus

the approximate block-diagonal structure can be rounded to an exact one without losing

more than a constant factor in error. Moreover, this rounding can be done in polynomial

time in the matrix dimension. In the learning algorithm, the nonunitary matrix below is

the estimate of ΠW𝑎,𝑏(𝑈 ) before its blocks are rounded by an SVD.

Lemma 7.25. Let 𝑈 be a unitary and suppose there exists an (𝑎, 𝑏)-block diagonal matrix 𝐴

(not necessarily unitary) such that ‖𝑈 − 𝐴‖ ≤ 𝜖 for some unitarily invariant norm ‖⋅‖. Then 𝑈

is an (𝑎, 𝑏, 2𝜖)-approximately block diagonal unitary.

Moreover, given a classical description of 𝐴, there is an algorithm that outputs an (𝑎, 𝑏)-

block diagonal unitary 𝑉 satisfying ‖𝑈 − 𝑉 ‖ ≤ 2𝜖, and this algorithm runs in 𝑂(23𝑎+𝑏)

time.

Proof. We can write 𝐴 in block form as 𝐴 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝐴𝑦). For each block

𝐴𝑦 ∈ ℂ2𝑎×2𝑎 , compute its SVD 𝐴𝑦 = 𝐿𝑦Σ𝑦𝑅
†
𝑦 . Define 𝑉 ≔ 𝐼⊗𝑛−𝑎−𝑏 ⊗ (⨁𝑦∈{0,1}𝑏 𝐿𝑦𝑅

†
𝑦 ). By

construction, 𝑉 is (𝑎, 𝑏)-block diagonal, and, in particular, it is the unitary obtained from

the polar decomposition of 𝐴.

It is a standard fact that, in any unitarily invariant norm, the unitary from the polar

decomposition is the closest unitary to a given matrix. Thus,

‖𝑉 − 𝐴‖ ≤ ‖𝑈 − 𝐴‖ ≤ 𝜖,

since 𝑈 is also unitary. The triangle inequality gives

‖𝑈 − 𝑉 ‖ ≤ ‖𝑈 − 𝐴‖ + ‖𝐴 − 𝑉 ‖ ≤ 2𝜖,
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so 𝑈 is an (𝑎, 𝑏, 2𝜖)-approximately block diagonal unitary.

Finally, the runtime: computing an SVD (or equivalently, the polar decomposition) of a

2𝑎 × 2𝑎 matrix takes 𝑂(23𝑎) time. Since there are 2𝑏 blocks, the total cost is 𝑂(23𝑎+𝑏).

Together, Lemmas 7.24 and 7.25 show that the following two conditions are equivalent

up to constant factors:

1. 𝑈 is close to some (𝑎, 𝑏)-block-diagonal unitary 𝑉 , and

2. 𝑈 is close to its Pauli projection ΠW𝑎,𝑏(𝑈 ).

In what follows, we work with 𝑈 through its Pauli projection.

The next lemma analyzes the cost of applying the Pauli projection ΠW𝑎,𝑏(𝑈 ). In particu-

lar, it bounds the number of queries to 𝑈 required in order to generate a sufficient number

of copies of the projected state for use in the state tomography procedure.

Lemma 7.26. Let 0 < 𝜖 < 1/2, 𝛿 ∈ (0, 1), and let 𝑈 be an (𝑎, 𝑏, 𝜖)-approximately block-

diagonal unitary. For any 𝑛-qubit state |𝜓 ⟩ and any constant 𝑐 > 0, set

𝑑 ≔ ⌈
𝑐 2𝑎+𝑏

𝜖2
⌉, 𝑀 ≔ ⌈

2
(1 − 2𝜖)2

(𝑑 + log 1
𝛿 )⌉.

There is a procedure that, given access to copies of |𝜓 ⟩ and using 𝑀 queries to 𝑈 , prepares 𝑑

copies of the state
ΠW𝑎,𝑏(𝑈 )|𝜓 ⟩

‖ΠW𝑎,𝑏(𝑈 )|𝜓 ⟩‖2
with probability at least 1 − 𝛿 .

Proof. By Lemmas 7.16 and 7.17, we successfully prepare a single copy of the desired state

using a single query to 𝑈 with probability ‖ΠW𝑎,𝑏(𝑈 )|𝜓 ⟩‖
2
2. By Lemma 7.24, ‖ΠW𝑎,𝑏(𝑈 )|𝜓 ⟩‖2 ≥

1 − 2𝜖. The success probability is therefore at least (1 − 2𝜖)2.

Repeat the procedure for the stated 𝑀 trials. Applying Lemma 2.8 with 𝑝 = (1 − 2𝜖)2

shows that at least 𝑑 trials succeed except with probability at most 𝛿 .

We need two further technical ingredients from [HKOT23]. The first is a state tomogra-

phy algorithmwhose error lies in a Haar-random direction. The second is a post-processing

routine that aligns the relative phases of the reconstructed unitary’s columns.
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Lemma 7.27 ([HKOT23, Proposition 2.2] and [GKKT20, Theorem 2, Section 4.3]). There is

a pure state tomography algorithm with the following behavior. Given access to copies of an 𝑛-

qubit pure state |𝜓 ⟩, it sequentially and nonadaptively makes von Neumann measurements on

𝑂(2
𝑛+log(1/𝛿)

𝜖2
) copies of |𝜓 ⟩. Then, after classically collating and processing the measurement

outcomes in 𝑂(8𝑛) time, it outputs (a classical description of) an estimate pure state

|𝜓 ⟩ = 𝜙√1 − ̂𝜖2|𝜓 ⟩ + ̂𝜖|𝑤⟩

such that, except with probability at most 𝛿 : (1) 𝜙 is a complex phase; (2) the trace distance ̂𝜖 is

at most 𝜖; (3) the vector |𝑤⟩ is distributed Haar-randomly among all states orthogonal to |𝜓 ⟩.

Lemma 7.28 (Proof of [HKOT23, Proposition 2.3]). Let 𝑉 , 𝑉 ′ ∈ ℂ2𝑛×2𝑛 be classical descrip-

tions of unitary matrices. Suppose there exist diagonal unitaries Φ𝑉 , Φ𝑉 ′ and an operator

𝐴 ∈ ℂ2𝑛×2𝑛 such that ‖𝐴Φ𝑉 −𝑉 ‖op ≤ 𝜖 ≤ 1
8
and ‖𝐴𝐻⊗𝑛Φ𝑉 ′ −𝑉 ′‖op ≤ 𝜖 ≤ 1

8
. Then there is an

algorithm that outputs a description of a diagonal unitary 𝐷 such that dph,op(𝐷, Φ
†
𝑉 ) ≤ 24𝜖

using 𝑂(8𝑛) classical time.

The proof of [HKOT23, Proposition 2.3] assumes that 𝐴 is unitary. However, the

argument does not use this, and in fact the proof goes through for arbitrary 𝐴.

We now prove Theorem 7.22 by analyzing Algorithm 11.

Proof. We may assume 𝜖 ≤ 1/𝐶 for some constant 𝐶 > 1 to be fixed later. If instead

𝜖 > 1/𝐶 , output the identity: it is (𝑎, 𝑏)-block diagonal and dph,op(𝑈 , 𝐼 ) ≤ 2 ≤ 2𝐶𝜖, while

the resource bounds are immediate. In addition, we assume 𝑎 + 𝑏 is a sufficiently large

constant so that, for a universal constant 𝐶′ to be specified later, 𝐶
′(𝑎+1)
2𝑎+𝑏

≤ 1
2
. Note that

if 𝑎 + 𝑏 = 𝑂(1), then our desired query complexity can be achieved by naïvely learning

the entire 2𝑎+𝑏 × 2𝑎+𝑏 block to Frobenius distance (as in [CNY23]). This would still have

𝑂(8𝑎+𝑏/𝜖2) = 𝑂(1/𝜖2) query complexity as desired.

By Fact 7.23, the Pauli projection ΠW𝑎,𝑏(𝑈 ) can be expressed in block-diagonal form as

ΠW𝑎,𝑏(𝑈 ) = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ⨁
𝑦∈{0,1}𝑏

𝐵𝑦 . (7.8)
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Since ΠW𝑎,𝑏(𝑈 ) is obtained via the block-encoding in Lemma 7.18, it is a contraction:

‖ΠW𝑎,𝑏(𝑈 )‖op ≤ 1.

Furthermore, Lemma 7.24 gives that ‖ΠW𝑎,𝑏(𝑈 ) − 𝑈 ‖op ≤ 2𝜖. Thus for every normalized

state |𝜓 ⟩, ‖ΠW𝑎,𝑏(𝑈 )|𝜓 ⟩‖2 ≥ 1 − 2𝜖.

Define 𝛼𝑧 ≔ ‖ΠW𝑎,𝑏(𝑈 )|0
𝑛−𝑎−𝑏⟩|+⟩⊗𝑏 |𝑧⟩‖2 ≥ 1 − 2𝜖. In Algorithm 11, we apply the

postselection procedure of Lemma 7.18 to prepare copies of the normalized state

ΠW𝑎,𝑏(𝑈 )|0
𝑛−𝑎−𝑏⟩|+⟩⊗𝑏 |𝑧⟩
𝛼𝑧

= |0𝑛−𝑎−𝑏⟩(
1

√2𝑏
∑

𝑦∈{0,1}𝑏
|𝑦⟩ ⊗

𝐵𝑦
𝛼𝑧

|𝑧⟩) ≕ |0𝑛−𝑎−𝑏⟩|𝜓𝑧⟩ (7.9)

which are then passed to the tomography step (Algorithm 11). By Lemma 7.26,

𝑂(
2𝑎+𝑏

𝜖2(1 − 2𝜖)2
2𝑎 + 𝑏
2𝑎 ) = 𝑂(

2𝑎+𝑏

𝜖2
(1 +

𝑏
2𝑎 ))

queries to 𝑈 suffice for each 𝑧, with failure probability at most exp(−5 ⋅ 2𝑎+𝑏). A union

bound gives simultaneous success for all 2𝑎 columns with constant probability. The overall

query complexity is therefore 𝑂(2𝑎+𝑏(2𝑎 + 𝑏)/𝜖2).

For each 𝑧 ∈ {0, 1}𝑎, the tomography call in Algorithm 11 produces a classical approxi-

mation |𝜓𝑧⟩ of the state |𝜓𝑧⟩ defined in Eq. (7.9). Conditioned on the tomography succeeding,

the algorithm returns a state of the form

|𝜓𝑧⟩ = 𝜙𝑧√1 − 𝜖2𝑧(
1

√2𝑏
∑

𝑦∈{0,1}𝑏
|𝑦⟩ ⊗

𝐵𝑦
𝛼𝑧

|𝑧⟩) + 𝜖𝑧 |𝑤𝑧⟩ = 𝜙𝑧√1 − 𝜖2𝑧 |𝜓𝑧⟩ + 𝜖𝑧 |𝑤𝑧⟩ (7.10)

where |𝑤𝑧⟩ is an (𝑎 + 𝑏)-qubit Haar-random state orthogonal to |𝜓𝑧⟩, 𝜖𝑧 ≤ 𝜖
√

2𝑎

2𝑎+𝑏
is the

accuracy of the tomography algorithm for the 𝑧th column, and 𝜙𝑧 is a random global

phase. By Lemma 7.27, the tomography algorithm succeeds with probability at least

1− exp(−5 ⋅ 2𝑎+𝑏). By a union bound, all 2𝑎 tomography algorithms succeed simultaneously

except with probability at most 1/100. In what follows, we condition on this success event.

Recall that our goal is to recover the matrices 𝐵𝑦 that appear in Eq. (7.8). The next step

of the algorithm (Algorithm 11) is to collate our state estimates (Algorithm 11) into block
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matrices 𝐴𝑦 . For the analysis, express each 𝐴𝑦 in the form

𝐴𝑦 = 𝐵𝑦𝐷Φ𝐸 + 𝑅𝑦𝐹 ,

where the matrices 𝐷, Φ, 𝐸, 𝑅𝑦 , 𝐹 are defined as follows. 𝐷 = diag({𝛼−1𝑧 }) is the diagonal

matrix of scaling factors 𝛼−1𝑧 ; Φ = diag({𝜙𝑧}) is the diagonal matrix of phases 𝜙𝑧 ; 𝐸 ≔

diag({√1 − 𝜖2𝑧 }𝑧) and 𝐹 ≔ diag({𝜖𝑧}𝑧) are the diagonal matrices of error terms. Lastly, for

each 𝑦 ∈ {0, 1}𝑏 , 𝑅𝑦 is the error matrix whose columns are given by

√2𝑏 ⋅ (⟨𝑦 | ⊗ 𝐼 )|𝑤𝑧⟩.

We next bound the operator norms of the random error matrices 𝑅𝑦 . Introduce inde-

pendent uniform angles 𝜃𝑧 ∈ [0, 2𝜋) and independent random variables 𝜉𝑧 , each distributed

as |⟨0|Haar⟩|2 for a Haar-random state in dimension 2𝑎+𝑏 . Define

|ℎ𝑧⟩ ≔ √𝜉𝑧𝑒i𝜃𝑧 |𝜓𝑧⟩ + √1 − 𝜉𝑧 |𝑤𝑧⟩.

By construction, the vectors |ℎ𝑧⟩ are independent Haar-random states on 𝑎 + 𝑏 qubits. Let

𝑀 ∈ ℂ2𝑎+𝑏×2𝑎 be the matrix whose columns are the |ℎ𝑧⟩, and for each 𝑦 ∈ {0, 1}𝑏 , let

𝑀𝑦 ≔ (⟨𝑦| ⊗ 𝐼⊗𝑎)𝑀.

Standard random-matrix estimates [Ver18, Theorems 3.4.6 and 4.6.1] show that, for a fixed

𝑦 ,

√2𝑏 ‖𝑀𝑦 ‖op ≤ 𝑂(
√
2𝑎 + 𝑏
2𝑎 )

except with probability at most exp(−5(2𝑎 + 𝑏)). A union bound gives this estimate simul-

taneously for all 𝑦 , except with probability at most exp(−5 ⋅ 2𝑎).

From the definition of |ℎ𝑧⟩, we have

√2𝑏𝑀𝑦 = 𝐵𝑦𝐷Δ0 + 𝑅𝑦Δ1, Δ0 = diag({√𝜉𝑧𝑒i𝜃𝑧 }𝑧), Δ1 = diag({√1 − 𝜉𝑧}𝑧),

and hence

‖𝑅𝑦 ‖op ≤
√2𝑏 ‖𝑀𝑦 ‖op + ‖𝐵𝑦𝐷‖opmax𝑧 √𝜉𝑧

√1 −max𝑧 𝜉𝑧
.
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The variables 𝜉𝑧 are subexponential on scale 2−(𝑎+𝑏). Standard tail bounds [Ver18, Proposi-

tion 2.7.1, Lemma 2.7.6, and Theorem 3.4.6] imply that

max
𝑧

𝜉𝑧 ≤
𝐶′(𝑎 + 1)
2𝑎+𝑏

with constant failure probability, for a universal constant 𝐶′ > 0. By our initial assumption

this quantity is at most 1/2. Moreover, ‖𝐵𝑦𝐷‖op ≤ (1 − 2𝜖)−1. Combining these bounds

gives

‖𝑅𝑦 ‖op ≤ 𝑂(
√
2𝑎 + 𝑏
2𝑎 ) (7.11)

for every 𝑦 , with constant overall success probability. This is the same use of random-matrix

concentration as in [HKOT23].

It follows that, for every 𝑦 ∈ {0, 1}𝑏 ,

‖𝐵𝑦Φ − 𝐴𝑦 ‖op ≤ ‖𝐵𝑦 − 𝐵𝑦𝐷‖op + ‖𝐵𝑦𝐷Φ − 𝐴𝑦 ‖op

≤ ‖𝐵𝑦 − 𝐵𝑦𝐷‖op + ‖𝐵𝑦𝐷‖op‖𝐼 − 𝐸‖op + ‖𝑅𝑦 ‖op‖𝐹 ‖op

≤ 𝑂(𝜖). (7.12)

Here

‖𝐼 − 𝐸‖op ≤ max
𝑧

𝜖2𝑧 , ‖𝐹 ‖op ≤ 𝜖
√

2𝑎
2𝑎 + 𝑏 ,

while ‖𝐵𝑦 ‖op ≤ 1 and submultiplicativity give

‖𝐵𝑦 − 𝐵𝑦𝐷‖op ≤ ‖𝐼 − 𝐷‖op ≤ 2𝜖
1 − 2𝜖 .

It remains to justify rounding𝐴𝑦 , since 𝐵𝑦Φ need not itself be unitary. Let𝑄 = 𝐼⊗𝑛−𝑎−𝑏⊗

⨁𝑦 𝑄𝑦 be the block-diagonal unitary promised by the hypothesis. The triangle inequality

gives ‖𝐵𝑦 − 𝑄𝑦 ‖op ≤ 3𝜖. Consequently 𝐴𝑦 is 𝑂(𝜖)-close to the unitary 𝑄𝑦Φ. Its polar factor

𝑉𝑦 is no farther from 𝐴𝑦 than 𝑄𝑦Φ is, so another triangle inequality gives

‖𝑉𝑦 − 𝐵𝑦Φ‖op = 𝑂(𝜖). (7.13)
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We now correct for the relative phases in Φ. By the group structure of W𝑎,𝑏 , we have

that

ΠW𝑎,𝑏(𝑈 (𝐼
⊗𝑛−𝑎 ⊗ 𝐻⊗𝑎)) = ΠW𝑎,𝑏(𝑈 )(𝐼

⊗𝑛−𝑎 ⊗ 𝐻⊗𝑎) = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ( ⨁
𝑦∈{0,1}𝑏

𝐵𝑦𝐻⊗𝑎)

is an (𝑎, 𝑏)-block diagonal matrix that is close to 𝑈 (𝐼⊗𝑛−𝑎 ⊗ 𝐻⊗𝑎). By the same reasoning

as above, Algorithm 11 recovers an (𝑎, 𝑏)-block-diagonal unitary whose blocks 𝑉 ′
𝑦 are

𝑂(𝜖)-close to 𝐵𝑦𝐻⊗𝑎Φ′, and in particular at most 1/8-far when the universal constant in

the hypothesis is chosen sufficiently large, for another diagonal matrix of phases Φ′. Hence,

invoking Lemma 7.28 on 𝑉0 and 𝑉 ′
0 in Algorithm 11 yields a diagonal unitary 𝐷 such that

dph,op(Φ†, 𝐷) ≤ 𝑂(𝜖).

Let 𝑉 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ⨁𝑦∈{0,1}𝑏 𝑉𝑦 be the output of Algorithm 11. The phase in the

definition of dph,op(Φ†, 𝐷) is common to every block. Choosing that same phase in the

following distance and using the direct-sum operator norm gives

dph,op(ΠW𝑎,𝑏(𝑈 ), 𝑉 (𝐼
⊗𝑛−𝑎 ⊗ 𝐷))

≤ max
𝑦∈{0,1}𝑏

‖𝐵𝑦 − 𝑉𝑦Φ†‖op + dph,op(Φ†, 𝐷)

≤ 𝑂(𝜖). (7.14)

The last line follows from Eq. (7.13) and the fact that dph,op(Φ†, 𝐷) ≤ 𝑂(𝜖). We note that

it is essential to invoke Lemma 7.28 on a 2𝑎 × 2𝑎 block (rather than the entire unitary) to

avoid an exponential dependence on 𝑛 in the final query and time complexity.

Finally, the triangle inequality bounds the distance from the algorithm’s output to 𝑈 :

dph,op(𝑈 , 𝑉 (𝐼⊗𝑛−𝑎 ⊗ 𝐷)) ≤ dph,op(𝑈 , ΠW𝑎,𝑏(𝑈 )) + dph,op(ΠW𝑎,𝑏(𝑈 ), 𝑉 (𝐼
⊗𝑛−𝑎 ⊗ 𝐷))

≤ ‖𝑈 − ΠW𝑎,𝑏(𝑈 )‖op + 𝑂(𝜖)

≤ 𝑂(𝜖).

The second line follows from Eq. (7.14), and the last line follows from Lemma 7.24.

The constant-success guarantee of Algorithm 11 can be amplified to success probability

1 − 𝛿 by the standard procedure of [HKOT23, Proposition 2.4], multiplying the query
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complexity by 𝑂(log(1/𝛿)). For completeness, each of the two passes makes 2𝑎 calls to

the state-tomography routine of Lemma 7.27. A call takes 𝑂(8𝑎+𝑏) time, while collecting

the required copies and assembling and rounding the 2𝑏 blocks incur only polynomial

overhead in 𝑛, 2𝑎+𝑏 , and 1/𝜖. Standard confidence amplification contributes a polynomial

factor in log(1/𝛿). Thus the total runtime is

poly(𝑛, 22𝑎+𝑏 , 𝜖−1, log 𝛿−1),

as claimed.

7.5 Reducing Pauli Dimensionality to Block Diagonality

In this section, we describe how to reduce the problem of learning a 𝑘-Pauli-dimensional

unitary channel to the problem of learning an (𝑎, 𝑏, 𝜖)-approximately block-diagonal unitary

channel, for suitable integers 𝑎, 𝑏 with 2𝑎 +𝑏 = 𝑘. Our reduction has two phases. In the first

phase, we learn a subspace that captures almost all of the Pauli weight of the unknown

unitary 𝑈 . We give two algorithms for this task: one that requires only forward access

to 𝑈 , and another that additionally uses inverse access; the latter achieves a quadratic

improvement in query complexity. In the second phase, we construct a Clifford circuit that

maps the subspace found in the first phase into the canonical form W𝑎′,𝑏′ .

Together, these two phases give the desired reduction. Conjugating 𝑈 by the Clifford

from the second phase produces an approximately block-diagonal unitary, which can be

learned using Section 7.4. We now describe both phases in detail.

7.5.1 Learning the Support Subspace

The first step of our reduction is to identify a subspace that captures almost all of the Pauli

weight of the unknown unitary 𝑈 . Recall that any 𝑛-qubit unitary can be expressed in the

Pauli basis as

𝑈 = ∑
𝑥∈𝔽2𝑛2

𝛼𝑥𝑊𝑥 ,

where the coefficients form a probability distribution when squared in magnitude, since

∑𝑥 |𝛼𝑥 |
2 = 1.
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A convenient way to access this distribution is via the Choi state of 𝑈 , defined as

|Φ𝑈 ⟩ ≔ (𝐼⊗𝑛 ⊗ 𝑈)
1

√2𝑛
∑
𝑥∈𝔽𝑛2

|𝑥⟩ ⊗ |𝑥⟩.

The states {|Φ𝑊𝑥 ⟩ ∶ 𝑥 ∈ 𝔽2𝑛2 } form the Bell basis. It is a standard fact (see, e.g., [MO10]) that

measuring |Φ𝑈 ⟩ in the Bell basis yields outcome 𝑥 with probability |𝛼𝑥 |2. Thus, repeated

Bell-basis measurements of the Choi state provide us with independent samples from the

distribution supported on supp(𝑈 ).

LearningWithout the Inverse

Our strategy without inverse access is simply to collect enough Bell samples and infer

a low-dimensional subspace that captures most of the probability mass. The sampling

lemma in Lemma 2.23 guarantees that 𝑂((𝑑 + log(1/𝛿))/𝜂) samples suffice when the

distribution is supported on a 𝑑-dimensional subspace; see also [GIKL25, Lemma 2.3].

Gaussian elimination returns a succinct set of generators for the sampled span. Applying

this result to Bell samples from the Choi state |Φ𝑈 ⟩ gives an efficient procedure for learning

a subspace that captures nearly all of the Pauli weight of 𝑈 .

LearningWith the Inverse

If we also have access to 𝑈 †, then we can use amplitude amplification to obtain a more

efficient support-learning algorithm. The key ingredient is fixed-point amplitude amplifi-

cation, which allows us to boost the probability of detecting computational-basis strings

with non-negligible support.

Lemma 7.29 (Fixed-point amplitude amplification [YLC14]). Let |𝜓 ⟩ be an 𝑛-qubit quantum

state and Π a diagonal projector in the computational basis such that

⟨𝜓 |Π|𝜓 ⟩ ≥ 𝜂

for some known 𝜂 > 0. Suppose we have unitaries 𝑈 , 𝑈 † with 𝑈 |0𝑛⟩ = |𝜓 ⟩. Then there is an

algorithm that outputs a computational-basis state |𝑥⟩ satisfying ⟨𝑥|Π|𝑥⟩ = 1 and ⟨𝑥|𝜓 ⟩ ≠ 0

with probability at least 1 − 𝛿 . The algorithm uses

𝑂(
log(1/𝛿)

√𝜂
)
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queries to 𝑈 , 𝑈 †, in addition to the gates required to implement the two known reflections

used by the fixed-point search.

This tool allows us to find basis states in the support of |𝜓 ⟩ more efficiently than by

simple sampling. Combining it with the iterative spanning procedure from Lemma 2.23

yields the following corollary, which quadratically improves the dependence of the query

complexity on 𝜂.

Corollary 7.30. Let |𝜓 ⟩ = ∑𝑥∈𝔽𝑛2
𝛽𝑥 |𝑥⟩ be an 𝑛-qubit state, let 𝜂, 𝛿 ∈ (0, 1), and suppose

𝑅|0𝑛⟩ = |𝜓 ⟩ with query access to 𝑅 and 𝑅†. Suppose there exists a subspace 𝐷 ⊆ 𝔽𝑛2 of

dimension 𝑑 such that

∑
𝑥∈𝐷

|𝛽𝑥 |2 = 1.

Then there is an algorithm that outputs a subspace 𝐴 ⊆ 𝔽𝑛2 such that

∑
𝑥∈𝐴

|𝛽𝑥 |2 ≥ 1 − 𝜂

with probability at least 1 − 𝛿 . Its resource costs are

𝑂(
𝑑
√𝜂

log(𝑑/𝛿)) queries to 𝑅 and 𝑅†,

𝑂(
𝑛𝑑2

√𝜂
log(𝑑/𝛿)) elementary gates,

𝑂(𝑑3𝑛) classical processing time.

Proof. We build up the target subspace iteratively. Let 𝐴0 = {0}, and for 𝑖 = 1, … , 𝑑 repeat:

1. Define Π𝑖 to be the projector onto basis states outside of 𝐴𝑖−1.

2. Run the fixed-point search sequence from Lemma 7.29 with parameter 𝜂 and failure

probability 𝛿/𝑑 , and measure its output in the computational basis.

3. If the outcome 𝑥 lies outside 𝐴𝑖−1, set 𝐴𝑖 = span(𝐴𝑖−1∪{𝑥}); otherwise set 𝐴𝑖 = 𝐴𝑖−1.

The fixed-point sequence uses only the reflection about |𝜓 ⟩ and a diagonal reflection,

so its state remains supported on the computational-basis support of |𝜓 ⟩. Consequently
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every vector added to 𝐴𝑖 lies in 𝐷. Whenever

∑
𝑥∉𝐴𝑖−1

|𝛽𝑥 |2 ≥ 𝜂,

the promise of Lemma 7.29 holds, and that round finds a new vector outside 𝐴𝑖−1, except

with probability 𝛿/𝑑 . A union bound therefore shows that, with probability at least 1 − 𝛿 ,

either the residual weight drops below 𝜂 during the procedure or all 𝑑 rounds add linearly

independent vectors from the 𝑑-dimensional space 𝐷. In the first case the current span,

and hence the final span, captures weight at least 1 − 𝜂; in the second case 𝐴𝑑 = 𝐷.

Finally, Lemma 7.29 uses 𝑂( 1

√𝜂
log(𝑑/𝛿)) queries and 𝑂( 𝑛𝑑

√𝜂
log(𝑑/𝛿)) gates per itera-

tion: reversible membership in the current span can be implemented from a row-reduced

basis using 𝑂(𝑛𝑑) gates. Over 𝑑 iterations, this yields the claimed query and gate com-

plexities. Each update of 𝐴𝑖 requires Gaussian elimination in 𝑂(𝑛𝑑2) time, so across all 𝑑

iterations the total classical cost is 𝑂(𝑑3𝑛).

7.5.2 Mapping to a Block-Diagonal Unitary via Clifford Circuits

Having identified a subspace that captures most of the Pauli weight of 𝑈 , we now show

how to map it into the canonical form W𝑎′,𝑏′ . Along the way, we determine how accurate

the learned subspace must be for the reduction to go through.

A basic fact we rely on is that Clifford circuits normalize the Pauli group: for any

Clifford 𝐶 and any 𝑥 ∈ 𝔽2𝑛2 ,

𝐶𝑊𝑥𝐶† = ±𝑊𝑦

for some 𝑦 ∈ 𝔽2𝑛2 . Thus, conjugating 𝑈 by a suitable Clifford circuit that transforms the

span of its Pauli support into W𝑎,𝑏 yields a unitary 𝐶𝑈𝐶† that is block-diagonal. For a

subspace 𝑆 ⊆ 𝔽2𝑛2 , we formally define

𝐶𝑆𝐶† ≔ {𝑦 ∈ 𝔽2𝑛2 ∶ ∃𝑥 ∈ 𝑆 such that 𝐶𝑊𝑥𝐶† = ±𝑊𝑦 }.

Every Pauli subspace 𝑆 ⊆ 𝔽2𝑛2 admits a canonical basis with respect to the symplectic

inner product. Specifically, 𝑆 can always be generated by vectors of the form

{𝑥1, 𝑧1, … , 𝑥𝑎, 𝑧𝑎, 𝑧𝑎+1, … , 𝑧𝑎+𝑏},
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where the symplectic products satisfy [𝑥𝑖, 𝑥𝑗] = [𝑧𝑖, 𝑧𝑗] = 0 and [𝑥𝑖, 𝑧𝑗] = 𝛿𝑖𝑗 for all 𝑖, 𝑗. In this

representation, 𝑆 naturally decomposes into a symplectic part of dimension 2𝑎, spanned by

the pairs (𝑥𝑖, 𝑧𝑖), and an isotropic part of dimension 𝑏, spanned by {𝑧𝑎+1, … , 𝑧𝑎+𝑏}. This (𝑎, 𝑏)-

decomposition directly determines the block structure: if 𝑈 has Pauli support contained in

such an 𝑆, then after a suitable Clifford conjugation 𝑈 becomes (𝑎, 𝑏)-block diagonal.

We can now state the main technical lemma of this section. It shows that if a learned

subspace captures sufficient Pauli weight, then we can efficiently construct a Clifford 𝐶 for

which 𝐶𝑈𝐶† is approximately block diagonal, with parameters determined by the learned

subspace.

Lemma 7.31. Let 𝑈 be a 𝑘-Pauli-dimensional unitary and let 𝑆 ≔ span(supp(𝑈 )). Suppose 𝑆

has an (𝑎, 𝑏)-decomposition, so 2𝑎 + 𝑏 = 𝑘. If one can learn a subspace 𝑇 ⊆ 𝑆 satisfying

1
4𝑛

∑
𝑥∈𝑇

|tr(𝑈𝑊𝑥)|2 ≥ 1 − 𝜖2

2𝑎+𝑏+2
,

then there exists a Clifford circuit 𝐶 such that 𝐶𝑈𝐶† is (𝑎′, 𝑏′, 𝜖)-approximately block diagonal

for some 𝑎′, 𝑏′ ≥ 0 with 𝑎′ + 𝑏′ ≤ 𝑎 + 𝑏. Moreover, 𝐶 can be constructed in time 𝑂(𝑛𝑘2).

To prove this lemma, we require two results about subspaces of symplectic vector

spaces. The first is a semi-folklore decomposition procedure. Specifically, given subspaces

𝑇 ⊆ 𝑆 ⊆ 𝔽2𝑛2 , one can efficiently find a basis for 𝑇 split into symplectic and isotropic parts,

and extend this to a basis for 𝑆 such that the basis of 𝑇 is contained in that of 𝑆. This

result generalizes the Symplectic Gram-Schmidt procedure (see e.g., [FCYBC04, Lemma

2], [Wil09], and [GIKL24, Lemma 5.1]) to work simultaneously on two subspaces (one a

subspace of the other). An explicit algorithm for obtaining this decomposition is somewhat

subtle and, to the best of our knowledge, does not appear in the literature. We therefore

give its proof in Section 7.11, after the main learning results.

Lemma 7.32. Let 𝑇 ⊆ 𝑆 ⊆ 𝔽2𝑛2 , where 𝑇 has symplectic type (𝑎′, 𝑏′) and 𝑆 has type (𝑎, 𝑏).

There is an integer ℓ satisfying

0 ≤ ℓ ≤ min{𝑏′, 𝑎 − 𝑎′}, 𝑏 − 𝑏′ + ℓ ≥ 0,
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and a simultaneous symplectic basis such that

𝑇 = span{𝑧1, 𝑥1, … , 𝑧𝑎′ , 𝑥𝑎′ , 𝑧𝑎′+1, … , 𝑧𝑎′+𝑏′},

𝑆 = span(𝑇 ∪ {𝑥𝑎′+1, … , 𝑥𝑎′+ℓ}

∪ {𝑧𝑎′+𝑏′+1, 𝑥𝑎′+𝑏′+1, … , 𝑧𝑎+𝑏′−ℓ, 𝑥𝑎+𝑏′−ℓ}

∪ {𝑧𝑎+𝑏′−ℓ+1, … , 𝑧𝑎+𝑏}),

where [𝑥𝑖, 𝑥𝑗] = [𝑧𝑖, 𝑧𝑗] = 0 and [𝑥𝑖, 𝑧𝑗] = 𝛿𝑖𝑗 for all 𝑖, 𝑗. Moreover, such a basis can be found in

time 𝑂(𝑛(𝑎 + 𝑏)2) given any generating sets for 𝑇 and 𝑆.

The second result is another semi-folklore result that can be attributed to the techniques

of [AG04]. This algorithm is a minor generalization of [Ber21, Section 4.2] and [GIKL25,

Lemma 3.2].

Lemma 7.33. Given generators

{𝑧1, 𝑥1, … , 𝑧𝑎′ , 𝑥𝑎′ , 𝑧𝑎′+1, … , 𝑧𝑎′+𝑏′}

for a subspace 𝑇 ⊆ 𝔽2𝑛2 , and additional generators

{𝑥𝑎′+1, … , 𝑥𝑎′+ℓ, 𝑧𝑎′+𝑏′+1, 𝑥𝑎′+𝑏′+1, … , 𝑧𝑎+𝑏′−ℓ, 𝑥𝑎+𝑏′−ℓ, 𝑧𝑎+𝑏′−ℓ+1, … , 𝑧𝑎+𝑏}

that extend this to a generating set for a larger subspace 𝑆 ⊇ 𝑇 , where for all 𝑖, 𝑗, [𝑥𝑖, 𝑥𝑗] =

[𝑧𝑖, 𝑧𝑗] = 0 and [𝑥𝑖, 𝑧𝑗] = 𝛿𝑖𝑗 , there is a Clifford circuit 𝐶 such that

𝐶𝑇𝐶† = W𝑎′,𝑏′ , 𝐶𝑆𝐶† ⊆ W𝑎+𝑏′−ℓ, 𝑏−𝑏′+ℓ.

Moreover, this Clifford circuit can be found in time 𝑂(𝑛(𝑎 + 𝑏)).

Before proving the main lemma of this section, we record one final technical fact. It

shows that if most of the Pauli weight of an (𝑎, 𝑏)-block diagonal unitary is concentrated

on a smaller subspace W𝑎′,𝑏′ , then the unitary is close (in operator norm) to its Pauli

projection onto W𝑎′,𝑏′ .
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Lemma 7.34. Let 𝑈 be an (𝑎, 𝑏)-block diagonal unitary, and suppose there exists 𝑎′, 𝑏′ ∈ ℕ

with 𝑎′ + 𝑏′ ≤ 𝑎 + 𝑏 such that

1
4𝑛

∑
𝑥∈W𝑎′,𝑏′

|tr(𝑊𝑥𝑈 )|2 ≥ 1 − 𝜖2

2𝑎+𝑏

Then ‖ΠW𝑎′,𝑏′(𝑈 ) − 𝑈 ‖op ≤ 𝜖.

Proof. Because 𝑈 is (𝑎, 𝑏)-block diagonal, we can write 𝑈 = 𝐼⊗𝑛−𝑎−𝑏 ⊗ 𝑈 ′ for some (𝑎 + 𝑏)-

qubit unitary 𝑈 ′ (recall that an (𝑎, 𝑏)-block diagonal matrix is also (𝑎 +𝑏, 0)-block diagonal).

Observe that

1
2𝑛 tr((𝐼

⊗𝑛−𝑎−𝑏 ⊗𝑊𝑥) ⋅ 𝑈 ) =
1
2𝑛 tr(𝐼

⊗𝑛−𝑎−𝑏 ⊗ (𝑊𝑥 ⋅ 𝑈 ′)) = 1
2𝑎+𝑏

tr(𝑊𝑥𝑈 ′).

Now let

ΠW𝑎′,𝑏′(𝑈 ) = 𝐼⊗𝑛−𝑎−𝑏 ⊗ ΠW𝑎′,𝑏′(𝑈
′).1

By the Pauli Parseval identity Eq. (2.13) and the fact that 1
4𝑎+𝑏

∑𝑥∈supp(𝑈 ′)|tr(𝑊𝑥𝑈 ′)|2 = 1,

‖ΠW𝑎′,𝑏′(𝑈
′) − 𝑈 ′‖F = √2𝑎+𝑏 ⋅

√

1
4𝑎+𝑏

∑
𝑥∈supp(𝑈 ′)∖W𝑎′,𝑏′

|tr(𝑊𝑥𝑈 ′)|2

= √2𝑎+𝑏 ⋅
√
1 − 1

4𝑎+𝑏
∑

𝑥∈W𝑎′,𝑏′

|tr(𝑊𝑥𝑈 ′)|2

= √2𝑎+𝑏 ⋅
√
1 − 1

4𝑛
∑

𝑥∈W𝑎′,𝑏′

|tr((𝐼⊗𝑛−𝑎−𝑏 ⊗𝑊𝑥) ⋅ 𝑈 )|2

≤ 𝜖.

Finally, note that

‖ΠW𝑎′,𝑏′(𝑈 ) − 𝑈 ‖op = ‖𝐼⊗𝑛−𝑎−𝑏 ⊗ (ΠW𝑎′,𝑏′(𝑈
′) − 𝑈 ′)‖op

= ‖ΠW𝑎′,𝑏′(𝑈
′) − 𝑈 ′‖op (Eq. (2.2))

≤ ‖ΠW𝑎′,𝑏′(𝑈
′) − 𝑈 ′‖F (Eq. (2.1))

≤ 𝜖.

1Technically, theseW𝑎′,𝑏′ are different, as the number of preceding identity matrices changes from 𝑛−𝑎−𝑏
to (𝑎 + 𝑏) − (𝑎′ + 𝑏′).
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By combining Lemmas 7.32 to 7.34, we can prove Lemma 7.31.

Proof. Let us assume for a moment that the full support span 𝑆 is known. Lemma 7.32

guarantees that 𝑇 and 𝑆 satisfy the hypotheses of Lemma 7.33. Hence there is a Clifford

circuit 𝐶 for which 𝐶𝑇𝐶† = W𝑎′,𝑏′ and 𝐶𝑆𝐶† ⊆ W ̄𝑎,𝑏̄, where ̄𝑎 = 𝑎 + 𝑏′ − ℓ, 𝑏̄ = 𝑏 − 𝑏′ + ℓ,

and ̄𝑎 + 𝑏̄ = 𝑎 + 𝑏. Let 𝑈BD ≔ 𝐶𝑈𝐶†. Using Lemmas 7.25 and 7.34 and the strengthened

constant in the hypothesis, we see that 𝑈BD is (𝑎′, 𝑏′, 𝜖)-approximately block-diagonal.

The algorithm does not know 𝑆; the Clifford 𝐶 above serves only as a witness. From the

generators of 𝑇 alone, construct a Clifford 𝐶 satisfying 𝐶𝑇𝐶† = W𝑎′,𝑏′; this takes 𝑂(𝑛𝑘2)

time by Lemma 7.33. Now define the Clifford 𝐶2 = 𝐶𝐶†, which normalizes

𝐶2(W𝑎′,𝑏′)𝐶
†
2 = 𝐶2(𝐶𝑇𝐶†)𝐶

†
2 = 𝐶𝑇𝐶† = W𝑎′,𝑏′ .

Observe that this also implies

𝐶†2 (W𝑎′,𝑏′)𝐶2 = W𝑎′,𝑏′ .

As 𝑈BD is within 𝜖 of some (𝑎′, 𝑏′)-block-diagonal unitary 𝑉 in operator distance,

unitary invariance gives

‖𝑈BD − 𝑉 ‖op = ‖𝐶†2 𝑈BD𝐶2 − 𝐶†2 𝑉𝐶2‖op ≤ 𝜖.

Finally, by Fact 7.23 note that supp(𝑉 ) ⊆ W𝑎′,𝑏′ . Therefore supp(𝐶†2 𝑉𝐶2) ⊆ W𝑎′,𝑏′ ,

so 𝐶†2 𝑉𝐶2 is also (𝑎′, 𝑏′)-block diagonal, by Fact 7.23 once again. As we established that

𝐶†2 𝑈BD𝐶2 is close to this (𝑎′, 𝑏′)-block diagonal unitary 𝐶†2 𝑉𝐶2, it follows that

𝐶†2 𝑈BD𝐶2 = 𝐶𝐶†(𝐶𝑈𝐶†)𝐶𝐶† = 𝐶𝑈𝐶†

is (𝑎′, 𝑏′, 𝜖)-approximately block-diagonal, completing the proof.

7.6 Learning 𝑘-Pauli Dimensionality

In this section, we present our algorithm for learning 𝑘-Pauli-dimensional unitary channels.

We build on the preceding two sections, which reduced the problem to learning approxi-

mately block-diagonal unitaries and gave an algorithm for that task. We first describe a
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base algorithm whose query complexity scales quadratically with the desired precision.

We then apply the bootstrapping technique of [HKOT23] to achieve Heisenberg scaling.

The resulting fine-grained bound gives a query-optimal algorithm for quantum juntas in

Section 7.9.1.

7.6.1 Base Algorithm for 𝑘-Pauli Dimensionality

Theorem 7.35. Let 𝑎, 𝑏, 𝑛 ∈ ℕwith 𝑎+𝑏 ≤ 𝑛. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑘-Pauli-dimensional unitary

whose support span has a 2𝑎-dimensional symplectic part and a 𝑏-dimensional isotropic part;

equivalently, for some Clifford 𝐶 ,

𝐶 span(supp(𝑈 ))𝐶† = W𝑎,𝑏 .

There is a tomography algorithm that, given query access to 𝑈 ∈ ℂ2𝑛×2𝑛 and parameters

𝛿, 𝜖 > 0, outputs an estimate 𝑉 satisfying dph,op(𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 .

Moreover, the algorithm satisfies the following properties:

• supp(𝑉 ) ⊆ span(supp(𝑈 )).

• The algorithm makes at most 𝑂(2𝑎+𝑏(2𝑎 + 𝑏) log(1/𝛿)
𝜖2

) queries to 𝑈 and only requires

forward access; that is, it does not require 𝑈 † or controlled-𝑈 .

• The algorithm runs in time poly(𝑛, 22𝑎+𝑏 , 𝜖−1, log 𝛿−1).

• The algorithm uses at most 2𝑛 additional qubits of space.

Proof. Sample from the Choi state of 𝑈 , using 𝑛 ancilla qubits, and let 𝐴 be the span of the

observed Pauli labels. Using Lemma 7.31 we need

1
4𝑛

∑
𝑥∈𝐴

|tr(𝑊𝑥𝑈 )|2 ≥ 1 − 𝜖2

𝐾 ⋅ 2𝑎+𝑏

to invoke Lemma 7.31. For sufficiently large universal constants, that lemma constructs

a Clifford 𝐶 for which 𝐶𝑈𝐶† is (𝑎′, 𝑏′, 𝜖/𝐾 ′)-approximately block diagonal. Here 𝑎′ ≤ 𝑎,

𝑎′ + 𝑏′ ≤ 𝑎 + 𝑏, and 2𝑎′ + 𝑏′ ≤ 2𝑎 + 𝑏. By Lemma 2.23, the forward-only support-learning

query cost is

𝑂(
2𝑎+𝑏

𝜖2
(2𝑎 + 𝑏) log 1

𝛿 ).
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Finally, apply Theorem 7.22 to the (𝑎′, 𝑏′, 𝜖/𝐾 ′)-approximately block-diagonal unitary. Its

query cost is

𝑂(2𝑎
′+𝑏′(2𝑎

′
+ 𝑏′)

log(1/𝛿)
𝜖2

) = 𝑂(2𝑎+𝑏(2𝑎 + 𝑏)
log(1/𝛿)

𝜖2
).

The equality uses 𝑏′ ≤ 2𝑎 + 𝑏 and 2𝑎 = 𝑂(2𝑎). The forward-only support-learning cost is

bounded by the same expression, and each query to 𝐶𝑈𝐶† makes one query to 𝑈 . If 𝑉BD is

the block learner’s output, return

𝑉 = 𝐶†𝑉BD𝐶.

Unitary invariance gives the claimed error. Moreover, supp(𝑉BD) ⊆ W𝑎′,𝑏′ = 𝐶𝐴𝐶†, so

supp(𝑉 ) ⊆ 𝐴 ⊆ span(supp(𝑈 )).

The Choi-state and block-learning workspaces can be reused and require at most 2𝑛

additional qubits. Constructing the Clifford takes𝑂(𝑛(𝑎+𝑏)2) time, and the support-learning

and block-learning stages both have runtime

poly(𝑛, 22𝑎+𝑏 , 𝜖−1, log 𝛿−1).

7.6.2 Bootstrapping to Heisenberg Scaling

To achieve the optimal 1/𝜖 Heisenberg scaling, we augment Theorem 7.35 using the

bootstrapping technique of [HKOT23]. The high-level idea is as follows. Suppose we first

learn an approximation 𝑉1 with dph,op(𝑈 , 𝑉1) ≤ 𝜖. Then 𝑈𝑉 †
1 is itself 𝜖-close to the identity.

Applying the base algorithm to (𝑈 𝑉 †
1 )2 yields a unitary 𝑉2 such that dph,op(𝑉2, (𝑈 𝑉

†
1 )2) ≤ 𝜖.

Taking a square root, √𝑉2 provides an approximation to 𝑈𝑉 †
1 that is accurate up to 𝜖/2,

so that dph,op(𝑈 , √𝑉2𝑉1) ≤ 𝜖/2. Iterating this process with higher powers progressively

reduces the error, ultimately yielding Heisenberg scaling. The procedure is captured in the

following lemma.

Lemma 7.36 ([HKOT23, Theorem 3.3, Remark 3.4]). Suppose we are given oracle access to

an unknown unitary 𝑈 ∈ ℂ𝑑×𝑑 belonging to a subgroup 𝐺 of unitaries that is closed under
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fractional powers (i.e., 𝑈 1/𝑝 ∈ 𝐺 for all 𝑈 ∈ 𝐺 and 𝑝 ∈ ℕ). Assume further that there

exists an algorithm A that, given oracle access to 𝑈 ∈ 𝐺, outputs a unitary 𝑉 ∈ 𝐺 with

dph,op(𝑈 , 𝑉 ) ≤
1
600

with probability at least 0.51. Then, for any error parameters 𝜖, 𝛿 ∈ (0, 1),

there is an algorithm that outputs a unitary 𝑉 ′ ∈ 𝐺 with the following guarantees:

• dph,op(𝑈 , 𝑉 ′) ≤ 𝜖 with probability at least 1 − 𝛿 ;

• 𝑉 ′ ∈ 𝐺.

Moreover, if A uses 𝑄 queries, then the new algorithm uses only 𝑂(𝑄
𝜖
log(1/𝛿)) queries.

Let 𝑇 denote the runtime of A (to achieve constant error and constant success probability),

𝐷 the time to compute distances between elements in 𝐺, 𝑃 the time to compute a fractional

power of a unitary in 𝐺, 𝑀 the time to multiply elements of 𝐺, and 𝑆 the time to synthesize a

circuit for elements of 𝐺 given their classical descriptions. Then the overall runtime of the new

algorithm is

𝑂((
𝑆 ⋅ 𝑄
𝜖 + (𝑇 + 𝑃 + 𝑀 + 𝐷 log(1/𝛿)) log(1/𝜖)) log(1/𝛿)).

An immediate corollary of Theorem 7.35 and Lemma 7.36 is a nearly query-optimal

algorithm for learning 𝑘-Pauli-dimensional unitary channels; it is optimal in the parameter

regimes identified below. For the bootstrapping to work, it is crucial that the output 𝑉

of Theorem 7.35 lies in the same unitary algebra as 𝑈 , namely the algebra spanned by

{𝑊𝑥 ∶ 𝑥 ∈ span(supp(𝑈 ))}.

Corollary 7.37. Let 𝑎, 𝑏, 𝑛 ∈ ℕ with 𝑎 + 𝑏 ≤ 𝑛. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑘-Pauli-dimensional

unitary whose support span has a 2𝑎-dimensional symplectic part and a 𝑏-dimensional

isotropic part, so that 𝐶 span(supp(𝑈 ))𝐶† = W𝑎,𝑏 for some Clifford circuit 𝐶 . There is a

tomography algorithm that, given query access to 𝑈 ∈ ℂ2𝑛×2𝑛 and parameters 𝛿, 𝜖 > 0,

outputs an estimate 𝑉 satisfying d⋄(𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 . Moreover, the

algorithm satisfies the following properties:

• supp(𝑉 ) ⊆ span(supp(𝑈 )).
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• The algorithm makes at most 𝑂(2𝑎+𝑏(2𝑎 + 𝑏) log(1/𝛿)
𝜖

) queries to 𝑈 and requires only

forward access; it does not require 𝑈 † or controlled-𝑈 .

• The algorithm runs in time poly(𝑛, 22𝑎+𝑏 , 𝜖−1, log 𝛿−1).

• The algorithm uses at most 2𝑛 additional qubits of space.

Proof. Let 𝐴 = span(supp(𝑈 )) and let 𝔄 be the linear span of {𝑊𝑥 ∶ 𝑥 ∈ 𝐴}. Because 𝐴 is

a binary subspace, 𝔄 is a finite-dimensional unital ∗-algebra. Its unitary elements form

a group 𝐺, and functional calculus shows that every fractional power of an element of

𝐺 remains in 𝐺. Since Theorem 7.35 always outputs an element of 𝐺, Lemma 7.36 gives

Heisenberg scaling. Finally, use Fact 7.11 to convert the distance to diamond distance.

After the Clifford reduction, 𝔄 is represented as a direct sum of 2𝑏 blocks of size

2𝑎. Distances, products, functional calculus, and circuit synthesis can therefore all be

performed in time polynomial in 𝑛, 22𝑎+𝑏, the requested precision, and the confidence

parameter. Together with the base learner, this gives the stated runtime.

Finally, let us state the performance of the algorithm solely in terms of 𝑘, since 𝑎 and 𝑏

are generally unknown. This is immediate from Corollary 7.37 and the identity 2𝑎 + 𝑏 = 𝑘.

Corollary 7.38. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑘-Pauli-dimensional unitary. There is a tomography

algorithm that, given query access to 𝑈 and parameters 𝛿, 𝜖 > 0, outputs an estimate 𝑉

satisfying d⋄(𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 . Moreover, the algorithm satisfies the

following properties:

• supp(𝑉 ) ⊆ span(supp(𝑈 )).

• The algorithm makes at most 𝑂(2𝑘𝑘 log(1/𝛿)
𝜖

) queries to 𝑈 and requires only forward

access; it does not require 𝑈 † or controlled-𝑈 .

• The algorithm runs in poly(𝑛, 2𝑘 , 𝜖−1, log 𝛿−1) time.

• The algorithm uses at most 2𝑛 additional qubits of space.
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7.7 Learning 𝑠-Pauli Sparsity
In this section, we present our algorithm for learning unitaries with sparse Pauli support.

At a high level, we reduce the problem to quantum state learning. In particular, we show

that obtaining a poly(𝑠)-time improper learning algorithm reduces to the following state-

tomography task: given copies of a state |𝜓 ⟩ supported on 𝑠 computational-basis states,

output an approximate classical description of |𝜓 ⟩ in poly(𝑠) time. We then give an optimal

algorithm for this task.

The resulting unitary-learning algorithm outputs an estimate 𝐴 that is not necessarily

unitary. To obtain a proper learner, one must round 𝐴 to a nearby unitary while preserving

its structure. It is unclear how to do this efficiently in general, and we leave it as an open

problem. We do, however, identify two natural settings in which efficient rounding is

possible, and we explain how the classical rounding step can be avoided if one only needs

to apply a quantum channel close to the unknown unitary.

Definition 7.39 (Pauli sparsity). A matrix 𝐴 is 𝑠-Pauli-sparse if |supp(𝐴)| ≤ 𝑠.

The following lemma establishes that we can efficiently learn the support of the

unknown sparse unitary.

Lemma 7.40. Let 𝜖 ∈ (0, 1] and 𝛿 ∈ (0, 1). Given an unknown 𝑠-Pauli-sparse 𝑛-qubit unitary

𝑈 = ∑𝑥∈supp(𝑈 ) 𝛼𝑥𝑊𝑥 , using

⌈2
𝑠 + log(1/𝛿)

𝜖2
⌉

queries, 𝑂( 𝑛
𝜖2
(𝑠 + log(1/𝛿))) time, and 𝑛 ancilla qubits, one can, with probability at least

1 − 𝛿 , learn a set 𝑆 ⊆ supp(𝑈 ) such that

∑
𝑥∉𝑆

|𝛼𝑥 |2 ≤ 𝜖2.

Proof. Bell-sample 𝑈 , and let 𝑆𝑖 be the set of distinct outcomes observed after 𝑖 samples.

Until the residual mass 𝑟𝑖 = ∑𝑥∉𝑆𝑖
|𝛼𝑥 |2 falls below 𝜖2, the conditional probability that the

next sample reveals a new support element is 𝑟𝑖 > 𝜖2. After the target condition has been
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met, declare every subsequent trial a success. The resulting adaptive success indicators

satisfy the hypotheses of Lemma 2.8 with 𝑝 = 𝜖2.

Once 𝑠 successes have occurred, either the residual-mass condition was reached or all

at most 𝑠 support elements were found. Thus, for 𝑚 = ⌈2(𝑠 + log(1/𝛿))/𝜖2⌉, the set 𝑆𝑚 has

the desired property with probability at least 1 − 𝛿 .

Next, we give an optimal state tomography algorithm for states supported on a small

number of computational basis states.

Lemma 7.41 (Copy-optimal tomography of sparse quantum states). Let 1 ≤ 𝑠 ≤ 2𝑛, and

let |𝜓 ⟩ be an 𝑛-qubit quantum state supported on at most 𝑠 computational-basis states. For

𝜖 ∈ (0, 1] and 𝛿 ∈ (0, 1), there is an algorithm that, given copies of |𝜓 ⟩, outputs a classical

description of a state | ̂𝜓 ⟩ such that, with probability at least 1 − 𝛿 ,

• | ̂𝜓 ⟩ is 𝜖-close to |𝜓 ⟩ in trace distance;

• | ̂𝜓 ⟩ is supported on a subset of the support of |𝜓 ⟩;

• the algorithm uses at most 𝑂( 𝑠+log(1/𝛿)
𝜖2

) copies of |𝜓 ⟩;

• the algorithm runs in time 𝑂(𝑛𝑠 𝑠+log(1/𝛿)
𝜖2

+ 𝑠3).

Moreover, for 2 ≤ 𝑠 ≤ 2𝑛 and 0 < 𝜖 ≤ 1/2, Ω(𝑠/𝜖2) copies are necessary at constant success

probability.

Proof. Let 𝐵 ⊆ 𝔽𝑛2 be the computational-basis support and write |𝜓 ⟩ = ∑𝑥∈𝐵 𝛽𝑥 |𝑥⟩.

Computational-basis sampling and the argument of Lemma 7.40, with accuracy 𝜖/2 and

failure probability 𝛿/3, produce a set 𝑆 ⊆ 𝐵 such that

𝑝𝑆 ≔ ∑
𝑥∈𝑆

|𝛽𝑥 |2 ≥ 1 − 𝜖2/4.

This step uses at most

𝑚0 ≔ ⌈
8(𝑠 + log(3/𝛿))

𝜖2
⌉

copies.
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To prepare the coherent truncation, reversibly compute the predicate 𝑥 ∈ 𝑆 into an

ancilla and postselect that ancilla on 1. The data register is then in the state

|𝜙⟩ ≔ 1
√𝑝𝑆

∑
𝑥∈𝑆

𝛽𝑥 |𝑥⟩.

A direct membership test takes 𝑂(𝑠𝑛) gates per attempt. The resulting state lies in an

𝑠-dimensional space. Run the tomography algorithm of Lemma 7.27 with accuracy 𝜖/2 and

failure probability 𝛿/3. For some absolute constant 𝐶 , it requires at most

𝑑 ≔ ⌈𝐶
𝑠 + log(3/𝛿)

𝜖2
⌉

copies of |𝜙⟩. Conditional on the support-learning step succeeding, each postselection

attempt succeeds with probability at least 1 − 𝜖2/4. Hence Lemma 2.8 shows that

𝑀 ≔ ⌈
2

1 − 𝜖2/4
(𝑑 + log 3

𝛿 )⌉ = 𝑂(
𝑠 + log(1/𝛿)

𝜖2
)

attempts, and therefore as many additional copies of |𝜓 ⟩, provide the required 𝑑 successful

postselections except with probability at most 𝛿/3.

The trace distance between the two pure states is exactly

√1 − |⟨𝜙|𝜓 ⟩|2 = √1 − 𝑝𝑆 ≤ 𝜖/2.

By the triangle inequality, an 𝜖/2 estimate of |𝜙⟩ is therefore an 𝜖-accurate estimate of |𝜓 ⟩

in trace distance. A union bound over support learning, postselection, and tomography

gives total failure probability at most 𝛿 . The copy and time bounds follow from 𝑚0, 𝑀 , and

the 𝑂(𝑠𝑛)-time membership test used in each postselection attempt.

For the lower bound, restrict to states in a fixed 𝑠-dimensional coordinate subspace.

Learning an arbitrary pure state in this subspace to trace distance 𝜖, with constant success

probability, requires Ω(𝑠/𝜖2) copies [SSW25].

We can now present our algorithm for learning unitaries with sparse Pauli support.

The algorithm proceeds by reducing to the task solved in Lemma 7.41.
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Theorem 7.42 (Improper tomography of Pauli-sparse unitaries). Let 𝑠 ∈ ℕ with 1 ≤ 𝑠 ≤ 4𝑛.

Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑠-Pauli-sparse unitary. There is a tomography algorithm that, given query

access to 𝑈 ∈ ℂ2𝑛×2𝑛 and parameters 𝛿, 𝜖 > 0, outputs a classical description of a matrix 𝑉

satisfying dph,op(𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 . Moreover, the algorithm satisfies

the following properties:

• supp(𝑉 ) ⊆ supp(𝑈 ).

• The algorithm makes at most 𝑂( 𝑠
𝜖2
(𝑠 + log(1/𝛿))) queries to 𝑈 and requires only

forward access; it does not require 𝑈 † or controlled-𝑈 .

• The output 𝑉 is not required to be unitary.

• The algorithm runs in time 𝑂(𝑛𝑠2 𝑠+log(1/𝛿)
𝜖2

+ 𝑠3).

• The algorithm uses 𝑛 additional qubits of space.

Proof. Observe that, in the Bell basis, the Choi state of 𝑈 is

|Φ𝑈 ⟩ = ∑
𝑥∈supp(𝑈 )

𝛼𝑥 |Φ𝑊𝑥 ⟩,

so it is an 𝑠-sparse 2𝑛-qubit state. Applying the standard Bell-basis change reduces its

tomography to sparse tomography in the computational basis. Run Lemma 7.41 with

trace-distance accuracy 𝜖/√2𝑠. If the output is ∑𝑥 𝛼̂𝑥 |Φ𝑊𝑥 ⟩, then, after choosing a global

phase, the Euclidean distance between the two amplitude vectors is at most √2 times their

trace distance. Hence

(∑
𝑥

|𝛼𝑥 − 𝛼̂𝑥 |2)
1/2

≤ 𝜖
√𝑠

.

Define 𝑉 ≔ ∑𝑥 𝛼̂𝑥𝑊𝑥 . By Cauchy–Schwarz,

dph,op(𝑈 , 𝑉 ) ≤ ∑
𝑥

|𝛼𝑥 − 𝛼̂𝑥 | ≤ √𝑠(∑
𝑥

|𝛼𝑥 − 𝛼̂𝑥 |2)
1/2

≤ 𝜖.

Using Lemma 7.41, we obtain this estimate with 𝑂( 𝑠
𝜖2
(𝑠 + log(1/𝛿))) Choi states, each

prepared with one query to 𝑈 .
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With inverse access, one may instead use [ACGN23, Theorem 26], obtaining 𝑂(𝑠3/2/𝜖)

queries.

We next discuss when the improper estimate in Theorem 7.42 can be efficiently rounded

to a unitary.

Fact 7.43. Any matrix 𝐴 that can be expressed as a sum over 𝑠 < 𝑛 Weyl operators can be

rounded to its closest unitary operator (in any unitarily invariant distance) in time poly(𝑛, 𝑠)+

exp(𝑂(𝑠)), while increasing the Pauli sparsity to at most 2𝑠 .

Proof. The Pauli sparsity being 𝑠 also implies that the Pauli dimension is at most 𝑠. Putting

the support span into canonical form costs polynomial time in 𝑛 and 𝑠, after which the

polar decomposition is computed in a space of dimension at most 2𝑠 and takes exp(𝑂(𝑠))

time.

Fact 7.44. Any nonzero Hermitian matrix 𝐴 that is a linear combination of 𝑠 mutually

anticommuting Weyl operators can be rounded by normalizing its coefficient vector to the

closest Hermitian unitary in their span in Frobenius distance. This takes 𝑂(𝑛𝑠) classical time,

and the rounded unitary has the same Pauli support as 𝐴.

Proof. Let 𝑆 be the anticommuting set and write 𝐴 = ∑𝑥∈𝑆 𝛼𝑥𝑊𝑥 , where the 𝛼𝑥 are real.

Then

𝐴2 = ∑
𝑥∈𝑆

𝛼2𝑥 𝐼 + ∑
𝑥<𝑦

𝛼𝑥𝛼𝑦 (𝑊𝑥𝑊𝑦 + 𝑊𝑦𝑊𝑥)

= (∑
𝑥∈𝑆

𝛼2𝑥)𝐼 .

It follows that 𝐴

√∑𝑥∈𝑆 𝛼
2𝑥
must be a Hermitian unitary operator.

Every Hermitian unitary in the span has the form 𝐵 = ∑𝑥∈𝑆 𝛽𝑥𝑊𝑥 with ∑𝑥 𝛽
2
𝑥 = 1.

Orthogonality of the Weyl basis gives

‖𝐴 − 𝐵‖2F = 2𝑛 ∑
𝑥∈𝑆

(𝛼𝑥 − 𝛽𝑥)2.
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Cauchy–Schwarz shows that the minimizing vector is 𝛽 = 𝛼/‖𝛼‖2, so the polar factor

𝐴/‖𝛼‖2 is the desired unitary.

When the anticommuting family is known to be Clifford-equivalent to a subset of the

Jordan–Wigner Majoranas, the same symplectic reduction constructs that Clifford, and the

normalized combination can be synthesized as a matchgate. This is precisely the setting

used in Theorem 7.67.

Remark 7.45. One can avoid classically rounding to the nearest unitary if it suffices

to implement a CPTP quantum channel that approximates the unknown unitary. Let

𝐴 = ∑𝑥∈supp(𝐴) 𝛼𝑥𝑊𝑥 be the output of our algorithm, which is not necessarily unitary.

Using Lemma 7.17, one can efficiently build a block-encoding 𝑈𝐴 of 𝐴
∑𝑥∈supp(𝐴)|𝛼𝑥 |

and then

apply [QR22, Corollary 1, Eq. (8)] to approximately apply the polar decomposition of 𝐴.

(Note that scaling 𝐴 by a positive constant does not affect the polar decomposition.) Let

𝐿 = ∑𝑥 |𝛼𝑥 |, and let 𝜅 denote the inverse of the smallest singular value of 𝐴/𝐿. If 𝐴 is

𝜖-close in operator norm to a unitary, then

𝜅 ≤ 𝐿
1 − 𝜖 ≤ √𝑠 ‖𝛼‖2

1 − 𝜖 .

Moreover, ‖𝛼‖2 = ‖𝐴‖F/√2𝑛 ≤ 1 + 𝜖. Thus, for 𝜖 ≤ 1/2, the polar implementation of [QR22,

Corollary 1, Eq. (8)] uses 𝑂(√𝑠 log(1/𝜖)) calls to 𝑈𝐴 and 𝑈 †
𝐴 .

The same block-encoded polar construction applies in the framework of Section 7.8

whenever the desired output is an implementation of a channel close to 𝑈 † ⊗ 𝑈 .

7.8 A Framework for Learning Structured Quantum Circuits
7.8.1 The Framework

We present our framework for learning structured unitaries. The basic idea is to learn

the Heisenberg evolution 𝑈 †𝑔𝑈 of a generating set of Pauli operators. We first show that

these operators determine the unknown unitary information-theoretically, and then show

how to combine efficient implementations of their estimates into an implementation of the

unknown unitary channel. To state the condition precisely, we begin by defining a Pauli

generating set.
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Definition 7.46 (Pauli generating set). A subset 𝐺 ⊂ P𝑛 of the 𝑛-qubit Pauli group is called

a generating set if every Pauli operator 𝑃 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑛 can be expressed as a product

of elements from 𝐺, up to a global phase. Formally, for each such 𝑃 , there exist a phase

𝑐𝑃 ∈ {±1, ±i} and a sequence of ℓ𝑃 ≤ 𝐿 generators 𝑔1, … , 𝑔ℓ𝑃 ∈ 𝐺 such that 𝑃 = 𝑐𝑃 ∏
ℓ𝑃
𝑗=1 𝑔𝑗 .

The minimum such upper bound 𝐿 is called the length of 𝐺.

Theorem 7.47 (Learning generating sets suffices). Let 𝐺 be a Pauli generating set with

length 𝐿. Let 𝑈 and 𝑉 be 𝑛-qubit unitary channels. If 𝑉 matches the Heisenberg evolution of

𝑈 on every generator 𝑃 ∈ 𝐺 to operator norm accuracy 𝜖′:

‖𝑉 †𝑃𝑉 − 𝑈 †𝑃𝑈 ‖op ≤ 𝜖′,

then the diamond distance between the unitary channels is at most

d⋄(𝑈 , 𝑉 ) ≤ 4𝐿𝜖′.

Proof. Let 𝑊 = 𝑉𝑈 †. By assumption, for all 𝑃 ∈ 𝐺,

‖𝑊 †𝑃𝑊 − 𝑃‖op = ‖𝑈𝑉 †𝑃𝑉𝑈 † − 𝑈𝑈 †𝑃𝑈𝑈 †‖op = ‖𝑉 †𝑃𝑉 − 𝑈 †𝑃𝑈 ‖op ≤ 𝜖′.

By the unitary invariance of the operator norm, multiplying by 𝑊 on the left bounds the

commutator: ‖𝑊𝑃 − 𝑃𝑊 ‖op ≤ 𝜖′.

By Definition 7.46, any 𝑛-qubit Pauli operator 𝑃 ∈ {𝐼 , 𝑋 , 𝑌 , 𝑍 }⊗𝑛 can be written as a

product of at most ℓ ≤ 𝐿 generators, 𝑃 = 𝑐𝑃 ∏
ℓ
𝑗=1 𝑔𝑗 . We use a telescoping sum to bound

the commutator of 𝑊 with any Pauli 𝑃 . Since ‖𝑔𝑗‖op = 1, we have

‖𝑊𝑃 − 𝑃𝑊 ‖op ≤
ℓ
∑
𝑗=1

‖𝑊𝑔𝑗 − 𝑔𝑗𝑊‖op ≤ ℓ𝜖′ ≤ 𝐿𝜖′.

To bound the global distance between the channels, we apply a standard Pauli twirling

identity:
1
4𝑛

∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

𝑃𝑊𝑃 = tr(𝑊 )
2𝑛 𝐼 ≕ 𝛼𝐼 .
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Specifically, we rewrite the difference between 𝑊 and its identity component in terms of

the commutators.

𝛼𝐼 − 𝑊 = 1
4𝑛

∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

(𝑃𝑊𝑃 − 𝑊) =
1
4𝑛

∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

(𝑃𝑊 − 𝑊𝑃)𝑃.

Taking the operator norm and applying the triangle inequality, we have

‖𝑊 − 𝛼𝐼 ‖op ≤ 1
4𝑛

∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

‖(𝑃𝑊 − 𝑊𝑃)𝑃‖op = 1
4𝑛

∑
𝑃∈{𝐼 ,𝑋 ,𝑌 ,𝑍 }⊗𝑛

‖𝑊𝑃 − 𝑃𝑊 ‖op ≤ 𝐿𝜖′.

Because 𝑊 is unitary, ‖𝑊 ‖op = 1. By the reverse triangle inequality, 1 = ‖𝑊 ‖op ≤

‖𝛼𝐼 ‖op + ‖𝑊 − 𝛼𝐼 ‖op = |𝛼| + ‖𝑊 − 𝛼𝐼 ‖op, forcing |𝛼 | ≥ 1 − 𝐿𝜖′. Writing 𝛼 = |𝛼|𝑒i𝜃 , we factor

out the global phase:

‖𝑒−i𝜃𝑊 − |𝛼|𝐼 ‖op = ‖𝑊 − 𝛼𝐼 ‖op ≤ 𝐿𝜖′.

Thus, we can bound the distance from 𝑊 to the identity matrix:

‖𝑒−i𝜃𝑊 − 𝐼 ‖op ≤ ‖𝑒−i𝜃𝑊 − |𝛼|𝐼 ‖op + ||𝛼| − 1| ≤ 𝐿𝜖′ + 𝐿𝜖′ = 2𝐿𝜖′.

The diamond distance between 𝑈 and 𝑉 is equal to the diamond distance between 𝑊

and the identity. Thus, we conclude the proof by applying Fact 7.11.

It is easy to see that 𝐿 ≤ 2𝑛 for any generating set 𝐺. This is because Pauli operators

(up to phase) can be identified with elements of 𝔽2𝑛2 , so any such operator can always be

expressed with 2𝑛 generating elements.

Theorem 7.47 establishes that learning the Heisenberg-evolved operators of a gener-

ating set information-theoretically suffices to determine an unknown unitary operator.

However, to obtain an algorithm, we must also specify how to construct a description of

the unknown unitary operator from the learned Heisenberg-evolved operators. We present

such a construction now, which generalizes the approach of Huang, Liu, Broughton, Kim,

Anshu, Landau, andMcClean [Hua+24]. The runtime of the resulting algorithmwill depend

on the number of generators needed to express the weight-1 Pauli operators, which we

call the local length of a generating set.
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Definition 7.48 (Local length of a generating set). Let 𝐺 ⊆ P𝑛 be a generating set. Define

the local length of 𝐺 as

ℓ𝐺 ≔ max
𝑖∈[𝑛], 𝑄∈{𝑋𝑖,𝑌𝑖,𝑍𝑖}

min{𝑡 ∶ ∃ 𝑃1, … , 𝑃𝑡 ∈ 𝐺, 𝜔 ∈ {±1, ±i} such that 𝑄 = 𝜔
𝑡

∏
𝑗=1

𝑃𝑗}.

Theorem 7.49 (Efficient unitary learning via local-length generating sets). Let 𝐺 be a known

generating set of local length 𝐿 = ℓ𝐺 , and put 𝑚 = |𝐺|. Suppose that, for every 𝑔 ∈ 𝐺, there

is an algorithm which, given query access to 𝑈𝑔 ≔ 𝑈 †𝑔𝑈 , outputs a circuit for a unitary 𝑉𝑔
satisfying

‖𝑉𝑔 − 𝑈 †𝑔𝑈 ‖op ≤ 𝜂

with probability at least 1− 𝛿′, using 𝑞(𝜂, 𝛿′) queries to 𝑈𝑔 and 𝑡(𝜂, 𝛿′) time. Suppose also that

products of these circuits and the polar factors of the constant-term linear combinations used

below can be implemented efficiently from their classical descriptions. Then, given queries to

𝑈 and 𝑈 †, there is an algorithm that outputs an implementation 𝑉 on 2𝑛 qubits satisfying

d⋄(𝑈 † ⊗ 𝑈 , 𝑉 ) ≤ 𝜖

with probability at least 1 − 𝛿 . It uses

𝑂(𝑚 𝑞(
𝜖

6𝑛𝐿,
𝛿
𝑚))

queries to each of 𝑈 and 𝑈 †. The calls to the learning algorithms take total time

𝑚 𝑡(
𝜖

6𝑛𝐿,
𝛿
𝑚),

in addition to the stated circuit-composition and polar-factor costs.

Proof. Learn every generator image to ordinary operator-norm accuracy 𝜂 = 𝜖/(6𝑛𝐿)

and failure probability 𝛿/𝑚. A union bound gives simultaneous success. Each query to

𝑈𝑔 = 𝑈 †𝑔𝑈 is implemented using one query each to 𝑈 and 𝑈 †, together with the known

Pauli 𝑔. If 𝑃 = 𝑐𝑃 ∏
ℓ𝑃
𝑗=1 𝑔𝑗 is a weight-one Pauli and ℓ𝑃 ≤ 𝐿, define

𝑉𝑃 = 𝑐𝑃
ℓ𝑃
∏
𝑗=1

𝑉𝑔𝑗 .
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A telescoping sum gives

‖𝑉𝑃 − 𝑈 †𝑃𝑈 ‖op ≤ 𝐿𝜂 = 𝜖
6𝑛 .

Let SWAP = ∏𝑛
𝑖=1 SWAP𝑖, where SWAP𝑖 exchanges qubits 𝑖 and 𝑖 + 𝑛. The identity used

in [Hua+24] is

𝑈 † ⊗ 𝑈 = (
𝑛

∏
𝑖=1

𝑂𝑖) SWAP, 𝑂𝑖 = (𝑈 † ⊗ 𝐼) SWAP𝑖(𝑈 ⊗ 𝐼 ). (7.15)

Since

𝑂𝑖 =
1
2(𝐼 ⊗ 𝐼 + (𝑈 †𝑋𝑖𝑈 ) ⊗ 𝑋𝑖 + (𝑈 †𝑌𝑖𝑈 ) ⊗ 𝑌𝑖 + (𝑈 †𝑍𝑖𝑈 ) ⊗ 𝑍𝑖),

substituting the three estimates gives a matrix 𝑂𝑖 with

‖𝑂𝑖 − 𝑂𝑖‖op ≤ 𝜖
4𝑛 .

Thematrix𝑂𝑖 is a short linear combination of known implementable unitaries. Its LCU block

encoding and the polar construction of Remark 7.45 therefore produce an implementable

unitary 𝑊̂𝑖. Since 𝑂𝑖 is unitary, the rounding bound in Lemma 7.25 gives

‖𝑊̂𝑖 − 𝑂𝑖‖op ≤ 𝜖
2𝑛 .

Finally set 𝑉 = (∏𝑖 𝑊̂𝑖) SWAP. A telescoping sum yields ‖𝑉 − 𝑈 † ⊗ 𝑈 ‖op ≤ 𝜖/2, and

Fact 7.11 converts this to diamond distance at most 𝜖.

The output in Theorem 7.49 is the doubled unitary 𝑈 † ⊗ 𝑈 , rather than a phase-fixed

circuit for 𝑈 itself. This still implements the channel of 𝑈 : prepare any fixed state on the

first register, place the desired input on the second, apply the doubled unitary, and discard

the first output register. The distinction matters only if the learned unitary is to be used as

an input to another coherent learning procedure.

Corollary 7.50. Let 𝐺 be a known generating set. Let 𝑈 be an 𝑛-qubit unitary such that

every 𝑈 †𝑔𝑈 , 𝑔 ∈ 𝐺, has Pauli dimension at most 𝑘 (respectively, 𝑠-Pauli-sparse and efficiently

roundable). Suppose that the phase ambiguity in each structural estimate can be removed

efficiently, yielding an implementable unitary estimate in ordinary operator norm, and that
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the polar factors required in Theorem 7.49 can be implemented efficiently. Then, given queries

to 𝑈 and 𝑈 †, there is an algorithm that outputs a 2𝑛-qubit unitary channel 𝑉 satisfying

d⋄(𝑈 † ⊗ 𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 . Its query complexity is polynomial in

𝑛, 2𝑘 , 𝑚, 𝐿, log(1/𝛿) and 1/𝜖 in the dimensional case, and polynomial in 𝑛, 𝑠, 𝑚, 𝐿, log(1/𝛿)

and 1/𝜖2 in the sparse case, where 𝐿 = ℓ𝐺 and 𝑚 = |𝐺|.

Proof. Combine Corollary 7.38 (respectively, Theorem 7.42) with Theorem 7.49. The addi-

tional hypothesis is needed because a phase-aligned matrix estimate does not by itself fix

the sign of the reflection 𝑈 †𝑔𝑈 .

Lemma 7.51 (Fixing the sign of a learned reflection). Let 𝑅 = 𝑈 †𝑔𝑈 , where 𝑔 is a nonidentity

Pauli. Suppose an efficiently implementable Hermitian unitary 𝑅 satisfies

min
𝜎∈{±1}

‖𝑅 − 𝜎𝑅‖op ≤ 𝜂 (𝜂 < 1/3),

and a +1 eigenstate of 𝑅 can be prepared efficiently. Then the sign 𝜎 can be identified with

failure probability 𝛿 using 𝑂(log(1/𝛿)) forward queries to 𝑈 .

Proof. Prepare a +1 eigenstate |𝜓 ⟩ of 𝑅, apply 𝑈 , and measure 𝑔. The expectation of the

outcome is ⟨𝜓 |𝑅|𝜓 ⟩, which lies within 𝜂 of 𝜎 . Independent repetition and Hoeffding’s

inequality (Lemma 2.4) distinguish the two signs.

We briefly explain how the extra hypothesis in the corollary is met in the applications

below. If a structured estimate 𝐴 is phase-aligned with the reflection 𝑅, then 2−𝑛 tr(𝐴2)

approximates the square of the unknown phase. Choosing either square root, removing

that phase, Hermitianizing, and taking the Hermitian polar factor produces a reflection

𝑅 close to either 𝑅 or −𝑅. For a low-Pauli-dimensional estimate, these operations reduce,

after Clifford normalization, to diagonalizing 2𝑏 blocks of size 2𝑎; this block description also

supplies a +1 eigenstate. For an estimate in an anticommuting Pauli span, Hermitianization

preserves the span and polar rounding simply normalizes the real coefficient vector. The

symplectic reduction maps the anticommuting family to standard Majoranas, after which

a fermionic rotation gives an explicit +1 eigenstate. All of these steps are polynomial in

the corresponding structured description. Lemma 7.51 then fixes the remaining sign.
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Remark 7.52 (Explicit query complexity). Applied to the two cases in Corollary 7.50, the

dimension and sparsity instantiations use, respectively,

𝑄dim = 𝑂(𝑚𝑛𝐿 2𝑘𝑘
log(𝑚/𝛿)

𝜖 ),

𝑄sparse = 𝑂(𝑚𝑛2𝐿2𝑠
𝑠 + log(𝑚/𝛿)

𝜖2
).

7.9 Applications

We now apply the framework to quantum juntas, compositions of shallow and near-Clifford

circuits, and compositions of matchgate and Clifford circuits. In each case, the main task is

to find a suitable Pauli generating set for which the operators 𝑈 †𝑔𝑈 have low-complexity

Pauli spectra.

7.9.1 Quantum 𝑘-Juntas
We begin by recalling the definition of a quantum 𝑘-junta.

Definition 7.53 (Quantum 𝑘-junta). A quantum 𝑘-junta unitary channel acts nontrivially

on at most 𝑘 qubits.

In other words, up to permutation of qubits, it acts as 𝐼⊗𝑛−𝑘 ⊗ 𝑈 , where 𝑈 is some

arbitrary 𝑘-qubit unitary matrix. The following query-optimal tomography algorithm

follows from Corollary 7.37.

Corollary 7.54 (Junta learner without inverse). Let 𝑈 ∈ ℂ2𝑛×2𝑛 be a 𝑘-junta unitary. There is

a tomography algorithm that, given query access to 𝑈 ∈ ℂ2𝑛×2𝑛 as well as parameters 𝛿, 𝜖 > 0,

outputs an estimate 𝑉 satisfying d⋄(𝑈 , 𝑉 ) ≤ 𝜖 with probability at least 1 − 𝛿 . Moreover, the

algorithm satisfies the following properties:

• 𝑉 is a 𝑘′ junta for 𝑘′ ≤ 𝑘.

• The algorithm makes at most 𝑂(4𝑘 log(1/𝛿)
𝜖

) queries to 𝑈 (and only requires forward

access, i.e., it does not require 𝑈 † or controlled-𝑈 ).

• The algorithm runs in poly(𝑛, 4𝑘 , 𝜖−1, log 𝛿−1) time.
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• The algorithm uses at most 2𝑛 additional qubits of space.

Proof. After permuting qubits, a 𝑘-junta takes the form 𝐼⊗𝑛−𝑘 ⊗ 𝑈 , so its support span is

contained in W𝑘,0. Let (𝑎, 𝑏) be the type of its actual support span. Since this span lies in

the 2𝑘-dimensional symplectic space on the active qubits, 𝑎 + 𝑏 ≤ 𝑘. Apply Corollary 7.37

without the inverse. Its query complexity is at most

𝑂(2𝑘(2𝑘 + 𝑘)
log(1/𝛿)

𝜖 ) = 𝑂(4𝑘
log(1/𝛿)

𝜖 ).

The construction therefore uses only forward queries.

7.9.2 Composition of Shallow and Near-Clifford Circuits

We now give an algorithm for learning unitary channels that can be expressed as the

composition of a shallow circuit with a near-Clifford circuit (in either order). By a shallow

circuit we mean a depth-𝑑 quantum circuit with arbitrary one- and two-qubit gates, and

by a near-Clifford circuit we mean a Clifford circuit augmented with at most 𝑡 arbitrary

single-qubit gates. Our algorithm learns such unitaries to accuracy 𝜖 in diamond distance in

polynomial timewhenever 2𝑑+𝑡 = 𝑂(log 𝑛). In particular, this includes 𝑑 ≤ log2 log2 𝑛+𝑂(1)

and 𝑡 = 𝑂(log 𝑛).

Clifford Nullity

A priori, it is not obvious which natural classes of unitary channels (besides shallow depth

circuits) satisfy the conditions of Corollary 7.50. In this subsection, we show that Clifford

circuits doped with a small number of single-qubit non-Clifford gates do satisfy these

conditions, which in turn yields an alternative learning algorithm for this class. In fact,

in Section 7.9.2 we will learn shallow circuits composed with the more general class of

near-Clifford unitaries involving small Clifford nullity [JW23], which we define below.

Definition 7.55 (Clifford nullity). The Clifford nullity of an 𝑛-qubit unitary 𝑈 is

min
𝑆

codim(𝑆),

where the minimum is over subspaces 𝑆 ⊆ 𝔽2𝑛2 such that, for every 𝑥 ∈ 𝑆, there is a 𝑦 ∈ 𝔽2𝑛2
with 𝑈 †𝑊𝑥𝑈 = ±𝑊𝑦 .
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Intuitively, Clifford nullity measures how much of the Pauli group is normalized by 𝑈 :

nullity 0 corresponds exactly to Clifford circuits. If 𝑈 has Clifford nullity 𝑡 and 𝑆 achieves the

minimum in Definition 7.55, then the conjugates {𝑈 †𝑊𝑥𝑈 ∶ 𝑥 ∈ 𝑆} correspond to a Pauli

subspace 𝑆′ of the same dimension, and hence of codimension 𝑡 . Conjugation preserves

commutation, so 𝑆 and 𝑆′ also have the same symplectic and isotropic dimensions.

To understand Clifford nullity, we establish the following structural result.

Fact 7.56. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be an 𝑛-qubit unitary channel with Clifford nullity 𝑡 . Then 𝑈

can be decomposed into 𝐶2𝑈 ′𝐶1 where 𝐶2 and 𝐶1 are Clifford unitary channels and 𝑈 ′ is

𝑡-Pauli-dimensional. Furthermore, if the subspace 𝑆 achieving the minimum in Definition 7.55

has an (𝑛 − 𝑎 − 𝑏, 𝑏) decomposition into a symplectic part of dimension 2(𝑛 − 𝑎 − 𝑏) and an

isotropic part of dimension 𝑏 (so that 2𝑎 + 𝑏 = 𝑡), then 𝑈 ′ has Pauli support in W𝑎,𝑏 .

Proof. Let 𝑆′ be the Pauli subspace obtained by conjugating 𝑆 by 𝑈 , and put 𝑇 = W
⟂s
𝑎,𝑏.

Conjugation by 𝑈 restricts to a symplectic isomorphism from 𝑆 to 𝑆′. Choose a Clifford

𝐷1 that maps 𝑇 to 𝑆. The induced map from 𝑇 to 𝑆′ extends to an ambient symplectic

transformation. Choose a Clifford implementing this transformation. Its sign discrepancies

on a basis of 𝑇 form a linear character; by nondegeneracy of the ambient symplectic form,

composing with a suitable Pauli corrects that character. We may therefore choose 𝐷2 so

that

𝐷2𝑊𝑥𝐷
†
2 = 𝑈 †(𝐷1𝑊𝑥𝐷

†
1 )𝑈 for every 𝑥 ∈ 𝑇 .

Set 𝑈 ′ = 𝐷†
1 𝑈𝐷2. Then

(𝑈 ′)†𝑊𝑥𝑈 ′ = 𝐷†
2 𝑈 †(𝐷1𝑊𝑥𝐷

†
1 )𝑈𝐷2 = 𝑊𝑥

for every 𝑥 ∈ 𝑇 . Hence 𝑈 ′ commutes with every Weyl operator in 𝑇 , which forces

supp(𝑈 ′) ⊆ 𝑇⟂s = W𝑎,𝑏 .

If span(supp(𝑈 ′)) had dimension 𝑟 < 𝑡 , then 𝑈 ′ would commute with its 2𝑛−𝑟-dimensional

symplectic complement. Conjugating this subspace by 𝐷1 and 𝐷2 would certify that 𝑈
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has Clifford nullity at most 𝑟 , contradicting the minimality of 𝑡 . Thus 𝑈 ′ has Pauli di-

mension exactly 𝑡 . Finally, 𝑈 = 𝐷1𝑈 ′𝐷†
2 , giving the required Clifford–residual–Clifford

decomposition.

Conversely, a decomposition 𝑈 = 𝐶2𝑈 ′𝐶1 with Clifford 𝐶1, 𝐶2 and supp(𝑈 ′) ⊆ W𝑎,𝑏,

2𝑎+𝑏 = 𝑡 , certifies Clifford nullity at most 𝑡 . Thus the structural form characterizes bounded

Clifford nullity. In particular, a 𝑘-Pauli-dimensional unitary has Clifford nullity at most 𝑘:

every Weyl operator in span(supp(𝑈 ))⟂s , a subspace of dimension 2𝑛 − 𝑘, commutes with

𝑈 .

We next record how Pauli dimension behaves under conjugation.

Fact 7.57. Let 𝐴 and 𝐵 be 𝑘- and ℓ-Pauli-dimensional matrices, respectively. Then 𝐴†𝐵𝐴 has

Pauli dimension at most 𝑘 + ℓ, with support contained in span(supp(𝐴) ∪ supp(𝐵)).

Proof. Write 𝐴 = ∑𝑥∈𝐺1
𝛼𝑥𝑊𝑥 and 𝐵 = ∑𝑦∈𝐺2

𝛽𝑦𝑊𝑦 , where 𝐺1 and 𝐺2 have dimensions 𝑘

and ℓ, respectively. Then

𝐴†𝐵𝐴 = ∑
𝑥1,𝑥2∈𝐺1
𝑦∈𝐺2

𝛼∗𝑥1𝛼𝑥2𝛽𝑦𝑊𝑥1𝑊𝑦𝑊𝑥2

= ∑
𝑥1,𝑥2∈𝐺1
𝑦∈𝐺2

𝛼∗𝑥1𝛼𝑥2𝛽𝑦 (−1)
[𝑦 ,𝑥2]𝑊𝑥1𝑊𝑥2𝑊𝑦 .

Since 𝑥1, 𝑥2 ∈ 𝐺1, the support of𝐴†𝐵𝐴 lies in 𝐺1+𝐺2, whose dimension is at most 𝑘+ℓ.

Remark 7.58. If 𝐴 and 𝐵 are 𝑘- and ℓ-Pauli-dimensional, respectively, then 𝐴𝐵 has Pauli

dimension at most 𝑘 +ℓ. The benefit of Fact 7.57 is that 𝐴†𝐵𝐴 obeys the same bound, rather

than the naive (2𝑘 + ℓ)-dimensional bound.

Using Facts 7.56 and 7.57, we can now show that 𝑈 †𝐴𝑈 remains low-Pauli-dimensional

when 𝐴 has low Pauli dimension and 𝑈 has small Clifford nullity.

Lemma 7.59. Let 𝑈 ∈ ℂ2𝑛×2𝑛 have Clifford nullity 𝑡 , and let 𝐴 be a 𝑘-Pauli-dimensional

matrix. Then 𝑈 †𝐴𝑈 has Pauli dimension at most 𝑘 + 𝑡 .
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Proof. From Fact 7.56, 𝑈 = 𝐶2𝑈 ′𝐶1, where 𝐶1, 𝐶2 are Clifford unitaries and 𝑈 ′ is 𝑡-Pauli-

dimensional. Observe that

𝑈 †𝐴𝑈 = (𝐶2𝑈 ′𝐶1)†𝐴(𝐶2𝑈 ′𝐶1)

= 𝐶†1 ((𝑈 ′)†(𝐶†2 𝐴𝐶2)𝑈 ′)𝐶1

and 𝐵 ≔ 𝐶†2 𝐴𝐶2 remains 𝑘-Pauli-dimensional. Therefore 𝐷 ≔ (𝑈 ′)†𝐵𝑈 ′ has Pauli dimen-

sion at most 𝑘 + 𝑡 by Fact 7.57. Finally, 𝐶†1 𝐷𝐶1 still has Pauli dimension at most 𝑘 + 𝑡 because

Clifford conjugation permutes Weyl operators.

To connect this definition with a familiar circuit model, we recall a standard fact

from the stabilizer literature: Clifford circuits doped with a small number of single-qubit

non-Clifford gates have small Clifford nullity [LOLH24; GIKL24].

Fact 7.60. A Clifford circuit augmented by 𝑡 single-qubit non-Clifford gates has Clifford

nullity at most 2𝑡 .2

This is actually a special case of the more general fact that alternations of juntas and

Clifford circuits have bounded Clifford nullity. It follows that the same machinery also

learns such circuits in composition with a shallow-depth circuit.

Fact 7.61. Let 𝑈 be a circuit that alternates between unitaries with nullity 𝑡𝑖 and quantum

juntas on 𝑘𝑖 qubits. Then 𝑈 has Clifford nullity at most ∑𝑖(2𝑘𝑖 + 𝑡𝑖).

Tomography Algorithm

We now establish the key technical fact: for 𝑈 decomposable into a shallow circuit and

a unitary of bounded Clifford nullity, the Heisenberg-evolved single-qubit Paulis remain

low-dimensional.

2If the non-Clifford gates are limited to single-qubit Pauli rotations, such as the 𝑇 gate, then the nullity is
at most 𝑡 .
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Lemma 7.62. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be expressible as 𝑈 = 𝑄𝐶 , where 𝑄 is a depth-𝑑 quantum circuit

and 𝐶 has Clifford nullity 𝑡 . Put 𝑞 = min{2𝑑 , 𝑛}. Then, for every weight-one Pauli operator

𝑃𝑖 that acts nontrivially only on qubit 𝑖, 𝑈 †𝑃𝑖𝑈 has Pauli dimension at most 2𝑞 + 𝑡 . More

precisely, there are a Clifford 𝐶2 and integers 𝑎, 𝑏 ≥ 0 such that 𝑎 + 𝑏 ≤ 𝑛,

2𝑎 + 𝑏 ≤ 2𝑞 + 𝑡, 𝑎 + 𝑏 ≤ 𝑞 + 𝑡, 𝑏 ≤ 𝑡,

and

supp(𝐶2𝑈 †𝑃𝑖𝑈𝐶
†
2 ) ⊆ W𝑎,𝑏 .

Proof. The backward light cone of 𝑃𝑖 under 𝑄 contains at most 𝑞 qubits, so 𝑄†𝑃𝑖𝑄 has

support in a Pauli subspace of type (𝑞, 0). In the proof of Lemma 7.59, conjugation by 𝐶

enlarges the Pauli subspace containing this support by at most the 𝑡-dimensional support

of the Clifford-nullity residual. The resulting subspace has dimension at most 2𝑞 + 𝑡 and

contains the original 2𝑞-dimensional nondegenerate subspace. If its canonical type is (𝑎, 𝑏),

the latter observation also gives 𝑏 ≤ 𝑡 . Therefore 𝑎+𝑏 ≤ 𝑞+𝑡 . A Clifford maps this subspace

to W𝑎,𝑏 , proving the claim.

The preceding bounds give the learning theorem for a shallow circuit composed with

a unitary of bounded Clifford nullity. Together with Fact 7.60, it also applies when the

bounded-nullity circuit is a Clifford circuit augmented with 𝑠 single-qubit non-Clifford

gates, using 𝑡 ≤ 2𝑠 below. For single-qubit Pauli rotations, one may take 𝑡 ≤ 𝑠.

Theorem 7.63. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be an 𝑛-qubit unitary that can be written either as 𝑈 = 𝑄𝐶 or

𝑈 = 𝐶𝑄, where 𝑄 is a depth-𝑑 circuit and 𝐶 has Clifford nullity 𝑡 . Then, given query access to

𝑈 and 𝑈 †, there exists an algorithm that, with probability at least 1 − 𝛿 , outputs a 2𝑛-qubit

unitary channel 𝑉 such that d⋄(𝑈 † ⊗ 𝑈 , 𝑉 ) ≤ 𝜖 using

𝑂(22
𝑑+𝑡(22

𝑑
+ 𝑡) 𝑛2

𝜖
log(𝑛/𝛿))

queries to 𝑈 and 𝑈 †. Under the synthesis assumptions of Theorem 7.49, the runtime is

poly(𝑛, 22
𝑑+1+𝑡 , 𝜖−1, log(1/𝛿)).
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Proof. First suppose 𝑈 = 𝑄𝐶 . By Lemma 7.62, every 𝑈 †𝑃𝑖𝑈 has support in W𝑎,𝑏 for param-

eters satisfying 2𝑎 + 𝑏 ≤ 2𝑞 + 𝑡 , 𝑎 + 𝑏 ≤ 𝑞 + 𝑡 , and 𝑏 ≤ 𝑡 , where 𝑞 = min{2𝑑 , 𝑛}. Substituting

these parameters into Corollary 7.37 gives

2𝑎+𝑏(2𝑎 + 𝑏) = 22𝑎+𝑏 + 𝑏2𝑎+𝑏 ≤ 22𝑞+𝑡 + 𝑡2𝑞+𝑡 ≤ 22
𝑑+𝑡(22

𝑑
+ 𝑡).

The standard single-qubit Pauli generating set has 𝑚 = 2𝑛 and constant local length. Apply-

ing Corollary 7.50 and Lemma 7.51 yields the stated query bound. If instead 𝑈 = 𝐶𝑄, then

𝑈 † = 𝑄†𝐶† has the order just analyzed. Applying the algorithm to 𝑈 † gives an approxi-

mation to 𝑈 ⊗ 𝑈 †; swapping the two 𝑛-qubit registers gives the required approximation to

𝑈 † ⊗ 𝑈 .

By Fact 7.61, an alternation of juntas and bounded-nullity unitaries has bounded Clifford

nullity. The preceding theorem therefore gives the following corollary.

Corollary 7.64. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be an 𝑛-qubit unitary that can be written as

𝑈 ≔ ∏
𝑖
(𝐽𝑖𝐶𝑖)

where 𝐽𝑖 is a junta on 𝑘𝑖 qubits and 𝐶𝑖 is a unitary with Clifford nullity 𝑡𝑖. Then, given query

access to 𝑈 and 𝑈 †, there exists an algorithm that, with probability at least 1 − 𝛿 , outputs a

2𝑛-qubit unitary channel 𝑉 such that d⋄(𝑈 † ⊗ 𝑈 , 𝑉 ) ≤ 𝜖 using

𝑂(2𝑡(𝑡 + 1) 𝑛
2

𝜖
log(𝑛/𝛿))

queries to 𝑈 and 𝑈 †, with runtime polynomial in 𝑛, 2𝑡 , 1/𝜖, and log(1/𝛿), where 𝑡 = ∑𝑖(2𝑘𝑖+𝑡𝑖).

Proof. By Fact 7.61, the Clifford nullity of 𝑈 is at most 𝑡 . We then apply Theorem 7.63.

7.9.3 Composition of Matchgate and Clifford Circuits

The states of non-interacting fermions studied in Section 4.1 have a parallel transforma-

tion model. Matchgate circuits are nonuniversal and classically simulable, but form an

expressive circuit class [Val02; BGKT19]. Under the Jordan–Wigner transformation, they

are equivalent to fermionic Gaussian unitaries [TD02; Kni01].
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Definition 7.65 (Jordan–Wigner Majoranas). The Jordan–Wigner Majorana operators on

𝑛 qubits are

𝛾2𝑎−1 ≔ 𝑍⊗(𝑎−1) ⊗ 𝑋 ⊗ 𝐼⊗(𝑛−𝑎), 𝛾2𝑎 ≔ 𝑍⊗(𝑎−1) ⊗ 𝑌 ⊗ 𝐼⊗(𝑛−𝑎)

for 𝑎 ∈ [𝑛].

Observe that the Jordan–Wigner Majoranas are a generating set of minimal size 2𝑛,

but local length at most 2𝑛. They are also mutually anticommuting, which we will need to

apply Fact 7.44.

Definition 7.66 (Matchgate circuit). A unitary 𝑈 is a matchgate circuit if, for every 𝑎 ∈ [2𝑛],

𝑈 †𝛾𝑎𝑈 =
2𝑛
∑
𝑏=1

𝑀𝑏𝑎𝛾𝑏

for some real orthogonal matrix 𝑀 ∈ 𝑂(2𝑛).

Thus the Heisenberg-evolved Jordan–Wigner Majoranas of a matchgate circuit are

2𝑛-Pauli-sparse.

Theorem 7.67. Let 𝑈 ∈ ℂ2𝑛×2𝑛 be an 𝑛-qubit unitary that can be written either as 𝑈 = 𝑀𝐶

or 𝑈 = 𝐶𝑀 , where 𝑀 is a matchgate circuit and 𝐶 is a Clifford circuit. Then, given query

access to 𝑈 and 𝑈 †, there exists an algorithm that, with probability at least 1 − 𝛿 , outputs a

2𝑛-qubit unitary channel 𝑉 such that d⋄(𝑈 † ⊗ 𝑈 , 𝑉 ) ≤ 𝜖 using

𝑂(𝑛6
𝑛 + log(1/𝛿)

𝜖2
)

queries to 𝑈 and 𝑈 †, and

𝑂(𝑛8
𝑛 + log(1/𝛿)

𝜖2
)

time.

Proof. It suffices first to consider 𝑈 = 𝑀𝐶 . Conjugating a Jordan–Wigner Majorana by a

matchgate produces a linear combination of 2𝑛 mutually anticommuting Paulis. A subse-

quent Clifford conjugation preserves both anticommutation and sparsity. Thus Fact 7.44
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gives an efficiently implementable unitary estimate, and Lemma 7.51 fixes its sign. Ap-

ply Corollary 7.50 with |𝐺| = 2𝑛, 𝑠 = 2𝑛, and local length 𝐿 = 2𝑛. If 𝑈 = 𝐶𝑀 , apply

the proved case to 𝑈 † = 𝑀†𝐶†, then swap the two output registers exactly as in the

shallow–near-Clifford case.

We next prove lower bounds for several of the structural parameters in these learning

guarantees.

7.10 Lower Bounds

In this section, we prove query lower bounds for several unitary learning problems. We

first consider low-Pauli-dimensional and Pauli-sparse unitaries, as well as quantum juntas.

We then discuss lower bounds for learning unitaries that can be expressed as compositions

of shallow and near-Clifford circuits.

7.10.1 Lower Bounds for Pauli Dimensionality, Sparsity, and Quantum
Juntas

Our lower bounds leverage [HKOT23, Theorem 1.2], which showed that Ω(𝑑2/𝜖) queries

are necessary to learn 𝑑 × 𝑑 unitary matrices, along with padding arguments. These lower

bounds establish the query optimality of Corollary 7.54 and show that Corollary 7.38 is

optimal in its exponential and precision dependence, up to its polynomial factor in 𝑘. For

sparsity, we prove an Ω(𝑠/𝜖) lower bound, so a gap remains between that and our 𝑂(𝑠2/𝜖2)

upper bound in Theorem 7.42.

Lemma 7.68 ([HKOT23, Theorem 1.2]). Let 𝑑 ≥ 2, and let A be an algorithm that, for

an unknown unitary 𝑈 ∈ ℂ𝑑×𝑑 accessible through black-box oracles that implement 𝑈 , 𝑈 †,

𝑐𝑈 = |0⟩⟨0| ⊗ 𝐼𝑑 + |1⟩⟨1| ⊗ 𝑈 , and 𝑐𝑈 † = |0⟩⟨0| ⊗ 𝐼𝑑 + |1⟩⟨1| ⊗ 𝑈 †, can output a classical

description of a unitary 𝑉 such that d⋄(𝑈 , 𝑉 ) < 𝜖 < 1
8
with probability ≥ 2

3
. Then A must use

Ω(𝑑2/𝜖) oracle queries.

Theorem 7.69. Let 1 ≤ 𝑘 ≤ 𝑛, and let A be an algorithm that, for an unknown 𝑘-junta 𝑈 ∈

ℂ2𝑛×2𝑛 accessible through black-box oracles that implement 𝑈 , 𝑈 †, 𝑐𝑈 = |0⟩⟨0|⊗𝐼2𝑛+|1⟩⟨1|⊗𝑈 ,
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and 𝑐𝑈 † = |0⟩⟨0| ⊗ 𝐼2𝑛 + |1⟩⟨1| ⊗ 𝑈 †, can output a classical description of a unitary 𝑉 such

that d⋄(𝑈 , 𝑉 ) < 𝜖 < 1
8
with probability ≥ 2

3
. Then A must use Ω(4𝑘/𝜖) oracle queries.

Proof. By Lemma 7.68, learning arbitrary unitaries on 𝑘 qubits requires Ω(4𝑘/𝜖) queries.

Padding each such unitary with 𝐼⊗𝑛−𝑘 gives an 𝑛-qubit 𝑘-junta. A learner for this padded

family using 𝑜(4𝑘/𝜖) queries would therefore contradict Lemma 7.68; the unused 𝑛 − 𝑘

qubits merely act as ancillas.

Corollary 7.70. Let 2 ≤ 𝑘 ≤ 2𝑛, and let A be an algorithm that, for an unknown unitary of

Pauli dimension at most 𝑘, 𝑈 ∈ ℂ2𝑛×2𝑛 accessible through black-box oracles that implement 𝑈 ,

𝑈 †, 𝑐𝑈 = |0⟩⟨0| ⊗ 𝐼2𝑛 + |1⟩⟨1| ⊗ 𝑈 , and 𝑐𝑈 † = |0⟩⟨0| ⊗ 𝐼2𝑛 + |1⟩⟨1| ⊗ 𝑈 †, can output a classical

description of a unitary 𝑉 such that d⋄(𝑈 , 𝑉 ) < 𝜖 < 1
8
with probability ≥ 2

3
. Then A must use

Ω(2𝑘/𝜖) oracle queries.

Proof. Put 𝑟 = ⌊𝑘/2⌋. Every 𝑟-junta has Pauli dimension at most 2𝑟 ≤ 𝑘, so a learner for the

class of unitaries of Pauli dimension at most 𝑘 would learn all 𝑟-juntas. By Theorem 7.69,

it therefore needs

Ω(4𝑟/𝜖) = Ω(2𝑘/𝜖)

queries.

We can also show an Ω(𝑠/𝜖) lower bound for Pauli sparsity.

Corollary 7.71. Let 4 ≤ 𝑠 ≤ 4𝑛, and let A be an algorithm that, for an unknown 𝑠-Pauli-

sparse unitary 𝑈 ∈ ℂ2𝑛×2𝑛 accessible through black-box oracles that implement 𝑈 , 𝑈 †, 𝑐𝑈 =

|0⟩⟨0| ⊗ 𝐼2𝑛 + |1⟩⟨1| ⊗ 𝑈 , and 𝑐𝑈 † = |0⟩⟨0| ⊗ 𝐼2𝑛 + |1⟩⟨1| ⊗ 𝑈 †, can output a classical description

of a unitary 𝑉 such that d⋄(𝑈 , 𝑉 ) < 𝜖 < 1
8
with probability ≥ 2

3
. Then A must use Ω(𝑠/𝜖)

oracle queries.

Proof. Let 𝑠′ = 2⌊log2 𝑠⌋, so 𝑠/2 ≤ 𝑠′ ≤ 𝑠. The hard family of Pauli dimension log2 𝑠
′

is 𝑠′-Pauli sparse and hence also 𝑠-Pauli-sparse. By Corollary 7.70, learning it requires

Ω(𝑠′/𝜖) = Ω(𝑠/𝜖) queries.
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7.10.2 Lower Bounds for the Composition of Shallow and Near-Clifford
Circuits

Wenowprove lower bounds for learning compositions of near-Clifford circuits with shallow

circuits. An Ω(2𝑡) dependence in the query complexity of Theorem 7.63 is unavoidable in

general, because the class of unitaries with Clifford nullity at most 2𝑡 contains all quantum

𝑡-juntas. The lower bound of Theorem 7.69 therefore applies. However, it remains open

whether the same lower bound holds in the more restricted setting of Clifford circuits

augmented with 𝑡 single-qubit non-Clifford gates.

We also give a short proof that exp(exp(Ω(𝑑))) query complexity is necessary even

when inverse queries are allowed. This follows from the lower bound of [BBBV97] for

Grover search via a padding argument. The corresponding non-padded argument appears

in [Hua+24, Proposition 3], which shows a weaker Ω(exp(𝑛)) lower bound for 𝑑 = 𝑂(log 𝑛).

Lemma 7.72. Circuits of depth 𝑑 require exp(exp(Ω(𝑑))) queries to learn to diamond distance

𝜖 < 1 with constant success probability.

Proof. A multi-controlled phase gate on 𝑘 qubits can be implemented in depth 𝑑 = 𝑂(log 𝑘)

using clean ancillas.3 This multi-controlled phase gate can be used to build the following

family of unitary channels {𝑈𝑦 }𝑦∈{0,1}𝑘 on 𝑘 qubits using two extra layers of Pauli 𝑋 gates:

𝑈𝑦 |𝑥⟩ = {
(−1)|𝑥⟩ 𝑥 = 𝑦
|𝑥⟩ 𝑥 ≠ 𝑦

meaning that this gate can also be implemented in depth 𝑑 = 𝑂(log 𝑘). Distinguishing the

identity from an unknown 𝑈𝑦 is the unstructured search problem on 2𝑘 possible marked

strings. This provably requires Ω(2𝑘/2) = 2exp(Ω(𝑑)) queries to achieve constant success

probability [BBBV97].

Each 𝑈𝑦 is maximally far from the identity in diamond distance. Indeed, for any nonzero

bit string 𝑒 ∈ {0, 1}𝑘 ,

|𝜓𝑦 ⟩ =
|𝑦⟩ + |𝑦 ⊕ 𝑒⟩

√2

3This is the relevant form of the inclusion QAC0 ⊆ QNC1.
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is mapped by 𝑈𝑦 to (−|𝑦⟩ + |𝑦 ⊕ 𝑒⟩)/√2, which is orthogonal to |𝜓𝑦 ⟩. Therefore, learning

to diamond distance strictly less than 1 allows one to distinguish the identity channel

from the 𝑈𝑦 . It follows that such an algorithm must use exp(exp(Ω(𝑑))) queries even with

inverse access, as 𝑈𝑦 = 𝑈 †
𝑦 and 𝐼 = 𝐼†.

7.11 A Simultaneous Symplectic Basis Extension

The reduction in Section 7.5.2 used a simultaneous symplectic basis for a learned subspace

𝑇 and the full support span 𝑆. We postponed the constructive linear-algebra proof to keep

the main learning argument together. We now supply it, thereby completing the proof of

Lemma 7.32.

Lemma 7.32. Let 𝑇 ⊆ 𝑆 ⊆ 𝔽2𝑛2 , where 𝑇 has symplectic type (𝑎′, 𝑏′) and 𝑆 has type (𝑎, 𝑏).

There is an integer ℓ satisfying

0 ≤ ℓ ≤ min{𝑏′, 𝑎 − 𝑎′}, 𝑏 − 𝑏′ + ℓ ≥ 0,

and a simultaneous symplectic basis such that

𝑇 = span{𝑧1, 𝑥1, … , 𝑧𝑎′ , 𝑥𝑎′ , 𝑧𝑎′+1, … , 𝑧𝑎′+𝑏′},

𝑆 = span(𝑇 ∪ {𝑥𝑎′+1, … , 𝑥𝑎′+ℓ}

∪ {𝑧𝑎′+𝑏′+1, 𝑥𝑎′+𝑏′+1, … , 𝑧𝑎+𝑏′−ℓ, 𝑥𝑎+𝑏′−ℓ}

∪ {𝑧𝑎+𝑏′−ℓ+1, … , 𝑧𝑎+𝑏}),

where [𝑥𝑖, 𝑥𝑗] = [𝑧𝑖, 𝑧𝑗] = 0 and [𝑥𝑖, 𝑧𝑗] = 𝛿𝑖𝑗 for all 𝑖, 𝑗. Moreover, such a basis can be found in

time 𝑂(𝑛(𝑎 + 𝑏)2) given any generating sets for 𝑇 and 𝑆.

Proof. Choose a basis 𝐺𝑇 for 𝑇 , and extend it by a list 𝐺𝑅 so that 𝐺𝑇 ∪𝐺𝑅 is a basis for 𝑆. We

use the elementary symplectic elimination operation associated with a pair 𝑧, 𝑥 satisfying

[𝑥, 𝑧] = 1:

𝑣 ⟼ 𝑣 + [𝑣, 𝑥]𝑧 + [𝑣 , 𝑧]𝑥.

It replaces 𝑣 by a vector orthogonal to both 𝑥 and 𝑧. Applying the same elementary column

operations to a generating list preserves its span.
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First run ordinary symplectic Gram–Schmidt on 𝐺𝑇 . Whenever two current generators

anticommute, record them as a pair 𝑧𝑖, 𝑥𝑖 and orthogonalize every remaining vector of

both 𝐺𝑇 and 𝐺𝑅 against that pair. When no such pair remains, the recorded vectors form

𝑎′ symplectic pairs, and the 𝑏′ vectors left in 𝐺𝑇 form a basis 𝑅𝑇 for the radical of the

restricted form on 𝑇 . In particular, the vectors in 𝑅𝑇 commute with all of 𝑇 .

The second phase determines which radical vectors of 𝑇 acquire symplectic partners in

the larger space 𝑆. If 𝑧 ∈ 𝑅𝑇 and a remaining vector 𝑥 ∈ 𝐺𝑅 satisfy [𝑥, 𝑧] = 1, record 𝑧, 𝑥 as

a pair and orthogonalize all remaining vectors against it. For a remaining vector 𝑧′ ∈ 𝑅𝑇 ,

this update only adds a multiple of 𝑧, so the updated radical list still spans a subspace of 𝑇 .

Continue until no such pair exists, and let ℓ be the number of pairs obtained. Relabel these

as

𝑧𝑎′+1, 𝑥𝑎′+1, … , 𝑧𝑎′+ℓ, 𝑥𝑎′+ℓ.

The 𝑏′ − ℓ unpaired elements of 𝑅𝑇 commute with every remaining vector of 𝑆; label them

𝑧𝑎′+ℓ+1, … , 𝑧𝑎′+𝑏′ .

Finally, run ordinary symplectic Gram–Schmidt on the vectors still in 𝐺𝑅. This produces

symplectic pairs and an isotropic remainder. Because the type of 𝑆 is (𝑎, 𝑏), the number of

new pairs is 𝑎 − 𝑎′ − ℓ, and the number of new isotropic vectors is 𝑏 − 𝑏′ + ℓ.

Label the new pairs by the indices

𝑎′ + 𝑏′ + 1,… , 𝑎 + 𝑏′ − ℓ

and the new isotropic vectors by

𝑎 + 𝑏′ − ℓ + 1,… , 𝑎 + 𝑏.

This gives exactly the two generating lists in the statement. It also proves

0 ≤ ℓ ≤ min{𝑏′, 𝑎 − 𝑎′}, 𝑏 − 𝑏′ + ℓ ≥ 0.

Each elimination step makes all later vectors orthogonal to the pair just chosen, so the

resulting vectors satisfy [𝑥𝑖, 𝑥𝑗] = [𝑧𝑖, 𝑧𝑗] = 0 and [𝑥𝑖, 𝑧𝑗] = 𝛿𝑖𝑗 .

At most 𝑂((𝑎+𝑏)2) symplectic products and vector additions are performed. Each costs

𝑂(𝑛) over 𝔽2, giving total time 𝑂(𝑛(𝑎 + 𝑏)2).
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